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Preface

Characterization problems in mathematical statistics are statements in which the de-
scription of possible distributions of random variables follows from properties of some
functions in these variables. One of the famous examples of a characterization prob-
lem is the classical Kac—Bernstein theorem ([65], [13]). This theorem characterizes
a Gaussian distribution by the independence of the sum &; + & and of the differ-
ence £ — &, of independent random variables £;. Taking into account that the char-
acteristic function of the random variable &; with distribution p; is the expectation
£i(») = j(y) = E[e/%7], it is easily verified that the Kac-Bernstein theorem is
equivalent to the statement that, in the class of normalized continuous positive definite
functions, all solutions to the Kac—Bernstein functional equation

S +v) olu—v) = fi(w) f1(v) o) 2(=v), u,vER,

are of the form f;(y) = exp{—oy? + ib;y}, where 0 > 0, and b; € R.

The Kac—Bernstein theorem was the first among characterization theorems where
independent linear forms of independent random variables &; under different restric-
tions on §; were studied. These studies were completed with the following Skitovich—
Darmois theorem ([98], [23]): Let &, j = 1,2,...,n, n > 2, be independent
random variables, and «;, B; be nonzero real numbers. If the linear forms L, =
a1y + -+ anéy and Ly = B1&) + -+ + Bré, are independent, then all random
variables §; are Gaussian. Just as in the case of the Kac—Bernstein theorem, the
Skitovich—Darmois theorem is equivalent to the statement that, in the class of nor-
malized continuous positive definite functions, all solutions to the Skitovich—-Darmois
functional equation

n

[]f@u+gv)y=T]fi@w]]fiBv). uvekr,
Jj=1 =1

Jj=1 J

are of the form
fi(») = exp{—0;y* +ib;y}, (1)
where o; > 0 and b; € R.

The Skitovich—-Darmois theorem was generalized by Ghurye and Olkin ([54]) to the
multivariable case when, instead of random variables, random vectors §; in the space
R™ are considered, and coefficients of the linear forms L; and L, are nonsingular
matrices. In this case the independence of L and L, also implies that all independent
random vectors £; are Gaussian. The proof of the Ghurye—Olkin theorem is alsoreduced
to solving the corresponding functional equation. It should be noted that nonsingular
matrices are topological automorphisms of the group R™.

Next Heyde proved the following result ([61]): Let &;, j = 1,2,...,n, n > 2,
be independent random variables, and let «t;, B; be nonzero real numbers such that
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Bio; !t £ ﬂjaj_l % 0 foralli # j. If the conditional distribution of L, = & +
oo+ Bnn given Ly = a1y + -+ - + a, &, is symmetric, then all £; are Gaussian. This
statement is closely related to the Skitovich-Darmois theorem. The Heyde theorem
is also equivalent to the assertion that, in the class of normalized continuous positive
definite functions, all solutions to the Heyde functional equation

n

l—[j"j(ozju-i-ﬂjv): fileju—Bjv), u,vek,
=1

Jj=1 J

are of the form (1).

In the last 30 years much attention has been devoted to generalizing of the classical
characterization theorems into various algebraic structures such as locally compact
Abelian groups, Lie groups, quantum groups, symmetric spaces (see e.g., [2], [29],
[31]-[44], [46], [47], [49], [52], [S55], [S6], [64], [78]-(82], [84]-[87], [91], [93],
[941]).

These investigations were motivated, first of all, by the desire to find the natural
limits for possible extensions of the classical results. The present book is devoted
to generalization of the Kac—Bernstein, Skitovich—Darmois, and Heyde characteriza-
tion theorems to the case where independent random variables take values in a second
countable locally compact Abelian group X, and coefficients of linear forms are topo-
logical automorphisms of X . It turns out that the possibility to prove a characterization
theorem for X not only depends on the structure of X but also determines its structure.
For example, assume that independent random variables &; and &, take values in X
and their characteristic functions do not vanish, then the independence of &; + &, and
&1 — & implies that &; are Gaussian if and only if X contains no subgroup topologi-
cally isomorphic to the circle group T. Note that in the case of groups as well as in
the classical case, the proof of this theorem can be reduced to solving of some func-
tional equation in the class of normalized continuous positive definite functions on the
character group of X.

We describe and comment on the main contents of the book.

Chapter I contains mainly well-known facts from abstract harmonic analysis and the
theory of infinite Abelian groups. In Section 1 we give the basic definitions and consider
some examples of locally compact Abelian groups. In particular, we describe all
subgroups of the additive group of the rational numbers Q, the groups of p-adic integers
Ap, and a-adic solenoids X,. We formulate structure theorems for various classes of
locally compact Abelian groups and describe the topological automorphism groups of
the groups R”, T", A,, Z,. The basic results of Ulm theory for countable p-primary
Abelian groups are also presented. In Section 2 we discuss some aspects of probability
distributions on locally compact Abelian groups (the Bochner theorem, properties of
characteristic functions, the Lévy—Khinchin formula, idempotent distributions).

Chapter I1is devoted to Gaussian distributions on a locally compact Abelian group X .
In Section 3 we define Gaussian distributions and study their properties. In Section 4
we describe locally compact Abelian groups where every Gaussian distribution has
only Gaussian factors (the group analogue of the Cramér theorem of decomposition of
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a Gaussian distribution). In Section 5 we study properties of continuous polynomials
on locally compact Abelian groups. We describe locally compact Abelian groups where
any distribution y with a characteristic function of the form fi(y) = ¢?0), where P(y)
is a continuous polynomial, is Gaussian (the group analogue of the Marcinkiewicz theo-
rem). The group analogues of the Cramér and Marcinkiewicz theorems are basic tools
for proving characterization theorems in Chapters III-VI. In Section 6 we consider
Gaussian distributions in the sense of Urbanik, i.e., such distributions on X which any
character transforms into Gaussian distributions on the circle group T. We describe
locally compact Abelian groups for which the class of Gaussian distributions coincides
with the class of Gaussian distributions in the sense of Urbanik.

In Chapter III we study distributions of independent random variables &; and &,
taking values in a locally compact Abelian group X such that & + &, and & — &,
are independent. In Section 7 we describe all groups X where such distributions
are invariant with respect to a compact subgroup K of X and that, under the natural
homomorphism X + X /K, induce Gaussian distributions on the factor group X /K.
This is the widest subclass of locally compact Abelian groups on which the Kac—
Bernstein type theorem can be proved. It consists of all groups X having the connected
component of zero without elements of order 2.

If the connected component of zero of a group X contains elements of order 2,
then for such groups the following natural problem arises: to describe all possible
distributions of independent random variables &; taking values in X and such that the
sum &; + & and the difference &; — &, are independent. We present a solution to this
problem in Section 8 for the group R x T and the a-adic solenoids X,. In Section 9
we study distributions of independent identically distributed random variables &; and
&, taking values in a locally compact Abelian group X such that & + &, and & — &
are independent (Gaussian distributions in the sense of Bernstein).

Chapters I'V and V are devoted to some group analogues of the Skitovich—Darmois
theorem. Let&;, j = 1,2,...,n, n > 2, be independent random variables taking
values in a locally compact Abelian group X, and «;, B; be topological automorphisms
of X. Put Ly = a1&; + -+ apéypand Ly = 1§y + --- + Buén.

In Chapter IV we assume that the characteristic functions of independent random
variables §; do not vanish. We prove in Section 10 that independence of the linear
forms L, and L, implies that all £; are Gaussian if and only if X contains no subgroup
topologically isomorphic to the circle group T. Under the condition that the charac-
teristic functions of £; do not vanish, this is the widest subclass of locally compact
Abelian groups on which the Skitovich—-Darmois theorem can be extended.

Assume that a group X contains a subgroup topologically isomorphic to the circle
group T. Then the following natural problem arises: to describe all possible distribu-
tions of independent random variables £; taking values in X and having the property
that the linear forms L; and L, are independent. The remainder of Chapter IV is
devoted to solution of this problem. It turns out that if the characteristic functions of
independent random variables &; with distributions u; do not vanish and L; and L,
are independent, then the distributions w; can be replaced by their shifts /,L;- in such
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a way that all /,L; are supported in the connected component of zero of the group X.
Hence the problem can be reduced to the case when X is connected. An important
characteristic of a connected locally compact Abelian group X is its dimension dim X .
If dim X = 1, then X is topologically isomorphic to one of the following groups: the
real line R, an a-adic solenoid X, or the circle group T. If dim X = 2, then either
X contains no subgroup topologically isomorphic to the circle group T or X is topo-
logically isomorphic to one of the following groups: T2, R x T or X, x T. Assume
that the number of random variables £; is equal to 2. In Section 11 we describe for the
two-dimensional torus T2 all possible distributions of the random variables £ 7 in the
case when linear forms L; and L, are independent. Generally speaking, these distri-
butions are not Gaussian, and we describe, in particular, all topological automorphisms
a;, B; of the two-dimensional torus T2 for which the corresponding distributions are
Gaussian. In Section 12 we solve the same problem for the groups R x T and ¥, x T.

In Chapter V we omit the assumption that the characteristic functions of independent
random variables &; do not vanish and suppose that &; take values in different classes
of locally compact Abelian groups (finite, discrete, discrete torsion, compact totally
disconnected, etc.) Since Gaussian distributions on a totally disconnected group are
degenerate, idempotent distributions play an important role on such groups. It turns
out that, in contrast to the classical situation, there are essential distinctions between
the cases when we deal with linear forms of two random variables, of three random
variables, or of n > 4 random variables. In the group situation some new effects appear
which do not hold on the real line. To show this consider the following example. Let
Z(5) be the group of residues modulo 5, and §;, j = 1,2,...,n,n > 2, beindependent
random variables with values in Z(5). If n = 2 and the linear forms L and L, are
independent, then all random variables &; have idempotent distributions. If n = 3 and
the linear forms L; and L, are independent, then we can only assert that at least one
of the random variables £; has an idempotent distribution. On the other hand for every
n > 4 there exist independent random variables §;, j = 1,2,...,n, taking values
in Z(5) and automorphisms «;, 8; of Z(5) such that the linear forms L, and L, are
independent, but all £; have non-idempotent distributions.

In Section 13 we consider two independent random variables &; and &,. We prove
thatif X is a discrete group and the linear forms L and L, are independent, then &; and
&, have idempotent distributions. We also describe compact totally disconnected groups
for which this property holds true. We prove that the Skitovich-Darmois theorem fails
for compact connected groups. In Section 14 we study the case when the number n
of random variables §;, j = 1,2,...,n, is greater than 2. First we assume that the §;
take values in a finite group. Then we study the case when X is either a compact totally
disconnected group or a discrete torsion group. We describe in both cases the groups
X for which independence of the linear forms L; and L, implies that either all random
variables &; have idempotent distributions or atleast two of the random variables &; have
idempotent distributions, or at least one of the random variables &; has an idempotent
distribution. Further we consider an arbitrary number n > 4 of random variables §;,
and X is assumed to be either a discrete torsion group or a compact group. We note that
our proof of the Skitovich-Darmois theorem for discrete Abelian groups in the case
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when n = 2, in contrast to the proof of the Skitovich—-Darmois theorem for discrete
Abelian groups in the case when n > 2, does not use the Ulm theory.

In Section 15 we consider independent random variables &; and &, taking values
in an a-adic solenoid X,. We describe all possible distributions of random variables
&; assuming that the linear forms L; and L, are independent. The result depends on
both an a-adic solenoid and topological automorphisms ¢, ;.

In Chapter VI we study group analogues of the Heyde theorem. Let &;, j =
1,2,...,n, n > 2, be independent random variables taking values in a locally com-
pact Abelian group X. Let «t;, 8; be topological automorphisms of X satisfying the
condition

(i) Bia;'+B jaj_l are topological automorphisms of X for all i # ;.

Let Ly = a1é1 + -+ + apéy and Ly = B1&1 + -+ + Buén. Assume first that the
characteristic functions of the independent random variables &; do not vanish. In
Section 16 we prove that symmetry of the conditional distribution of the linear form
L, given L; implies that all £; are Gaussian if and only if X contains no elements of
order 2. This result can not be improved. If a group X contains elements of order 2,
then the following natural problem arises: to describe all possible distributions of
independent random variables &; taking values in X and having the property that the
conditional distribution of the linear form L, given L is symmetric. We assume that
on the group X there exist topological automorphisms o/, B; satisfying condition (i).
A simple example of such a group is the two-dimensional torus X = T2, and even
in this case the problem is very interesting. It turns out that the distributions which
are characterized by the symmetry of the conditional distribution of the linear form
L, given L, are convolutions of Gaussian distributions concentrated on a dense one-
parameter subgroup of T2 and distributions supported in the subgroup of T2 generated
by elements of order 2.

In Section 17 we drop the assumption that the characteristic functions of indepen-
dent random variables &; do not vanish. We first study the case when §; take values
in a finite group and then &; take values in a discrete group X. In the case when X
is discrete and the number of random variables §; is 2, we prove in particular that the
symmetry of the conditional distribution of the linear form L, given L; implies that
the random variables &; and &, have idempotent distributions if and only if the group
X contains no elements of order 2.

In the appendix we study the Kac—Bernstein and Skitovich-Darmois functional
equations on locally compact Abelian groups in the classes of continuous and measur-
able functions.

The author would like to thank the B. Verkin Institute for Low Temperature Physics
and Engineering of the National Academy of Sciences of Ukraine for providing excel-
lent facilities for writing this book.

March 2008 G. M. Feldman
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Chapter I
Preliminaries

1 Locally compact Abelian groups

We present in this section a summary of the results of abstract harmonic analysis and
theory of infinite Abelian groups which we use in the book. The monographs by Hewitt
and Ross ([59]) and Fuchs ([50], [51]) are our main sources. Unless the contrary is
stated, when we speak of groups, we consider only locally compact Abelian groups.

1.1 Some definitions and notation. Let X be a locally compact Abelian group. Un-
less otherwise stated, we use the additive notation for the operation in X and denote by
“0” the neutral element of X. A topological isomorphism of groups, i.e., an algebraic
isomorphism which is a homeomorphism we denote by the symbol “=”. Let x be an
element of X. The element x is said to be compact, if the smallest closed subgroup
of X containing x is compact. Denote by by the set of all compact elements of X,
and denote by cy the connected component of zero of X. If every element of X has
finite order, then X is called a torsion group. If every element of X except zero has
infinite order, then X is called a torsion-free group. Let f: R — X be a continuous
homomorphism. The image f(R) is called a one-parameter subgroup of X .

A finite subset {x1,...,Xx,} of a group X is said to be independent if it does not
contain zero, and if for any integers k1, ..., k, the equality k1x1 + -+ + kpx, = 0
implies that kyx; = --- = kpyx, = 0. An infinite subset A of X is said to be

independent if every finite subset of A is independent. The cardinality of a maximal
independent subset of the group X containing only elements of infinite or prime power
order is called the rank of X. Denote by r(X) the rank of X and by dim X the
dimension of a connected group X.

Let {X, : ¢t € J} be a nonvoid family of groups. Denote by P,cq X, the direct
product of the groups X,, i.e., the group coinciding with the Cartesian product of the
sets X,, and with the coordinate-wise operation. Let P,y X, be the subset of all
(x,) € P,eg X, such that x, = 0 for all but a finite set of indices (. Then Pjcg X, is a
subgroup of P,cg X,. It is called the weak direct product of the groups X,. If X, = X
for all ¢ € 4, then the direct product of the groups X, we denote by X™, and the weak
direct product of the groups X, we denote by X™*, where n is the cardinal number
of the set 4. Let {K, : ¢t € 4} be a nonvoid family of compact groups. The group
P,c4 K, we always consider in the product topology. By the Tychonoff theorem the
group P ey K, is also compact. If {D, : ¢ € 4} is a nonvoid family of discrete groups,
then the group P;cy D, we always consider in the discrete topology.

Let n be an integer. Denote by f, the mapping of X into X defined by f,x = nx.
Put X,y = Ker f, and X@® = f£(X). A group X is said to be a Corwin group if
X® = X. A group X is said to be divisible, if X = X for all natural n.
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If G is a subgroup of X, then we denote either by x + G or by [x] elements of
the factor group X/G. Let A be a subset of X. The set of all elements of the form
x = l1x; + -+ + lgxy, where x; € A and /; are integers, is said to be the subgroup
of X generated by A. Let A and B be subsets of X. Denote by A + B the set
A+B={xeX:x=a+b,ac A, be B}. If Aisasubsetof X, then denote by
A the closure of A. For a finite set A denote by | A| the number of elements of A.

Unless otherwise stated, the word “function” means a mapping taking either real
or complex values. Let Y be an arbitrary Abelian group, f(y) be a functionon Y, A
be an arbitrary element of Y. Denote by Ay, the finite difference operator

Anf(y) = f(y +h)— f(y).

A function f(y) on Y is called a polynomial if
AP f() =0

for some n and for all y,h € Y. The minimal n for which this equality holds is called
the degree of the polynomial f(y). A function f(y) on the group Y is said to be
normalized if f(0) = 1.

We use the symbols @ and Ry to denote the least infinite ordinal number and the
least infinite cardinal number respectively. Denote by N the set of natural numbers,
and denote by & the set of prime numbers. The set of complex numbers we denote
by C.

1.2 Examples of locally compact Abelian groups. Let us consider the most impor-
tant locally compact Abelian groups which we need for the study of characterization
problems. Note that we consider all finite groups in the discrete topology.

(a) R: the additive group of real numbers with the natural topology of the real line.

(b) T: the circle group (the one-dimensional torus), i.e., T = {z € C: |z| = 1}
with multiplication as an operation and with the usual topology.

(c) Z: the additive group of integers (the infinite cyclic group) with the discrete
topology.

(d) Z(m): the group of residue modulo m (the finite cyclic group). The elements
of the group Z(m) we denote by {0, 1,...,m — 1}. We note that the group Z(m) is
isomorphic to the multiplicative group of mth roots of unity. We retain for this group the
notation Z (m), and its elements will be denoted by exp{2nik/m},k =0,...,m— 1.

(e) Let p be a prime number. Consider a set of rational numbers of the form
{k/p" ik =0,....,p" —1,n = 0,1,...} and denote this set by Z(p*°). If we
define the operation in Z (p°°) as addition modulo 1, then Z(p°) is transformed into
an Abelian group which we consider in the discrete topology. Obviously, this group is
isomorphic to the multiplicative group of p”th roots of unity, where n goes through the
nonnegative integers, considered in the discrete topology. This group we also denote
by Z(p®), and its elements by exp{27ik/p"}, k =0,...,p" —1,n=0,1,....

(f) Let a = (ag,ay,...,an,...) be a fixed but arbitrary infinite sequence of in-
tegers, where each of a,, is greater than 1. We define the additive group of a-adic
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integers Agq. As aset A4 coincides with the Cartesian product P52 {0, 1,...,a, —1}.
Consider x = (xg,X1,X2,...), ¥ = (Yo, Y1,Y2,...) € Ag, and define the sum as
follows. Let xg + yo = toag + zo, where zg € {0, 1,...,a9 — 1}, 19 € {0, 1}. Assume
that the numbers zg, z1, .. ., Zk; to, f1, - - - , tx have been already determined. Let us set
then xg 41 + Yk+1 + tk = let1ak+1 + Zk+1, Where zgyy € {0,1,... ag4 — 1},

txr+1 € {0,1}. This defines by induction a sequence z = (zg, 21, 22,...). The set
A, with the addition defined above is an Abelian group, whose neutral element is the
sequence in A, that is identically zero. Consider A, in the product topology. The
obtained group is called the a-adic integers. The group A, is compact and totally
disconnected ([59], (10.2)).

If all of the integers a, are equal to some fixed prime integer p, we write A,
instead of A,, and call this object the group of p-adic integers. Each element x =
(x0, X1, X2,...) € A, is thought of as a formal power series Y .- x, p". The addition
of formal power series defined in the usual way corresponds to the addition of the
corresponding sequences. One can define a multiplication in A, in the natural way as
the multiplication of formal power series. Then A, is transformed into a commutative
ring ([59], (10.10)).

(g) Let @ = (ap,ai,...,a,,...) be a fixed but arbitrary infinite sequence of
integers, where each of a, is greater than 1. Consider the group R x A,. Let
B be the subgroup of the group R x A, of the form B = {(n,nu)}5>__,, where
u = (1,0,...,0,...). The factor group ¥, = (R x A,)/B is called an a-adic
solenoid ([59], (10.12)). In the particular case where A, = A, the factor group
(R x Ap)/B is called a p-adic solenoid and is denoted by X,. The group %, is
compact and connected ([59, (10.13)]), and has dimension 1 ([59], (24.28)).

(h) Q: the additive group of rational numbers with the discrete topology.

1.3 Torsion-free groups of rank 1 ([51], §85). Let A be a torsion-free group, p be a
prime number, and a € A. The largest nonnegative integer k such that the equation
pk x = a has a solution x € A is called the p-height of the element a, and is denoted
by hp(a). If no such maximal nonnegative integer k exists, then we set /i,(a) = oo.

The sequence of p-heights
x@@) = (hp,(a),....hp,(a),...),

where p,, is the nth prime number, is said to be the characteristic of an element of the
element a. Every sequence (ki,...,k,,...) of nonnegative integers and symbols
oo is a characteristic. Namely, consider the subgroup A of the group of rational
numbers QQ generated by all elements p,, In with I, < k, for all natural n. It is clear
that the sequence (kq,...,ky,,...) is the characteristic of the element 1 € A. Two
characteristics (k1,...,kyn,...)and (my,...,my,,...) are considered as equivalent if
kn # my holds only for a finite number of n such that in case k,, # m,, both k,, and
m,, are finite. All characteristics fall into disjoint classes of equivalent characteristics.
These classes are called types. We represent a type t by a characteristic of this class.
A torsion-free group A in which all the nonzero elements are of the same type t
is called homogeneous, and the type t(A) common to all nonzero elements of A is
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called the type of A. Every subgroup B of the group Q is homogeneous. Namely,
ifa € B and y(a) = (k1,...,kn,...), then B is isomorphic to the subgroup A
described above. Every torsion-free group of rank 1 is homogeneous and isomorphic
to some subgroup of the group Q. Two torsion-free groups of rank 1 are isomorphic
if and only if they are of the same type ([51], Theorem 85.1). Thus there is a one-
to-one correspondence between torsion-free groups of rank 1 and types. We note
as examples that t(Z) = (0,...,0,...), t(Q) = (o0,...,00,...). We also note
that (00,0,...,0,...) is the type of the subgroup of dyadic rational numbers, and
(1,...,1,...)isthe type of the subgroup of the group Q with square-free denominators.

1.4 The character group. A character of alocally compact Abelian group X is a con-
tinuous homomorphism of X into the circle group T. We denote the set of all characters
of the group X by X*. Put Y = X*. The value of the character y € Y at the point
x € X isdenoted by (x, y). Obviously, Y is an Abelian group with respect to pointwise
multiplication. For every compact set F of X, and every ¢ > 0, let P(F, ¢) be the set
{yeY :|(x,y)—1| < eforall x € F}. Withall sets P(F, ¢) taken as an open basis at
zeroin Y, Y isalocally compact Abelian group ([59], (23.15)). The group Y is called the
character group of X . Let t be the mapping t: X + Y * defined by (y, tx) = (x, ).
The following assertion is a central theorem in abstract harmonic analysis.

Pontryagin’s duality theorem 1.5 ([59], (24.8)). The mapping t is a topological
isomorphism from the group X into Y.

1.6 Duality properties of groups X and Y. According to the Pontryagin duality
theorem, every topological or algebraic property of a locally compact Abelian group
can be described in the terms of topological or algebraic properties of its character
group. The following theorems hold.

1. A locally compact Abelian group is compact if and only if its character group is
discrete ([59], (23.17)).

2. A compact Abelian group is connected if and only if its character group is tor-
sion-free ([59], (24.25)).

3. For a compact connected Abelian group X the dimension of X is equal to the
rank r(Y') of its character group. If a connected group X is second countable,
then dim X < Ry. ([59], (24.25), (24.28)).

4. A compact Abelian group is totally disconnected if and only if its character group
is a torsion group ([59], (24.26)).

1.7 Character groups of direct products. We can compute the character group of
a direct product of groups knowing the character groups of factors. The following
theorems hold.

1. Let X;, j = 1,2,...,n, be locally compact Abelian groups, and let Y; = X;.
Then
(X1 X x X)) =Y x---xY,

([591, (23.18)).
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2. Let{K, : 1 € d} be anonvoidfamily of compact Abelian groups, andlet K = D,.
Then .
(P K) =P'D,.
1ed 1ed

If{D, : « € 4} is a nonvoid family of discrete Abelian groups, and let D} = K,
then

P'D) = PK,
( L) 1ed '

ed

([59], (23.21)).

1.8 The annihilator. Let X be a locally compact Abelian group, Y be its character
group, and B be a nonvoid subset of X. Put

AY,B)={y €Y :(x,y)=1forall x € B}.
The set A(Y, B) is called the annihilator of Bin Y.

1.9 Some corollaries from the Pontryagin duality theorem. The following theo-
rems hold.

1. Let G be a closed subgroup of a group X. Then G = A(X, A(Y, G)) ([59],
§24.10).

2. Let G be a closed subgroup of a group X. The character group of the group G
is topologically isomorphic to the factor group Y /A(Y, G). Every continuous
character of G has the form x +— (x,y) for some y € Y. Two characters
y1 and y, of Y define the same character of the subgroup G if and only if
v1—y2 € A(Y, G). The character group of the factor group X / G is topologically
isomorphic to the group A(Y, G) ([59], (24.11), (23.25)).

3. The sets by and cx are closed subgroups of a group X. The following equalities
hold: by = A(Y,cx), cx = A(X, by) ([59], (24.17)).

4. Let K be a compact subgroup of a group X. Then the annihilator A(Y, K) is an
open subgroup of Y. If H is an open subgroup of Y , then A(X, H) is a compact
subgroup of X ([59], (23.29)).

5. For any natural n we have A (Y,X(”)) = Yu), 4 (Y, X(,,)) =y® ([59],
(24.22)).

6. If a group X is connected, then X™ = X for all natural n ([59], (24.25)).

1.10 Some examples of character groups. Now we consider examples of character
groups of some locally compact Abelian groups.

(a) R* @ R, (x,y) =e*, where x € R, y € R.

(b) Z* =T, (n,z) =z",wheren € Z,z € T.

(c) Z(m)* = Z(m), (k,l) = exp{2nwikl/m}, where k € Z(m), | € Z(m).

(d) AX=Z(p™),

(x.y) =exp{(xo+x1p+-+ xn_lp”_l)zg—,il},



(e)
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where
_ _ 2mil 00
x = (xp,X1,X2,...) € Ap, y_exp{p—n}eZ(p )

([59], (25.2)).

Consider the group X, = (R x A,)/B, where a = (ag,ay,...,ay,...). Then
X5 = H,, where

Hy={--"—:n=0.1,....meZ}

apai...an

is a subgroup of the group @, and

(x. ) = exp {(t — (xo + @oX1 + -+ + @01 ... an—1Xy)) 722},
where x = (¢;x9,X1,X2,...) + B € Xg, (t;X0,X1,X2,...) E RX Ag, y =
n € H, ([59], (25.3)). We note thatifa = (2,3,4,...),then ¥} = Q.

apai...an

Structure theorems for some classes of locally compact Abelian groups. The

following theorems hold.

1.

2.

A locally compact Abelian group X is topologically isomorphic to the group
R™ x G, where m > 0 and G contains a compact open subgroup ([59], (24.30)).
A connected locally compact Abelian group X is topologically isomorphic to the
group R™ x K, where m > 0 and K is a compact connected group ([59], (9.14)).

. Let X be a second countable connected locally compact Abelian group. Then

the following statements are equivalent:
(i) the group X is locally connected;
(ii) the group X is arcwise connected;

(iii) the group X is topologically isomorphic to the group R™ x T™, where
m > 0andn < Rq ([1], (8.27)).

. A compact Abelian torsion-free group is topologically isomorphic to the group

(Zo)" x P A7,
DPEP

where a = (2,3,4,...) and 1, n, are cardinal numbers ([59], (25.8)).

. Let X be alocally compact Abelian group such that every element of X different

[from zero has order p, where p is a fixed prime number. Then X is topologically
isomorphic to the group

Z(p)" x Z(p)™,

where 1 and w are arbitrary cardinal numbers, Z (p)" is considered in the prod-
uct topology, and Z (p)™* is considered in the discrete topology ([59], (25.29)).
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1.12 Small subgroups in locally compact Abelian groups. The following theorems
hold.

1. Let X be a totally disconnected locally compact Abelian group. Then every
neighbourhood of zero in X contains a compact open subgroup ([59], (7.7)).

2. Let X be a compact Abelian group. Then every neighbourhood of zero in X
contains a closed subgroup G such that the factor group X /G is topologically
isomorphic to the group T™ x F, where m > 0 and F is a finite Abelian group
([59], 24.7)).

1.13 Adjoint homomorphisms. Let X; and X, be locally compact Abelian groups
with character groups Y; and Y, respectively. Let p: X; — X5 be a continuous
homomorphism. For each y, € Y, define the mapping p: Y» — Y; by the equality
(px1,y2) = (x1, py2) for all x; € X, y, € Y,. The mapping p is a continuous
homomorphism. It is called an adjoint of p. We list some properties of adjoint
homomorphisms ([59], (24.41)). N

(a) The homomorphism p satisfies the condition p = p.

(b) The homomorphism p is a monomorphism if and only if the subgroup p(X7)
is dense in X»5.

(¢) The homomorphism p is a topological isomorphism from the group Y5 into Y;
if and only if p is a topological isomorphism from the group X into X.

(d) Let f, be the homomorphism f,x = nx of X into X. Then the adjoint
homomorphism fn : Y — Y is the mapping fny =ny.

1.14 Automorphism groups of some locally compact Abelian groups. Let X be
a locally compact Abelian group, Y be its character group. Denote by Aut(X) the
group of all topological automorphisms of the group X, i.e., the group of all mappings
of X into X that are simultaneously algebraic automorphisms and homeomorphisms.
Denote by [ the identical automorphism of a group. It is possible to define a topology
for the group Aut(X) in such a manner that Aut(X) becomes a topological group
([59], (26.3)]). In studying characterization problems, we do not need to consider the
group Aut(X) as a topological group. Therefore, when we say that a group Aut(X)
is isomorphic to some group, we keep in mind an algebraic rather than topological
isomorphism, in spite of the fact that in the cases under consideration a topological
isomorphism also holds. Let € Aut(X). The mapping @ +— & is an anti-isomorphism
of the groups Aut(X) and Aut(Y) ([59], (26.9)). A subgroup G of the group X is said
to be characteristic if G is invariant under each automorphism o € Aut(X). The
subgroups cx, bx, X5y and X ™ are characteristic. We now consider examples of
automorphism groups Aut(X) of some locally compact Abelian groups X .

(a) Every topological automorphism « of the group R is of the form at = ct,
where ¢ € R, ¢ # 0,1 € R. It follows from this that the group Aut(R) is isomorphic
to the multiplicative group of all nonzero real numbers, i.e., Aut(R) is isomorphic to
the group R x Z(2).

(b) The group Z admits just two automorphisms =+ /7. This implies that the group
Aut(Z) is isomorphic to the group Z(2).
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(c) Let p be an arbitrary prime number. The group Aut(A,) is isomorphic to
the multiplicative group of all invertible elements of the ring A, i.e., Aut(A,) is
isomorphic to the multiplicative group Ag = {c = (co,C1,C2,...) € Ap 1 co # 0}.
To prove this we note that if ¢ € Ag we can define the automorphism o, € Aut(Ap)
by the formula aex = cx,x € A,. Leta € Aut(A,) be an arbitrary automorphism.
Denote by u the element (1,0,0,...) € A,. Since the subgroup generated by u is
dense in A, the same is also true for the element ccu. Hence au = ¢, where ¢ € Ag.
It follows from this that @ = « ([59], (26.18e)).

(d) To find the group Aut(Z,),wherea = (ag,ay,...,dy,...), wenotethat X,* =~
H,, where H, = {ll()alLan n=0,1,....mée€ Z} is a subgroup of Q (see 1.10 (e)).
It is easy to see that either the group H, admits just two automorphisms £/, and hence
the group Aut(H,) is isomorphic to the group Z(2), or every automorphism « of the
group H, is of the form ar = %r, r € H,, where m,n are some mutually prime
numbers. Furthermore f,, f, € Aut(H,), and at least one of the automorphisms f;,,
Jn is different from £ /. If the number of primes p such that f,, € Aut(H,) is finite and
is equal to /, it is easily seen that the group Aut(H,) is isomorphic to Z! x Z (2). If this
number is infinite, then the group Aut(H,) is isomorphic to Z®0* x Z(2). Since the
groups Aut(X,) and Aut(H,) are isomorphic, we find the group Aut(X,). Moreover,
since every automorphism o € Aut(H,) is of the form a = f,, £, !, it results from
1.13 (d) that every automorphism & € Aut(X,) is of the same form.

We note that if p; is the jth prime number, then fj, € Aut(Z,) if and only if the
symbol oo stands at the jth place in t(H,).

(e) The group Aut(T™) is isomorphic to the group of all integer-valued (m x m)-
matrices A = (aij)l"'fj:1 such thatdet A = +1. If « € Aut(T™) and A = (a,-j):.’szl
is the corresponding matrix, then

— ail a2l ami aim ,a2m a
0(z1, . zm) = (27 22 oozt oz Tz ),

where (z1,...,2Z,) € T™ ([59], (26.18h)).

1.15 a-adic solenoid X, as a subgroup of the infinite-dimensional torus T®o, It
is well known that every second countable compact Abelian group X is topologically
isomorphic to a compact subgroup G in the infinite-dimensional torus T0. We will
describe this subgroup G for an a-adic solenoid X = X,. For the sake of simplicity,

we consider the case whena = (p, p,...,p,...), where p is a prime number, i.e.,
we consider the case of a p-adic solenoid X,. The corresponding reasoning can be
carried out for an arbitrary a = (ap, dy,...,an,...). Letu = (1,0,...,0,...) € Ap,
B ={(n,nu)}5>_., CRxAp,and ¥, = (R x A,)/B be the corresponding p-adic

solenoid. Consider the mapping 7: R x A, = TXo, defined by
w(t,x)=(z1,22,.. ., Zn,... ), t €ER, X = (x0,X1,....Xp,...) €Ap, (1.1)

. n—1

Zn = exp {pz,,”_’l (t—> xkpk)}. (1.2)

k=0
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It is not difficult to verify that t is a continuous homomorphism, Kert = B and
G=tRxAp) ={z=0(21,22,....2p....) € TN : 2l = 7, _;, k > 2} is aclosed
subgroup of the infinite-dimensional torus T®0. It follows from ([59], (5.27)) and
([59], (5.29)) that G = Z,,.

The consideration of the p-adic solenoid ¥, as the subgroup

G={z= (21220 Zn,...) €T 2l =731, k > 2}

allows us to verify easily the following:

() if h = ;n_" is a character of the group X, then (z,h) = z;', |, where z =
(z1,22,...,2n,...) € G;

(b) the automorphism f, operates on G by the formula f,z = (z{,z5,...,z7,...),
z=1(z1,22,...,2n,...) € G;

(©) T(R) = {(e?7it, e27it/P o27it/P? )t e R} is the dense one-parameter sub-
group of G.

1.16 Closed subgroups of the group R™. Let G be a closed subgroup of the group
R™. Then G is topologically isomorphic to the group RP x Z4, where p + q < m.

1.17 Subgroups T™ as direct factors. Let X be a locally compact Abelian group,
Y be its character group, 1t be a nonzero cardinal number. Then the following theorem
holds.

1. If X contains a subgroup G, and G is topologically isomorphic to T%, then G
is a topological direct factor of X ([59], (25.31)).

Taking into account Theorem 1.9.2 and the topological isomorphism (T™)* ~ Z™*,
this theorem can be reformulated as follows.

2. If' Y contains a closed subgroup H such that the factor group Y /H is topologi-
cally isomorphic to the group Z™, then the group Y is topologically isomorphic
to the group H x 7™*.

Now we come to the results concerning algebraic group theory. For this reason in
the rest of the section we assume that all groups under consideration are Abelian and
discrete.

1.18 Some more definitions. A group X is said to be reduced, if X contains no
nonzero divisible subgroups. A subgroup G of a group X is called pure if for any
natural n and g € G the solvability of the equation nx = g in X implies its solvability
in G. A torsion group X is called p-primary, if the order of every element of X is a
power of p.

1.19 Decomposition theorems. Let X be an Abelian group. The following theorems
hold.
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1. Let X be a torsion group. For each prime number p let X, be the subgroup of
X consisting of elements whose order is a power of p. Then

X="P X,

PEP

([50], Theorem 8.4). The subgroups X, are called p-components of X .

2. The group X can be decomposed into a direct product X = D x N, where D
is the divisible group, and N is a reduced group. The subgroup D is uniquely
determined, and the subgroup N is uniquely determined up to isomorphism ([50],
Theorem 21.3).

3. Let X be a divisible group. Then X is isomorphic to a weak direct product
@HQ* X P* Z(pOO)np*’
pPEP

where ng and ny, are cardinal numbers ([59], § A.14).
4. Let X be a group generated by elements x1, . .., x,. Then

X=X x--xX,,
where X is isomorphic to either Z or Z (n;) ([59], § A.27).

1.20 Reduced p-primary Abelian groups. Let A be a reduced p-primary Abelian
group. Put

o0
Al = N A@M | 49+l = (4%)!, 49 = ) A” if o is a limit ordinal number.
n=1 p<0
Let t be the least ordinal number for which A = {0}. Then the totally ordered
sequence of subgroups
A=A"DA'>...DA4°D...D A" = {0}

is defined. The factor group A, = A%/A°T! is called the oth Ulm factor of the
group A. The totally ordered sequence of Ulm factors

A(),Al,...,AO-,... (O’<T)

is called the Ulm sequence of the group A, and t is called the Ulm type of the group A.
For each ordinal number o define the subgroup AP as follows:

AP = A, APTTH = (A(po))(p), AP = ﬂ AP if 5 is a limit ordinal number.
p<o

Consider the factor group (A(Pa))(p) / (A(pUJrl))(p). Its rank is called the oth Ulm—

Kaplansky invariant of the group A. We note that 4° = A®*“%).
The following two theorems are the base of the theory of countable reduced p-pri-
mary Abelian groups.
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1. A countable reduced p-primary Abelian group A of the Ulm type t and with the
Ulm sequence Ay (0 < 0 < 1) exists if and only if
1) T is a countable ordinal number;
2) every group A is a weak direct product of cyclic p-primary groups; more-
overif o + 1 < t, then Ay contains elements of arbitrarily large order ([51],
Theorem 76.2).

2. Two countable reduced p-primary Abelian groups A and C are isomorphic if
and only if they have the same Ulm type t, and for every ordinal number o < t
their Ulm factors As and Cy are isomorphic.

The latter holds if and only if the Ulm—Kaplansky invariants of the groups A and
C coincide ([51], Theorem 77.3).

It should be noted that if 4 is a countable group, then the number of cyclic direct
factors of order p” in the decomposition of A, coincides with the (wo + n — 1)-th
Ulm—Kaplansky invariant of the group A.

2 Probability distributions on locally compact Abelian groups

We present in this section results of probability distributions on locally compact Abelian
groups. We use for references the books by Grenander ([57]) and Parthasarathy ([89]).
We agree to assume, unless otherwise specified, that all groups considered in this
section are second countable, in spite of the fact that some of the statements below are
true without this restriction.

2.1 Main definitions and notation. Let X be a topological Abelian group, let B(X)
be the o-algebra of Borel sets, i.e., the smallest o-algebra of subsets of X which
contains all the open subsets of X. By a measure on the group X we understand a
nonnegative countable additive set function defined on B(X).

The difference of two measures is called a signed measure. A measure p is called
a distribution if ;(X) = 1. Denote by M!(X) the set of all distributions on X .

Denote by o(u) the support of a distribution u, i.e., the smallest closed subset
A C X such that u(A4) = u(X). Let u,v € M(X). We define their convolution
i * v € M!(X) by the formula

(w*xv)(B) = [,u(B —x)dv(x), B €B(X).
X

The set M!(X) is a semigroup with respect to the convolution. Denote by u*" the
convolution of n distributions each of which is equal to u. If © = p; * uo, then
distributions y; are called factors of the distribution . For u € M!(X) define the
distribution i € M!(X) by the formula ji(B) = u(—B) for all B € B(X).

We say that a distribution ju is concentrated on a set A € B(X) if u(B) = 0for any
B € B(X) suchthat BN A = @. In general the set A does not need to be closed, and A
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is not uniquely determined. Let x € X. Denote by E, the degenerate distribution
concentrated at the point x € X, and by D(X) the set of all degenerate distributions
on X. The convolution p * E, of a distribution p with a degenerate distribution is
called a shift of a distribution [1.

Let (2, 2, P) be a probability space, where 2 is a set, 2 is a o-algebra of subsets
of ©, and P(A) is a probability measure defined on 2. By a random variable on
(2, A, P) with values in X we understand a function & (w) defined on Q with values
in X, and such that £71(B) € U for any Borel subset B C X. The random variable &
defines a distribution ug on B(X) by the formula

ue(B) = Plw € Q: §(w) € B, B € B(X)}.
Two random variables & and 1 with values in X are called independent if the equality
Plw: &(w) € A, n(w) € B} = P{w : é(w) € A}P{w : n(w) € B}
is fulfilled for all A, B € B(X). If random variables £ and 7 are independent, then

Mgty = [Lg * . (2.1)
The following simple statement proves to be useful.

Proposition 2.2. Let X be a topological Abelian group, G be a Borel subgroup of X,
w € MY(G), w = p1 * o, where uj € MY(X). Then the distributions ju; can be
replaced by their shifts ju'; in such a manner that p = p'y * py and W € ML(G).

Proof. We deduce from the equality

I =u(G) = / 11(G — X)djun(x)
X

that p{x € X : u1(G —x) = 1} = 1. Hence u;(G — x1) = 1 for some x; € X,
i.e., the distribution 1 is concentrated on the set G — xy. This implies that u} =
w1 * Ex, € MY(G). Put )y = pp * E_y,. Then u = p; * p, and

1= (6) = [ 146 ~x) i) = [ 4G —x) (o),
X G

It follows from this that u {x € G : u5(G —x) = 1} = 1. Therefore u5(G —x,) =1
for some x, € G. Since G is a group, we have u5(G) = 1,i.e., u5 € M (G). O

We also need the following general statement.

Suslin’s theorem 2.3 ([69], §39, IV). Let X1 be a separable complete metric space,
X, be a metric space, p: X1 — X, be a continuous one-to-one mapping. If B is a
Borel set in X1, then p(B) is a Borel set in X5.
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Proposition 2.4. Let X and X, be topological Abelian groups, p: X1 +— Xz be an
algebraic isomorphism with the property that the images and preimages of Borel sets
under the mapping p are Borel. Then p generates an isomorphism of the semigroups
M!(X) and M} (X>) by

(i) p(w(B) = u(p~'(B)),
where 1 € MY (X1), B € B(X3) (we keep the notation p for this isomorphism).

The proof of this statement consists of some standard verifications. The statement
below follows directly from the Suslin theorem and Proposition 2.4.

Corollary 2.5. Let X1 be a complete topological Abelian metric group, X, a topo-
logical Abelian metric group, and let p: X1 — X3 be a continuous monomorphism.
Then p generates an isomorphism of the semigroups MY (X ) and M (p (X)) by for-
mula 2.4 (1).

2.6 Topology onM!(X). Let X beatopological Abelian group. We introduce a weak
topology in M!(X) as follows: a sequence of distributions ., € M!(X) converges to
a distribution 1 € MY (X) (n = ) if

/ F) dpan(x) / £ du()
X X

for every bounded continuous function f(x) on X.

2.7 Characteristic functions. Let X be a locally compact Abelian group, Y be its
character group. For every u € M (X) the characteristic function (Fourier transform)
of u is defined by

a(y) = | (x. y)du(x).
/

A function f(y) on the group Y is called characteristic if f(y) = ji(y) for a dis-
tribution © € M!'(X). We note that if £ is a random variable with values in X and
distribution p, then the characteristic function of u is the expectation

a(y) = E[E. y)l. 2.2)

The characteristic function of a random variable is the characteristic function of its
distribution. If £ and n are random variables with values in X, then £ and 7 are
independent if and only if the equality

E[(§,1)(n, v)] = E[(§, w)]E[(n, v)]

holds forall u,v € Y.
Let £ € M!(X). The characteristic function /i(y) has the following properties
([571, §3.3):
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@ [a(y| = a0 =1;
(b) w is uniquely defined by the function fi(y);

© (EFw)(y) = A()D(y), p,v € MI(X);

@ u(y) = a(y) = a(=y);

(e) if H is a closed subgroup of the group Y and |f1(y)| = 1 for all y € H, then
there exists an element x € X such that i(y) = (x, y) forall y € H;

(f) fi(y) is a uniformly continuous function;

(g) the inequality

IA(y1) — A(r2)|* <2(1 —Re A(y1 — y2))

holds for all y;, y, € Y

(h) let u, € MY(X); up, = p if and only if i,(y) — Q(y) uniformly on every
compact subset of Y;

(i) let w, € M!(X), and let the sequence [i,(y) converge to a limit uniformly on
every compact subset of Y ; then there exists a distribution # € M!(X) such that
fn(y) = f(y) and pn = p.

We note that properties (b)—(d) and (f) are also fulfilled for an arbitrary signed
measure.

2.8 Positive definite functions. Let Y be an arbitrary Abelian group. A function
f(y) defined on Y is said to be positive definite if, for any natural n, any complex
numbers z1, ..., z,, and any points yy, ..., y, € Y, the inequality

@) Z Si—y))ziz; =0

ij=1
holds.

Bochner’s theorem 2.9 ([60], (33.3)). Let X be a locally compact Abelian group, Y
be its character group. A function f(y) on the group Y is the characteristic function
of a distribution u € MY (X) if and only if the following conditions hold: (i) f(y) is
continuous, (ii) f(y) is positive definite; (iii) f(0) = 1.

Thanks to the Bochner theorem we can not make a difference between characteristic
functions and normalized continuous positive definite functions.

Proposition 2.10. Let X1 and X, be locally compact Abelian groups with character
groups Y1 and Y,, respectively. Let p: X1 +— X3 be a continuous homomorphism
generating the mapping p: MY (X1) — MY (X,) by formula 2.4 (i). If u € M!'(X),
then the characteristic function of the distribution p(j) is of the form m(y2) =
A(Py2), where y, € Yo, and p: Yy > Y is the homomorphism adjoint of p.
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Corollary 2.11. Let X be a locally compact Abelian group, Y be its character group,
G be a closed subgroup of X, H = A(Y,G), p: X — X /G be the natural homomor-
phism, and 1 € MY (X). Then the restriction of the characteristic function ji(y) to H
is the characteristic function of the distribution p(u) € MY (X/G).

The following statement is often used in construction of positive definite functions.

Proposition 2.12 ([60], (32.43)). Let Y be an arbitrary Abelian group and H be a
subgroup of Y. Let fo(y) be a positive definite function on H, and f(y) be the function
onY such that

Jo(y) ify € H,

f(y) = 0 ity & H.

Then f(y) is a positive definite function.

Proposition 2.13. Let X be alocally compact Abelian group, Y be its character group,
and . € MY (X). Then the set

E={yeY:u(y) =1

is a closed subgroup of Y, the characteristic function [i(y) is E-invariant, i.e., (i(y)
takes a constant value on each coset of the group Y with respect to E, and o(u) C
A(X, E).

Proof. 1t is obvious that the inequality
1 —Re(x, y1 + y2) = 2[(1 —Re(x, y1)) + (1 — Re(x, y1))]

holds for all x € X, y1, y» € Y. This implies the inequality

1 —Reji(y1 + y2) < 2[(1 —Refi(y1)) + (1 —Re f(y1))]. (2.3)

It results from (2.3) that E is a subgroup. Obviously, E is closed. Inequality 2.7 (g)
implies thatif y; —y, € E, then fi(y1) = [1(y2), i.e., the function fi(y) is E-invariant.
Put H = Y/E. By Theorem 1.9.2, H* =~ A(X, E). As has been stated above, the
function fi(y) can be considered as a function f([y]) on H. The function f([y]) is
continuous, positive definite, and f(0) = 1. By Bochner’s theorem f([y]) = i([y]),
A € M (A(X, E)). We have

Ay) = / (e )dp(x) = F(Y]) = / (e DA = / (. y)dA() = A(0).

X A(X,E) X

It follows from 2.7 (b) that u© = A. O
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2.14 Haar measure and idempotent distributions. Let X be a locally compact
Abelian group, Y be its character group. There exists a measure my on the group X
with the following properties:

(a) my(B 4+ x) =my(B) forall B € B(X),x € X;
(b) mx(—B) = mx(B) for all B € B(X).

The measure my is called a Haar measure. If X is acompact group, then my (X) < oo.
We assume that in this case my € M!(X) ([59], Chapter 4).

Let K be a compact subgroup of X. We note that the characteristic function of the
distribution mg is of the form

1 ify e A(Y.K),

@ kD =10 ) 7 A K).

A distribution 1 € M!(X) is said to be idempotent if u*?> = u * E, for some
x € X. The set 1(X) of all idempotent distributions on the group X coincides with the
set of all shifts of the Haar distributions mg of compact subgroups K of X. Indeed,
let £*?> = u * Ex. Put A = pu x E_y. This implies that A*?> = A, hence by 2.7 (c)
22 (y) = )At(y). It follows from this that either ;l(y) = 0or )Ak(y) = 1. Consider the
setE ={yeY :)Ak(y) = 1}. Put K = A(X, E). By Theorem 1.9.1, E = A(Y, K).
Taking into account 2.7 (b) we obtain that A = mg. It should be also noted that
D(X) C I(X).

2.15 Infinitely divisible distributions. Let X be a locally compact Abelian group, Y
be its character group. A distribution w on the group X is said to be infinitely divisible
if for each natural n there are an element x,, € X and a distribution 1, € M!(X) such
that u = )" x Ex,.

We give the examples of infinitely divisible distributions:

(i) idempotent distributions, in particular, degenerate distributions;

(ii) the generalized Poisson distribution e (F') associated with a finite measure F,

e(F) = exp{—F(X)}(Eo + F + F*?/21 4 -+« + F*"/n! +...).

We note some properties of infinitely divisible distributions:

(a) the characteristic function i(y) of an infinitely divisible distribution w vanishes
if and only if © has a nondegenerate idempotent factor ([89], Theorem 4.2);

(b) if u is an infinitely divisible distribution, thenthe set N = {y € Y : i(y) # 0}
is an open subgroup of Y ([89], Lemma 5.4);

(c) the set of infinitely divisible distributions is a closed subsemigroup in M!(X)
([89], Theorem 4.1).

2.16 The Lévy—Khinchin formula. Let X be a locally compact Abelian group, Y
be its character group. The Lévy—Khinchin formula is a assertion which gives a repre-
sentation of the characteristic function of an infinitely divisible distribution on X. To
formulate it we need the following statement.

There exists a function g(x, y) on the product X x Y with the following properties:
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(a) g(x,y) is continuous in two variables x and y;

(b) sup sup |g(x,y)| < oo for every compact subset K C Y;
xeX yeK

(©) g(x,y1+y2) = glx, y1)+g(x, yz) forallx € X, y1,y2 € Y,andg(—x,y) =
—g(x, y);

(d) if K is an arbitrary compact in Y, then there is a neighbourhood of zero Uk in
X such that (x, y) = exp{ig(x,y)}forall x € Ux and y € K;

(e) if K is an arbitrary compact in Y, then g(x, y) converges to zero uniformly in
y € K as x tends to zero of the group X ([89], Lemma 5.3).

We now can get the group analogue of the Lévy—Khinchin formula.

Let X be a locally compact Abelian group, Y be its character group. If i is an
infinitely divisible distribution on X without idempotent factors, then the characteristic
function [i1(y) has the representation

0 A0 = Coyep| [ 1) = 1=igr IdFE) = o)
X\{0}

where xq is a fixed point of X, g(x,y) is a function on X x Y which is independent
of i and has the properties mentioned above, F is a o-finite measure with finite mass
outside every neighbourhood of zero in X which satisfies the condition

/ [1 —Re(x,y)]dF(x) <oco foreveryy €Y,
X\{o}

and ¢(y) is a nonnegative continuous function satisfying the equation

(i) o +v)+ e —v) =2[p1) + ¢()], u,vel.

Conversely, any function of type (1) is the characteristic function of an infinitely divisible
distribution on the group X without idempotent factors ([89], Theorem 7.1).

Representation (i) is called the Lévy—Khinchin formula. Measure F is called the
Lévy measure of the infinitely divisible distribution p.

If w is an infinitely divisible distribution without idempotent factors, we say that u
has the representation (xg, F, ¢), where xo, F, and ¢ are as in (i). If the characteristic
function of an infinitely divisible distribution p without idempotent factors has two
representations (x1, F1, ¢1) and (x2, F2, ¢2), then ¢1(y) = ¢2(y), y € Y, and F; =
F, on the complement of the subgroup by . Representation (i) is unique if and only if
either by = {0} or by = X2 ([89], Chapter IV, § 8).

The following statement allows us in some cases to reduce the study of arbitrary
infinitely divisible distributions to the study of an infinitely divisible distribution without
idempotent factors.

Theorem 2.17 ([89], Theorem 7.2). Let X be a locally compact Abelian group, | be
an infinitely divisible distribution on X. Then @ = mg * v, where K is a compact
subgroup of X, and v is an infinitely divisible distribution without idempotent factors.
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Cramér’s theorem 2.18 ([74], Theorem 6.3.2). Let y be a Gaussian distribution in
the space R™, and y = y1 * y2, where y; € MY (R™). Then y; are also Gaussian
distributions.

Theorem 2.19 ([74], Chapter VI, § 1). Let F(t), t € R™, be a characteristic function,
and ®(t), t € R™, be the restriction to R™ an entire function ®(z), z € C™. Assume
that U is a neighbourhood of zero in R™ and

(1) F(@)=d(), tel.

Then the function F(t) can be extended to C™ as an entire function, and (i) holds for
allt € R™.

Proposition 2.20. Let G be a locally compact Abelian group, X = R™ x G. Denote
by (s,h), s € R™, h € H elements of the group X* >~ R™ x H, where H = G*.
Let i € MY(X), and assume that [i(s,0) is an entire function in s. Then [i(s, h) is an
entire function in s for every fixed h € H, and the representation

Als.h) = [ &) (g, 1) du ()
X

holds forall s € C, h € H.

2.21 Conditional distribution. Let X be a topological Abelian group. Let £ and 7
be random variables taking values in X . By the conditional distribution of the random
variable 7 given £, we understand a function P;¢(x, B) defined on X x B(X) such
that

(i) for every fixed x € X the function Py¢(x, B) is a distribution on X;

(ii) for each fixed B € B(X) and each C € B(X) the equality

P{lweQ:&(w)eC,nlw)e B} = / Pyie(x, B) dug(x)
C

holds. We deduce from the definition of the condition distribution of the random
variable 7 given £ that this distribution is symmetric, i.e.,

Pyjg(x, B) = Pyjg(x. —B)
if and only if the equality
PlweQ: &f(w)eC. n(w)e B} =P{lweQ:&w)eC,nlw)e—B}

holds for all B, C € B(X).



Chapter I1

Gaussian distributions on locally compact Abelian
groups

Let X be a second countable locally compact Abelian group. This chapter is devoted
to Gaussian distributions on X. We define Gaussian distribution on a group X and
study its properties. We describe completely groups X on which the classical Cramér
and Marcinkiewicz theorems can be extended. We also consider Gaussian distributions
in the sense of Urbanik, i.e., such distributions on X which any character transforms
into Gaussian distributions on the circle group T. We describe completely groups X
for which the class of Gaussian distributions coincides with the class of Gaussian
distributions in the sense of Urbanik.

3 Properties of Gaussian distributions

Let X be a second countable locally compact Abelian group, Y be its character group.
Following Parthasarathy, we define in this section the Gaussian distribution on the
group X and study its properties.

Definition 3.1 ([89], Chapter 4, § 6). A distribution y on a group X is called Gaussian
if its characteristic function can be represented in the form

i) 7)) = (x,y)exp{—p(y)}, y €Y,

where x € X, and ¢(y) is a continuous nonnegative function on the group Y satisfying
equation 2.16 (ii).

Denote by I'(X) the set of Gaussian distributions on X. A Gaussian distribution
is called symmetric if x = 0 in (i). Denote by I'*(X) the set of symmetric Gaussian
distributions on X .

3.2. Definition 3.1 of the Gaussian distribution for the groups X = R¥ and X = T*
coincides with the classical one. The assertion with respect to X = R¥ follows from
the fact that indeed, if X = R¥, then Y =~ R¥, and a continuous nonnegative function
¢(y) on R satisfying equation 2.16 (ii) is of the form

(») = (Ay,y). y=01..... ) € R,

where (-, -) is the scalar product in R¥, and A is a symmetric positive semidefinite
matrix. In particular, if i € T'(R), then the characteristic function ji(s) can be written
in the form

fi(s) = exp {ias — "22S2}, ac€R 0>0seR. 3.1
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Ifin (3.1) 0 > 0, then u has density p(z) with respect to the Lebesgue measure

1 _t—a)?
e 202 |

0="2_
P = dt V2no

For the group X = T* in accordance with the classical definition, y is a Gaussian
distribution on T* if y is an image of a Gaussian distribution ;& on R under the
natural homomorphism p: RF - T* ~ Rk /(27 Z)*. If the characteristic function of
a Gaussian distribution p is of the form

Q(s) = expli(t.s) — (As,s)}, s € R¥,

where ¢ € R¥, and A is a symmetric positive semidefinite matrix, then by Proposi-
tion 2.10,

p(n) = p/(m(n) =expl{i{t,n) —(An,n)}, n=my,na,...,nx) € zk.

We see that y is a Gaussian distribution in accordance with Definition 3.1. It is easy
to see that the converse statement is also true (compare with Proposition 3.8). We note
that if u € I'(R) is a nondegenerate distribution and y = p(u) € I'(T), then y also
has density

202

Q(e"’)=@ Y exp{— 5t —a+2mn)? (3-2)

n=—oo

with respect to the Haar distribution m T, and the characteristic function y (n) is of the
form

p(n) = exp {ian — ‘722”2}, nez.

Remark 3.3. A continuous function ¢(y) satisfying equation 2.16 (ii) is also called a
square form on a group Y . If we know a square form ¢(y) we can construct a 2-additive
function by the formula

1
Y(u,v) = 5[(#(“ +v) =) —@@)], uvevy. (3.3)
Obviously, the function v (u, v) satisfies the conditions

(i) Y (u,v) =y (v,u)
(i) Y@+v.w) =y w) +y@w).

It is easy to see that if a function ¥ (u, v) satisfies conditions (i) and (ii), then the
function

e(y) =v(,y) (34)

satisfies equation 2.16 (ii).
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Remark 3.4. Let ¢(y) be a continuous nonnegative function on a group Y satisfying
equation 2.16 (ii), and let f(y) = exp{—¢(y)}. Then f(y) is a characteristic function,
and hence f(y) is the characteristic function of a Gaussian distribution on the group
X. Indeed, let yq,..., yx be fixed elements of Y. Consider the function ¢(n1y; +
.-+ +ng yr) as afunction of integer-valued variables n;. Define the function ¥ (y1, y2)
by formula (3.3). It results from (3.4) that

ey + -+ ngyr) = (An,n)

withn = (ny,...,nx) € Z¥, A = (ozij)f-"j=1, and a;; = ¥ (y;,y;). Since p(y) > 0,
the matrix A is positive semidefinite. Hence the function exp{—@(niy1 +---+ngyi)}
considered as a function of integer-valued variables n;, is a positive definite function
on the group Z¥. It follows from what has been said that f(y) = exp{—¢(y)} is
a positive definite function. Hence by the Bochner theorem, f(y) is a characteristic
function.

Remark 3.5. If ¢(y) is a continuous function on a group Y satisfying equation 2.16 (ii),
then (y + yo) = ¢(y) forall y € Y, yo € by, in particular, ¢(y) = Oforall y € by.
Indeed, let H be a compact subgroup of Y. Consider equation 2.16 (ii), assuming that
u,v € H. Integrating equation 2.16 (ii) over the group H with respect to the Haar
distribution dm g (1) and taking into account 2.14 (a), we infer that ¢(v) = 0 for all
v € H. Hence ¢(v) = Owhen v € by. Fix y € Y and y¢ € by. Denote by M the
smallest closed subgroup of Y containing element yo. Since yo € by, the subgroup
M is compact. Consider the function P (/) = ¢(y + lyo) on the group Z. It is easy to
see that the function P (/) satisfies the equation

Pm+n)+ Pm—n)=2P(m), m,necl.

This implies that P(l) = aog +lay,! € Z, where ag, a; are some constants depending,
generally speaking, on y and yo. The function ¢(y) is continuous on the compact set
y + M, and hence it is bounded on y + M. Therefore a; = 0. It follows from this

that (¥ + yo) = ¢(y).

Let us study the support of a Gaussian distribution. Without loss of generality, we
can assume that the Gaussian distribution is symmetric.

Proposition 3.6. Ify € I'’(X), then o6 (y) = G, where G is a connected subgroup of
the group X .

Proof. Consider the set E = {y € Y : p(y) = 1}, andset G = A(X,E). It
results from Proposition 2.13 that 0 (y) C G. Hence we may consider y as a Gaussian
distribution on the group G. Set H = G*. The characteristic function y(y), y € H

has the property
{he H:ph) =1} ={0}.

By Remark 3.5, by = {0}. This implies by Theorem 1.9.3 that c¢ = G, i.e., G isa
connected group.



22 I Gaussian distributions on locally compact Abelian groups

Proposition 3.6 will be proved if we verify that y(U) > 0 for any open subset
U C G. Suppose that y(U) = 0 for some open subset U C G. Choose an open
subset Up in U and a neighbourhood of zero V in G such that Uy + V' C U. By
Theorem 1.11.2, G = L x K, where L =~ R™, m > 0, and K is a compact connected
group. Apply Theorem 1.12.2 and choose in K N V' a closed subgroup S such that
K/S =~ Tk x F, where F is a finite group. Since the group K is connected, F = {0}.
It follows from this that the factor group G/ S is topologically isomorphic to the group
R™ x T*. Denote by 7 this topological isomorphism, and set p = 7 o 7, where 7 is
the natural homomorphism 7 : G +— G/S. It is obvious that p(y) € T'(R” x T¥),
and

v e R" xZ*: p(y)(y) = 1} = {0}.
Moreover

P (p(Wo)) = y{p " (p(Uo))} = y{Uo + S} < y{Uo + V} < y{U} = 0,

but this is impossible because p(Uyp) is an open set. The contradiction obtained proves
that y(U) > 0. O

The proof of Proposition 3.6 implies directly the following statement:

Corollary 3.7. Let y be a symmetric Gaussian distribution on a group X. Assume
that {y € Y : p(y) = 1} = {0}. This implies that the group X is connected, and
o(y) =X.

Thus studying Gaussian distributions on a group X we can restrict ourselves to the
case when X is a connected group. We will prove now that an arbitrary symmetric
Gaussian distribution on a connected group X is a continuous homomorphic image
of a Gaussian distribution in a linear space. This space is either finite-dimensional or
infinite-dimensional depending on the dimension of the group X. First consider the
case when the group X has finite dimension.

Proposition 3.8. Let X be a connected group of finite dimension l. Then there exists a
continuous homomorphism p: R! +— X with the property: for any symmetric Gaussian
distribution y € T5(X) there is a symmetric Gaussian distribution . € TS (R") such

thaty = p(p).

Proof. By Theorem 1.11.2 the group X is topologically isomorphic to the group
R™ x K, where m > 0, and K is a compact connected group. First assume that
X = K. Put D = K*. We conclude from Theorems 1.6.1 and 1.6.2 that D is a
discrete torsion-free group. By Theorem 1.6.3, r(D) = /. Choose in D a maximal
independent system of elements d1, ..., d;. Then for every d € D there exist integers
k,ki,...,k; such that

kd = kidy +--- + kid;. 3.5

The independence of the set {d1, ..., d;} implies that the rational numbers {k; / k}§.=1
are uniquely determined by d. Since D is a torsion-free group, the mapping

wd = (ki/k,....ki/k) (3.6)
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is a monomorphism 7 : D — R’

Let a function ¢(d) on the group D satisfy equation 2.16 (ii). Taking into account
Remark 3.3 we define the function ¥ (y;, y») by formula (3.3). It results from (3.5)
and (3.4) that

Ko(d) =k*y(d,d) = y(kd kd) = Y (kidi + - + kidp krdy + - + ki dy)

[
= Z O[l'jk,'kj,

ij=1
where o;; = ¥ (d;,d;),1 <i,j <I. Hence

)
o(d) = Y aij(ki/k)(k;/k) = (And, wd), (3.7)

i,j=1

zl',j=1‘ If (d) > 0 forall d € D, then the symmetric matrix A is

positive semidefinite, i.e., the square form (As, s) is nonnegative for all s € R’.
Let y € I'(K). Assume that the function ¢(d) in 3.1 (i) corresponds to the
characteristic function 7 (d). We deduce from (3.7) that

where A = (o))

7(d) = exp{—(And,nd)}, d € D. (3.8)
Let i be a Gaussian distribution on the group R’ with the characteristic function
fi(s) = exp{—(4s,s)}, seR. (3.9)

Denote by p: R! - K the homomorphism adjoint to the homomorphism 7. It follows
from Proposition 2.10 and (3.9) that

P(0(d) = expi—(And,nd)}, d e D. (3.10)

From (3.8), (3.10) and 2.7 (b) we conclude that y = p(u).

Assume now that the group X is noncompact. Then X = R” x K, where m > 1,
and K is a compact connected group of finite dimensionn, m +n =[. Put D = K*.

Then by Theorem 1.7.1,Y = R™ x D. By Theorems 1.6.1 and 1.6.2, D is adiscrete
torsion-free group. By Theorem 1.6.3, r(D) = n.

To avoid introducing new notation we will suppose that Y = R™ x D. Denote by H
the subgroup of Y of the form H = Q™ x D. Itis obvious that H is dense in Y. Con-

sider in Q" a maximal independent system of elements e; = (1,0,...,0),...,ey, =
0,...,0,1). Letdy, ..., d, be amaximal independent system of elements in D. Then
e1,...,em,dy,...,d, are a maximal independent system of elements in H. Denote

by y = (s,d),s € R™,d € D elements of the group Y. Let 4 € H. Then there exist
integers k, p1,..., Pm,k1, ..., kn such that

kh = pier + -+ pmem + k1d1 + -+ + kndy.
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The mapping
wh=(pi/k,....pm/k.ki/k,... kn/k)

is a monomorphism 7 : H +— R!. Asis easily seen, the restriction of 7 to Q" is the
identity mapping. Hence the monomorphism 7 can be extended by continuity from H
to Y by the formula

w(s.d) = (s.k1/k,....kn/k), (s.d)eY 3.11)

(we keep the notation 7 for the extended monomorphism). Reasoning as in the case
when X = K, we make sure that the restriction of the function ¢(y) to H has the form

o(h) = (Azch,7h), he H, (3.12)

where A = (¢; j-)ll.’ j=1 is a symmetric positive semidefinite matrix, ;; = ¥ (e;, e;),
L<i,j<majtm=V(.di),1<i<m1=<j<n diymjm=V(dd;),
1 <i,j < n. Since the function ¢(y) is continuous on Y, equality (3.12) is true for
every y € Y. Furthermore 7 in the right side of (3.12) is defined by (3.11). The proof
can be completed as in the case where X = K. O

Corollary 3.9. Let X be a connected group of finite dimension I. Then any symmetric
Gaussian distribution y on X is a continuous monomorphic image of a Gaussian
distribution on a group R™ x T".

Proof. Let € T(R!) and p: R! +— X be as in Proposition 3.8. We note that
L = o(u) is a subspace in R?. Denote by ¢ the restriction of p to L. Put E = Kergq.
Then by Theorem 1.16, E =~ R? x Z". Denote by t the natural homomorphism
7: L+ L/E. Itisobvious that L/ E =~ R™ x T". To avoid introducing new notation
we will suppose that L/E = R™ x T". Then t(u) € ['(R™ x T"). Setr = gt It
is obvious that r is a continuous monomorphism from R” x T"” to X and y = r(t(u)).

O

Consider now the case when a connected group X has infinite dimension. We recall
that the group X is assumed to be second countable. This implies by Theorems 1.6.3
and 1.11.2 that if the dimension of the group X is infinite, then dim X = R,. In what
follows we need the concept of a Gaussian distribution in the space R®0.

3.10 Gaussian distributions in the space R*. Denote by R® the space of all se-
quences of real numbers in the product topology. The convergence of elements

k
t© =P P ) st = ()

in this topology is the coordinate-wise convergence. The space R¥0 can be regarded
as the projective limit of a directed set of spaces R”. We note that the topological
group R™ is not locally compact. It is possible to introduce a metric in the group R¥0
inducing the product topology by the formula

— 1 |un — vl

u,v) = _—
p(u,v) n=1 2" 1+ |y — vp|
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u= U1, ..., un,...), v = (V1,...,Vp,...) € R¥0. With respect to this metric R¥o
is a complete separable group.

Denote by R¥0* the space of all finitary sequences of real numbers with the topology
of strictly inductive limit of spaces R”. The convergence of elements

s© = (sik),...,s,(,k),o,...)—>s =(51,...,52,0,...)

in this topology means that all s) belong to one space R” and converge there. The
topological group R¥0* is not locally compact either. Let t = (1,...,t,,...) € R¥0
and s = (s1,....5,,0,...) € R¥O* Set (t,5) = Zf’;l tjsj. Fixs e R¥o* and
consider the function

(t,s) = exp{i(t,s)} (3.13)
on the group R®0. This function is a continuous homomorphism of the group R¥0 into
the circle group T, i.e., it is a character of the group R¥0. It is easily seen that every
character of the group R¥0 is of the form (3.13). Denote by B(R™0) the o-algebra
of Borel sets in RN, i.e., the smallest o-algebra generated by the sets of the form
U7 x R¥o\  where U7 isanopensetin R, J = (j1,..., jn), R} ={t € R¥o - t =
0for j ¢ J}, and R¥\ = {1 € RY : tj = Oforall j € J}. Taking into account the
definition of the topology in R¥0 and the o-algebra B(R™0), it is easy to see that every
continuous function on the group R¥0 is B(R¥0)-measurable. Let 4 be a distribution
on R®0. We define the characteristic function of y by the formula

f(s) = / (t,s)du(r), s e R¥o*,
R®0
It is easily seen that the characteristic function fi(s) has the properties:
@ 0) = 1;
(b) the function [i(s) is continuous;
(c) the function fi(s) is positive definite on every subspace R’ C R¥o*,

It results from Kolmogorov’s theorem and from Bochner’s theorem for the group R”
that every function g(s) on the group R¥0* satisfying properties (a)—(c) defines a unique
distribution f1g on the group R¥0 such that iz (s) = g(s). Let 4 = (ij)i5= bea
symmetric positive semidefinite matrix, i.e., the square form (4s, s) = Z;’j=1 o;jSiS;
is nonnegative for all s € R¥0*, We can define now a Gaussian distribution on the
group R¥o.

A distribution 4 on the group R0 is called Gaussian if its characteristic function
is represented in the form

[(s) = (t,5) exp{—(As,s)}, s € R¥0*, (3.14)

where t € R®, and 4 = (o; j)l?’j.zl is a symmetric positive semidefinite matrix.

Denote by I'(R®) the set of Gaussian distributions on the group R®*0. A Gaussian
distribution is called symmetric if in (3.14) t = 0. Denote by I'*(R¥0) the set of
symmetric Gaussian distributions on the group R¥0.
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We will prove now an analogue of Proposition 3.8 for connected groups of infinite
dimension.

Proposition 3.11. Let X be a connected group and let dim X = Rq. Then there exists
a continuous homomorphism p: RY > X with the property: for any symmetric

Gaussian distribution y € I'*(X) there is a symmetric Gaussian distribution © €
IS (RX0) such that y = p(1).

Proof. By Theorem 1.11.2 the group X is topologically isomorphic to the group R™ x
K, where m > 0, and K is a compact connected group. First assume that X = K. Put
D = K*. Then by Theorems 1.6.1 and 1.6.2, D is a discrete torsion-free group. By
Theorem 1.6.3, r(D) = Rg. Choose in D a maximal independent system of elements
di,...,dj,.... Then for every d € D there exist integers k, k1, ..., k; such that

kd =kidy +--- + k;d;.

l

The independence of the set {d, ..., d;} implies that the rational numbers {k; /k};_,

are uniquely determined by d. Since D is a torsion-free group, the mapping
wd = (ki/k,....ki/k,0,...) (3.19)

is a monomorphism 77 : D > R¥o*,

Define the mapping p: R¥0 - K by the equality (pt,d) = (t,nd) forall ¢t €
R®, d e D. Itis easy to verify that p is a continuous homomorphism. We observe
that if o is an arbitrary distribution on the group R¥0, then the characteristic function
of the distribution p() € M!(K) is of the form

p(@)(d) = a(xd), deD. (3.16)

Note that (3.16) does not follow from Proposition 2.10 but must be proved indepen-
dently, because the groups R¥0 and R¥0* are not locally compact.

Just as in the proof of Proposition 3.8 it is easy to make sure that every nonnegative
function ¢(d) on the group D satisfying equation 2.16 (ii) is represented in the form

o(d) = (And,nd), d e D, (3.17)
where A = (w;;)7 -, is a symmetric positive semidefinite matrix, o;j; = V¥ (d;.d;),
and wd is defined by (3.15).

Let y € I'*(K) and let the function ¢(d) correspond to the characteristic function
7(d) in 3.1 (i). We deduce from (3.17) that

v(d) = exp{—(And,nd)}, d € D. (3.18)
Let u be a Gaussian distribution on the group R®0 with the characteristic function

f(s) = exp{—(4s,s)}, s e R¥*, (3.19)
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It follows from (3.16) and (3.19) that
p(0)(d) = expi—(And,nd)}, d e D. (3.20)

Comparing (3.18) and (3.20) and using 2.7 (b), we conclude that y = p(u).

The general case, i.e., when X =~ R™ x K, where m > 1, and K is a compact
connected group, dim K = Ny, can be considered as in Proposition 3.8. In so doing
the monomorphism 7 : ¥ > R¥0* is defined by

w(s,d) = (s.ki/k,....ki/k,0,...), (s,d)eY. (3.21)
0

Remark 3.12. It was proved in Proposition 3.6 that the support of a symmetric Gaussian
distribution on a group X is a connected subgroup G of X. It results from Proposi-
tions 3.8 and 3.11 that for every connected group X there exists a symmetric Gaussian
distribution y € I'(X) such that 6(y) = X. Indeed, since on the group R™ there
exists a symmetric Gaussian distribution y € I'S(R™) such that o (y) = R™, by Theo-
rem 1.11.2 it suffices to prove this statement for a compact connected group. So, let
us assume that a group X is connected and compact, and 7 is either a homomorphism
such as in the proof of Proposition 3.8 if dim X = [ < oo, or such as in the proof of
Proposition 3.11 if dim X = Ry. In both cases the required distribution y € I'(X) is
a distribution y with the characteristic function

y(y) = exp{—(my,my)}, y € D.

This follows from the fact that y(y) = 1 if and only if y = 0 and from Corollary 3.7.

It should be noted that the proofs of Propositions 3.8 and 3.11 imply directly that if
f(y) = exp{—¢(y)}, where ¢(y) is a continuous nonnegative function on the group
Y satisfying equation 2.16 (ii), then f(y) is a characteristic function (compare with
Remark 3.4).

3.13. Let X be a nondiscrete group and y be a measure on X. Expand the measure y
into the sum

(i) ¥ =%Yac+Vs+Va,

where y,. is a measure absolutely continuous with respect to my, ys is a measure
singular with respect to my, and 4 is a discrete measure. We will call such expansion
the structure of the measure y. Let us study the structure of a Gaussian distribution.
Taking into account Proposition 3.6 we can assume that the group X is connected.
We first verify that if y is a nondegenerate Gaussian distribution on X, then y; = 0
in (i). By Theorem 1.11.2, X =~ R™ x K, where m > 0 and K is a compact connected
group. Put D = K*. By Theorems 1.7.1, 1.6.1, and 1.6.2, Y =~ R™ x D, where D
is a discrete torsion-free group. Let yo € Y be an arbitrary element. Denote by M
the subgroup of Y generated by the element yq. It is obvious that M = Z, and hence
M* =~ T. By Theorem 1.9.2, M* =~ X/A(X, M). Thus X/A(X, M) = T. Denote
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this topological isomorphism by 7 and set p = 7 o7, where 7: X — X/A(X, M)
is the natural homomorphism. Then p: X +— T is a continuous homomorphism. If
y({xo}) > 0, then we have p(y)({pxo}) = y(p~" ({px0})) = y({xo}) > 0, but this is
impossible because p(y) € I'(T), and every nondegenerate Gaussian distribution on
the circle group T is absolutely continuous.

We will study the structure of Gaussian distributions separately for not locally
connected groups and for locally connected groups. We recall that by Theorem 1.11.3
every second countable connected locally connected locally compact Abelian group X
is topologically isomorphic to the group R™ x T, where m > 0 and n < Ry.

Proposition 3.14. Let X be a connected and not locally connected group, and y be a
nondegenerate symmetric Gaussian distribution on X. Then in 3.13 (ii), y = ys.

Proof. Denote by L either the group R”, where m > 0if dim X = m, or the group R0
if dim X = Ry. It follows from Propositions 3.8 and 3.11 that there exist a continuous
homomorphism p: L + X and a Gaussian distribution v on L such that y = p(v).
Hence the distribution y is concentrated on the subgroup p(L). Let us verify that p(L)
is a Borel subgroup. Put G = L/ Ker p. The homomorphism p defines the continuous
monomorphism 7 : G — X by the formula 7[f] = pt. We note that because L is a
complete separable metric group and the kernel Ker p is a closed subgroup of L, then G
is also a complete separable metric group. Applying the Suslin theorem to the mapping
7 and taking into account that 7(G) = p(L), we conclude that p(L) is a Borel set.
The subgroup p(L) can not coincide with the group X. Indeed, if X = p(L), then the
group X is the union of its one-parameter subgroups, and hence X must be arcwise
connected. Then by Theorem 1.11.3, X = R™ x T*, which contradicts the condition
of the proposition.

Now we note that if a group X is second countable and B is a Borel set in X such
that my (B) > 0, then the difference set B— B ={x € X : x =u—v, u,v € B}
contains a neighbourhood of zero of the group X ([59], (20.17)). This implies that if
X is a connected group and B is a measurable subgroup of X such that mx (B) > 0,
then B = X. It follows from what has been said above that my (p(L)) = 0. Hence

Y =7Vs- O

3.15. Assume now that a group X is connected and locally connected. If dim X =
[ < 0o, then by Theorem 1.11.3, X =~ R™ x T", wherem > 0,n > 0,m +n = [.
Let y be a symmetric nondegenerate Gaussian distribution on X. By Proposition 3.8,
y = p(u), where p is a Gaussian distribution in R’. Set G = o(u). Then G is a
subspace in R. It follows from this that if G = R/, then y = Y4, and if G # R/, then
V=7Vs-

Assume now that dim X = Ry. Then by Theorem 1.11.3, X = R™ x TR0, where
m > 0. Let us now make use of the following theorem by Kakutani ([67]).

Theorem. Let{i; } and {v; } be two sequences of distributions on a probability space Q.
Assume that for alli = 1,2, ... the distributions u; and v; are mutually absolutely
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continuous. Then the direct products of the distributions

o0 o0
D) p=Qu. v=QQu
i=1 i=1

are mutually absolutely continuous, if the infinite product

converges (d; /dv; is the Radon—Nikodym derivative), they are mutually singular if
this product diverges.

The Kakutani theorem allows us to construct on the group X both absolutely contin-
uous Gaussian distributions and singular Gaussian distributions. To simplify notation
we suppose that X = T®0. Then by Proposition 3.11 the characteristic function of a
distribution p € T'S(T®0) is of the form

f(n) = exp{—(An,n)}, n = (ni,na,...)ec Z"* (3.22)

where 4 = (a;;)7%_, is a symmetric positive semidefinite matrix.
Let u; be a symmetric Gaussian distribution on the circle group T with the char-
acteristic function

Qi (n) = exp{—a?n?/2}, 0, >0,neZ,

and let v; = mT. Thenin (i) u € T'(TX0), and the matrix 4 = (o; j)l@"}zl correspond-
ing to the Gaussian distribution y in representation (3.22) is diagonal, i.e., a;;; = 0 for
alli # j, o = %01.2. Moreover v = mx,. We note that the density il_‘\f;(ei ") can be
written in the form

(o.¢]

(€' = Z exp{—o?n?/2 +int}.

n=—oo

dii
dl)l‘

It is easily seen that if 01-2 =1i,i = 1,2,..., then infinite product (ii) converges and
hence p = pge. If al.z =1,i =1,2,..., then infinite product (ii) diverges and hence
"= MUs.

An interesting and unsolved problem is to find out whether there exists a Gaussian
distribution y on the infinite-dimensional torus T®0 such that in 3.13 (i) 4. > 0 and
ys > 0.

Now we will formulate two criteria in order that a distribution y on the group X be
Gaussian.

Proposition 3.16. A distribution'y on a group X is Gaussian if and only if the following
conditions are satisfied:

(1) vy is an infinitely divisible distribution;
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(ii) ify = e(®) x o, where D is a finite measure on X, and « is an infinitely divisible
distribution, then the measure ® is degenerated at zero.

The proof follows directly from the Lévy—Khinchin formula and from the unique-
ness of the function ¢(y) in representation 2.16 (i).

Proposition 3.17. A distribution y on a group X is Gaussian if and only if the following
conditions are satisfied:

(1) vy is an infinitely divisible distribution;
(ii) y(y) € I'(T) for all characters y € Y.

Proof. 1t is obvious that a Gaussian distribution on a group X satisfies conditions (i)
and (ii). Let y be an infinitely divisible distribution satisfying condition (ii). Assume
that y = e(®) * o, where P is a finite measure on X, and « is an infinitely divisible
distribution. Then y(y) and y(«) are infinitely divisible distributions on the circle
group T, and y(y) = e(y(®P)) * y(«). By condition (ii), y(y) € I'(T). By Propo-
sition 3.16 the measure y(®) is degenerated at zero. Hence the measure ® is also
degenerated at zero. Applying Proposition 3.16 once again we obtain that y € I'(X).

O

In what follows we need the following statement.

Lemma 3.18. Let H be an open subgroup of a group Y, @o(h) be a continuous
nonnegative function on H satisfying equation 2.16 (i1). Then there exists a continuous
nonnegative function p(y) on Y satisfying equation 2.16 (ii) and such that its restriction
to H coincides with ¢g(h).

Proof. Let y1 ¢ H. The standard reasoning show, that it suffices to extend the
function @g(h) retaining its properties from the subgroup H to the open subgroup
Hi={yeY:y=ny;+h,neZ he H} Two cases are possible:

1l.nyyNH =0foralln € Z,n # 0. Set p(nyy, + h) = po(h),n e Z,h € H.

2. ny; € H forsome n € Z,n # 0. Let ng be the minimal natural number such
that noy; € H. Thenngy € H forall y € Hy. Set p(y) = ¢o(noy)/n3, y € Hi.

It is obvious that the function ¢(y) defined above is continuous and nonnegative.
We have,

(U + v) + o(u —v) = @o(no(u + v))/n§ + @o(no(u —v))/ng
= 2(go(nou)/n + @o(nov)/n2)
=2[p(u) + ¢(v)].

Thus the function ¢(y) has the desired properties. [

3.19. In conclusion we will prove some statements about the properties of the class
r.

(a) The set I'(X) is a subsemigroup of M!(X).

The proof follows directly from Definition 3.1.
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(b) Let K be acompact subgroup of the group X, y9 € I'(X/K),andp: X — X/K
be the natural homomorphism. Then there exists a Gaussian distribution y € I'(X)
such that yg = p(y).

To prove this, set H = A(Y, K). By Theorem 1.9.4, H is an open subgroup of Y. It
results from Theorems 1.9.1 and 1.9.2 that (X /K)* =~ H. For this reason the character-
istic function P (k) is of the form Po(h) = ([xo0], k) exp{—¢@o(h)}, where [x¢] € X/K
and ¢o(h) is a continuous nonnegative function on H satisfying equation 2.16 (ii).
Take x € [xo]. By Lemma 3.18 there exists a function ¢(y) extending the function
@o (h) from the subgroup H to Y and retaining its properties. Consider on the group
Y the function f(y) = (x, y) exp{—¢(y)}. By Remark 3.4, f(y) is the characteristic
function of a Gaussian distribution y on X. By Corollary 2.11, yo = p(y).

(c) Denote by I¢ (X) the set of the Haar distributions of compact connected sub-
groups of the group X . Then the equality

LX) =T(X)*Ic(X) (3.23)

holds true.
Let us first prove the inclusion

T'(X) D I'(X) * Ic(X). (3.24)

Let K be a compact connected subgroup of X, and H = A(Y, K). By Remark 3.12
there is a symmetric Gaussian distribution y € I'(K) such that o(y) = K. The
distribution y can be considered as a Gaussian distribution on the group X. Let the
characteristic function 7 (y) have the representation

y(y) =expi—o(y)}, yeY.

It is obvious that ¢(y) = 0 for all y € H. By Proposition 2.13 it follows from
o(y) = K that ¢(y) > 0 for all y ¢ H. Let k be a natural number, and y; be a
Gaussian distribution on X with the characteristic function

Ve (y) = exp{—ko(y)}, yeY.

Itis clear that P (y) = 1 forall y € H,andlimg_, o, yx(y) = Oforall y ¢ H. Taking
into account 2.14 (i) we see that the sequence % (y) pointwise converges to g (y). It
is easily seen that the sequence P () converges to 77k (y) uniformly on every compact
subset of Y. We deduce from 2.7 (h) that y, = mg, i.e., mg € m This implies
that for every distribution u € I'(X) the convergence

Mk Y = dxmg

holds. Thus (3.24) is true.

Let us prove the converse inclusion. Let pu; € I'(X), u € M (X), and px = p.
It follows from 2.7 (h) that iz (y) — fi(y) uniformly on every compact subset of Y.
By 2.15(c), p is an infinitely divisible distribution. Therefore, by 2.15 (b) the set
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N ={y €Y :i(y) # 0}isanopensubgroup of Y. By Theorem 1.9.4, K = A(X, N)
is a compact subgroup of X. Let fix(v) = (xx,y) exp{—¢r (¥)}, where x; € X, and
¢r(y) is a continuous nonnegative function on Y satisfying equation 2.16 (ii). It is
obvious that for all y € N there exists the limit

lim ¢r(y) = @o(y),
k—o00

where ¢o(y) is a continuous nonnegative function on Y satisfying equation 2.16 (ii).
Since (xg, ¥) = fax(y)/|fr(y)], there exists the limit limg_, o, (X%, y) forall y € N.
Obviously, this limit is a character of the group N, and hence by Theorem 1.9.2 can be
written in the form (x, y), where x € X. By Lemma 3.18 there exists a function ¢(y),
extending the function (%) from the subgroup N to Y and retaining its properties.
Consider on the group Y the function f(y) = (x, y)exp{—¢(y)}. By Remark 3.4
f(») is the characteristic function of a Gaussian distribution y on X. By 2.14 (i) and
27(M), u =y *xmg.

Let us verify that K is a connected group. By Theorem 1.6.2, it suffices to show
that K* is a torsion-free group. By Theorems 1.9.1 and 1.9.2, K* = Y /N. Obviously,
Y /N is a torsion-free group if and only if the subgroup N has the property: for every
natural m if my € N, then y € N. We have

A = lim [Ax(y)| = lim exp{—gk(y)}.
k—o00 k—o00

This implies that y € N if and only if the sequence {¢(y)} is bounded. Since
@r(my) = m?@i(y), the boundedness of the sequence {¢; (my)} implies the bound-
edness of the sequence {¢(y)}. Thusif my € N, then y € N. We proved that

LX) C T'(X) * Ic(X).

hence (3.23) is also proved.

4 Cramér’s theorem on the decomposition of a Gaussian
distribution on locally compact Abelian groups

Let X be a second countable locally compact Abelian group, Y be its character group.
According to the classical Cramér theorem a Gaussian distribution on the real line has
only Gaussian factors. On the other hand every nondegenerate Gaussian distribution
on the circle group T has non-Gaussian factors. In this section we study the problem
of decomposition of Gaussian distributions on the group X. We describe in particular
all groups X on which every Gaussian distribution has only Gaussian factors.

4.1 Decomposition of a Gaussian distribution on the circle group T. Let X be a
compact group, y € M!(X), and 0 < a < 1. Assume that the distribution y satisfies
the condition

(i) y(E) > amx(E)
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for any Borel set £ € B(X). Then y may be decomposed in the form

—amy
ry—damx

T [(1 —a)Eo 4 amy].

i) y=
To prove this it suffices to remove the parentheses on the right-hand side of (ii) and
note that for every v € M!(X) the equality v * my = my is valid.

If y € T'(T) is a nondegenerate distribution, then (3.2) implies that the distribution
y satisfies condition (i). Hence decomposition (ii) holds true. Obviously, both factors
in (ii) are non-Gaussian. Thus any nondegenerate Gaussian distribution on the circle
group T has non-Gaussian factors.

As appears from the above, the followign condition is necessary in order to assure
that every Gaussian distribution on the group X has only Gaussian factors: the group
X contains no subgroup topologically isomorphic to the circle group T. It turns out
that this condition is also sufficient. To prove this statement we need the following
lemmas.

Lemma 4.2. Let X be a connected group containing no subgroup topologically iso-
morphic to the circle group T, letdim X = Vo, andlet w: Y + R¥0* be the monomor-
phism defined by (3.21). Then the image (Y is dense in R¥0*,

Proof. By Theorem 1.11.2 the group X is topologically isomorphic to the group
R™ x K, where m > 0, and K is a compact connected group, dim K = Ny. By
Theorem 1.7.1, Y =~ R™ x D, where D = K*. By Theorems 1.6.1 and 1.6.2, D is
a discrete torsion-free group. By Theorem 1.6.3, r(D) = Ry. To avoid introducing
new notation we will assume that Y = R™ x D. Since the restriction of & to R™
coincides with the identity mapping, it suffices to prove the lemma in the case when
X = K, Y = D. We will assume that for all n the group Z" is embedded in the
natural way in R”. Moreover the natural embeddings

RcCR?*>--CR"C---C R¥o*

hold. Put H, = n(D) N R". Then H, is a closed subgroup of R” and by Theo-
rem 1.16.1, H, = R x Z¥»_ Since Z" C H, C R", we have I, + k, = n. We will
verify that k,, = 0 for all n. Thus the lemma will be proved.

Assume the contrary, i.e., k, > 0 for some n. We use the following property of
closed subgroups of the group R™: a closed subgroup G of the group R™ is a direct
product of its closed subgroup G and another closed subgroup G, if and only if G,
is an intersection of G with a subspace of R ([14], Chapter VII, § 1). It follows from
H, = H,+1 N R" that H, is a topological direct factor of H, ;. Hence the group
(D) contains a subgroup F topologically isomorphic to Z as a direct factor, i.e.,
7(D) = F xG. Letebe a generator of the group F. Consider an arbitrary element
ag = e+ go € (e + G) N w(D). Denote by M the subgroup of 7 (D) generated
by element ag. Then obviously, M =~ Z and n(D) = M x (w(D) N G). Thus the
group 7 (D) contains a subgroup isomorphic to Z as a direct factor. Hence the group
D contains a subgroup isomorphic to Z as a direct factor. We deduce from this that the
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group K contains a subgroup topologically isomorphic to the circle group T, contrary
to the assumption of the lemma. O

Lemma 4.3. Let X be a connected group of finite dimension | containing no sub-
group topologically isomorphic to the circle group T, and let w: Y + R be the
monomorphism defined by (3.11). Then the image (Y ) is dense in R.

The proof of Lemma 4.3 is analogous to that of Lemma 4.2, and we omit it.

Lemma 4.4. Let y be a symmetric Gaussian distribution on a group X, and assume
that it is a continuous monomorphic image of a Gaussian distribution either in the
space R or in the space R®0. Then y has only Gaussian factors.

Proof. By Proposition 3.6 without loss of generality we can suppose that X is a con-
nected group. Assume first that y = p(u), where p: RY — X is a continuous
monomorphism, € T'(RY). The distribution y is concentrated on the subgroup
p(RY). Lety = y; * y2, Vi € M!(X). By Proposition 2.2 the distributions yj can be
replaced by their shifts )/} in such a manner that

Y =YL * Vs (4.1)

and the distributions yj’. are concentrated on the subgroup p(R?). Tt follows from
Corollary 2.5 and (4.1) that u = p~!(y) = p~1(y}) * p~'(y5). By Theorem 2.18,
p_l(yj’-) € I'(RY). This implies that Vi = p(p_l(y]’.)) € I'(X). Thus in the case when
y is a continuous monomorphic image of a Gaussian distribution in a finite-dimensional
linear space, the lemma is proved.

Let y = p(u), where p: R¥ — X is a continuous monomorphism, u € I'(R¥0).
To prove the lemma in this case we note that Theorem 2.18 implies directly that the
corresponding statement is also true for the group R¥. In all other respects the proof
remains the same. O

In connection with Lemma 4.4 we mention the following assertion.

Proposition 4.5. Let X be a connected group of finite dimension [. Assume that
y € T'S(X) and y has only Gaussian factors. Then there exist a finite-dimensional
linear space G, a Gaussian distribution u € U'(G), and a continuous monomorphism
p: G+ X suchthaty = p(u).

Proof. Let homomorphisms 7: ¥ — Rl and p: X +— R! be the same as in the
proof of Proposition 3.8. By Proposition 3.8, y = p(u), where ;& € I'(R?), and the
characteristic functions of the distributions x and y are of the form

fi(s) = exp{—(4s.s)}, seR, 42)
7(y) = exp{—(Amy,my)}, y €Y, ‘
where A = (o; j)f j=1 is a symmetric positive semidefinite matrix. The matrix A

defines a linear operator A: R? — R!, i.e., a continuous homomorphism of the group R’
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into itself. Set G = o'(it). Then G coincides with the annihilator G = A(R!, Ker A).
We will verify that G N Ker p = {0}. Thus the desired statement will be proved.

The kernel Ker p is a closed subgroup of R/. By Theorem 1.16.1, Ker p = F x S,
where F = R”, § =~ Z™. We note that in fact Ker p = S. Indeed, if Aty € Ker p for
some ty € Ker p and all A € R, then

(Ato. wy) = (p(Atg), y) = 1

for all y € Y. But this is impossible because the subspace generated by the image
7(Y) coincides with R’ by construction. Thus Ker p = S 2 Z™. Assume that there
exists an element a € G N Ker p, a # 0. Since Ker p = Z™, we can assume that the
element a is chosen in such a way that Aa ¢ G N Ker p for all A € (0, 1). Note now
that the bilinear form (A4 -, -) defines a scalar product on the factor space R?/ Ker 4,
and (-, a) is a linear functional on R’/ Ker A. This implies that the inequality

(As,s) > e(s,a)®, seR, (4.3)

holds for some & > 0. Consider a Gaussian distribution z; on the group R? with the
characteristic function

fu1(s) = exp{—e(s,a)?}, seR. 4.4

We deduce from (4.2) and (4.3) that w; is a factor of the distribution . Hence the
distribution y; = p(u1) is a factor of the distribution y. Moreover (4.4) implies that
H=o0(u)=1{€cR :t=2%,AeR}ie, H= R. Since p(a) = 0 and
p(Aa) # O forall A € (0,1), we have p(H) = T. It follows from 4.1 that the
Gaussian distribution y; has non-Gaussian factors. Hence the distribution y also has
non-Gaussian factors. The obtained contradiction proves that G N Ker p = {0}. Thus
Proposition 4.5 is proved. O

Now we will prove the main theorem of this section.

Theorem 4.6. Every Gaussian distribution on a group X has only Gaussian factors if
and only if X contains no subgroup topologically isomorphic to the circle group T.

Proof. If a group X contains a subgroup K topologically isomorphic to the circle group
T, then a Gaussian distribution on K may be considered as a Gaussian distribution
on X. Hence the necessity follows directly from 4.1.

Let us prove sufficiency. Assume that a group X contains no subgroup topologically
isomorphic to the circle group T, and y € I'(X). Without loss of generality, we may
suppose that y € I'(X). It follows from Proposition 3.6 that o(y) = G, where
G is a connected subgroup of X, i.e., y € I'*(G), and the group G contains no
subgroup topologically isomorphic to the circle group T. Hence we can assume from
the beginning that X is a connected group.

If dim X = [ < oo, then define the homomorphism 77 : ¥ — R’ by formula (3.11)
and put p = 7. By Proposition 3.8 we have y = p(u), where u € T'(R?). Since
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the group X contains no subgroup topologically isomorphic to the circle group T,
by Lemma 4.3 the subgroup 7(Y) is dense in R?. By 1.13 (b) this yields that p is a
monomorphism. Applying Lemma 4.4 we obtain that the distribution y = p(u) has
only Gaussian factors.

If dim X = R, then define the homomorphism 7 : ¥ R¥o* by formula (3.21).
Define the homomorphism p: R¥0 — X by the equality (pt,y) = (¢,7y) for all
t € R¥, y € Y, and argue as in the previous case. Instead of Proposition 3.8 we
use Proposition 3.11. By Lemma 4.2 the subgroup 7(Y) is dense in R** In contrast
to the case when dim X < oo we can not apply 1.13 (b) and conclude that p is a
monomorphism because the groups R¥ and R®* are not locally compact. We prove
this fact directly. Applying Lemma 4.4 we obtain that the distribution y = p(u) has
only Gaussian factors. O

Corollary 4.7. Let a group Y contain no closed subgroup H such that Y/H = 7.
Let ¢(y) be a continuous nonnegative function on Y satisfying equation 2.16 (ii). Let
J;i (¥) be continuous normalized positive definite functions on the group Y such that

expi—e(»)} = fiy) f2(y), y €Y.

Then
fi(y) = (xj.y)expl—¢;(»)}, y e,

where x; € X, and ¢;(y) are continuous nonnegative functions on Y satisfying equa-
tion 2.16 (ii).

Proof. By Theorem 1.9.2 the following conditions are equivalent:

(i) the group X contains no subgroup topologically isomorphic to the circle group T,
and

(ii) the group Y contains no closed subgroup H suchthat Y/H =~ Z O

Remark 4.8. It should be noted that in the class of infinitely divisible distributions a
Gaussian distribution on a group X has only Gaussian factors. To prove this assume
that

Yo = Y1 * V2, 4.5)

where yo € I'(X), and y; are infinitely divisible distributions. Let the distribution yg
have the representation (xo, 0, o), and the distributions y; have the representations
(xj, Fj, ;) (see 2.16). We deduce from (4.5) that the distribution g has two represen-
tations (xg, 0, ¢o) and (x1 + x2, F1 + F>,¢1 + ¢2). The uniqueness of the function
¢ in the Lévy—Khinchin formula implies that g9 = ¢; + ¢,. Hence the infinitely
divisible distributions with the representations (x, F1,0) and (x5, F3,0) are factors
of the degenerate distribution E,. This implies that the measures F; are degenerated
at zero, i.e., y; € I'(X).

We describe now the groups X on which every Gaussian distribution has non-
Gaussian factors. Taking into account Proposition 3.6 we may assume that X is a
connected group.
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Proposition 4.9. Let X be a connected group. Every Gaussian distribution on the
group X suchthat o (y) = X has non-Gaussian factors if and only if X is topologically
isomorphic to the group

(i) R™xT.

Proof. By Theorem 1.11.2, the group X is topologically isomorphic to the group
R™ x K, where m > 0, and K is a compact connected group. Assume that X is
not topologically isomorphic to a group of the form (i). Then K is not topologically
isomorphic to the circle group T. By Theorem 1.7.1, Y =~ R™ x D, where D = K*.
By Theorems 1.6.1 and 1.6.2 D is a discrete torsion-free group. Moreover by Theo-
rem 1.6.3,if dim K = [ then r(D) = [, and if dim K = R then r(D) = Ry. Denote
by 7 either the homomorphism 7: D +— R’ defined by (3.6) if dim K = [, or the
homomorphism 7 : D R¥o* defined by (3.15) if dim K = R¢. If dim K = [, then

denote by A = {ay,...,a;} a finite independent set of real numbers. If dim K = Ry,
then denote by A = {ay,...,ay, ...} an infinite independent set of real numbers. Let
eithera = (ay,...,a;)ifdimK =1,ora = (ay,...,a,,...) if dim K = R,. Since

K 2 T,wehave D % Z. Thisimplies thattheset B = {t € R: ¢t = (nd,a), d € D}
is dense in R.

Denote by y = (s,d), s = (S1,...,5m) € R™,d € D elements of the group Y.
Consider the continuous homomorphism 71 : ¥ +— R™*! defined by

m1(s,d) = (s, (nd,a)).

Set py = 71, p1: R™+1 5 X. It follows from the independence of the set A that
is a monomorphism, and hence by 1.13 (b) the image p; (R™*!) is dense in X. On the
other hand, since the set B is dense in R, the set 71(Y) is dense in R”*!. Then by
1.13 (b), py is a monomorphism. Let x be a Gaussian distribution on the group R”*1
with the characteristic function

ASTe s S Sma1) = exp{—(s7 + - + 55, + Sp 1)}

By Proposition 2.10 the characteristic function of the distribution y = p;(u) is of the
form
PO =61 smod) = exp{=(sf + - + 55, + (1d.a))}.

Puty = p1(u). Since p1(R™*1) = X, we have o(y) = X. Taking into account that
p1 1s a monomorphism, by Lemma 4.4 the distribution y has only Gaussian factors.
The necessity is proved.

Let us prove sufficiency. Let X = R™ x T. Then ¥ =~ R™ x Z. Denote by
y = (s,k),s € R", k € Z, elements of the group Y. Without loss of generality, we
may assume that y is a symmetric distribution, i.e., the characteristic function y(y)
is of the form p(y) = exp{—¢(y)}, where ¢(y) is a continuous nonnegative function
on Y satisfying equation 2.16 (ii). It follows from the proof of Proposition 3.8 that the
function ¢(y) = ¢(s1, ..., Sm, k) has the representation

@O(S1.....8m. k) = (As,s) 4+ 2k(B,s) + bk,
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where s = (s1,...,8m) € R™, A = ()], =, is a symmetric positive semidefinite
matrix, § € R™, b > 0. Since o(y) = X, it follows from Proposition 2.13 that
¢(y) = 0if and only if y = 0. This implies that the inequality

(As,s) + 28,+1(B,s) + bs,f+1 >0 (4.6)

holds for all (s, s,+1) € R™TL, (s, 5,41) # 0.
It follows from (4.6) that there exists &€ > 0 such that the inequality

(As,8) + 25n41(B,s) + bsPiy > e(sT + -+ + Sm + Smt1)

is valid for all (s, s, 1) € R™*!. For this reason the distribution y has a factor y; with
the characteristic function

),)1 (y) = J,)l (Sl, LI ) Smy k) = exp{_gkz}-

Sinceo(y;) = T andy; € M!(T), by 4.1 the distribution y; has non-Gaussian factors.
Hence the distribution y also has non-Gaussian factors. O

Proposition 4.9 implies directly the following statement.

Corollary 4.10. Each nondegenerate Gaussian distribution on a group X has non-
Gaussian factors if and only if X is topologically isomorphic to the circle group T.

Remark 4.11. Let X be a connected group. The reasoning given in the proof of
necessity of Proposition 4.9 gives us one more construction of a Gaussian distribution
y € I'(X) such that o(y) = X (compare with Remark 3.12).

S Polynomials on locally compact Abelian groups and the
Marcinkiewicz theorem

Let X be a second countable locally compact Abelian group, Y be its character group.
According to the classical Marcinkiewicz theorem, if y is a distribution on the real
line and the characteristic function p (s) is of the form P (s) = exp{P(s)}, where P(s)
is a polynomial, then y is a Gaussian distribution. In the first part of this section we
obtain the canonical representation for an algebraic polynomial on an arbitrary Abelian
group without the assumption of local compactness. Then we study the properties of
continuous polynomials on locally compact Abelian groups and describe such groups X
for which the Marcinkiewicz theorem holds.

Lemma 5.1. Let R be a commutative ring with identity 1 and R[x1, ..., X,] be the
polynomial ring over R. Then there exists a nonnegative integer p such that the
polynomial

@) [T =D

i=1
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belongs to the ideal J generated by the polynomials

(X, Xiy .. xi, = D", 1 <iy <ip <.+ <ix <n.

In other words, there exist polynomials P;, .. i (x1,...,X,) € R[X1,...,Xp] such that
n
. p
(1) (n!)2 H(x,- —-1) = Z Piyin (1, X)) (g Xy X — D
i=1 1<ij<izr<-<iy<n

Proof. We first verify the identity

DEDE YT Xy x =D =) =D Cr [ -, G
k=1 m=1

1<iy<iz<+<ix<n i=1

For this purpose we remove parentheses in both sides of (5.1). Each of the obtained
expressions contains only the monomial of the form

(xiy Xiy - xi )™, (5.2)

where 1 <iy <ir <---<ip <mand 0 <m < n. If m > 0, then the coefficients of
monomial (5.2) on both sides of (5.1) is equal to

(=D =D"Cr,

It remains to verify the equality of constant terms in both sides of (5.1). Taking into
account what we have already proved we know that the difference of the left-hand side
and the right-hand side of (5.1) is a constant. Let us verify that this constant is equal
to zero. Substitute x; = x, = -+ = x, = 1 into (5.1). Then both sides of (5.1) are
equal to zero. Hence identity (5.1) is proved.

Let P be the polynomial which is equal to each side of identity (5.1). It follows
from (5.1) that P € J and P is divided by (x; — 1)(x2 — 1) ...(x, — 1). We have

n
P=0J]axi-0. (5.3)
i=1
where
n n m—1
0 =Y e [T(X «F).
m=1 i=1 k=0
This formula implies that
n
O(l,....1)= > (=D"Crm" = (—=1)"n! (5.4)
m=1

(we used here the well-known combinatorial identity, see for instance [48], § 12, Ex-
ercise 16).



40 I Gaussian distributions on locally compact Abelian groups

Let us introduce new variables y; = x; —1,i = 1,2, ...,n. We deduce from (5.3)
and (5.4) that

P =(D)"y1y2... ya(n! = 0). (5.5)
where Q~ is a polynomial in the variables y; with zero constant term. Multiplying both
sides of (5.5) by

p—1

S = []1@ +©@*].

k=0
we get _
(=1)"SP = y1y2 ... ya[ 0> = (0)*"].

It follows from this that

M2 Y12 yn = (=1)"SP + y1y2 ... y2(0)*". (5.6)

Since the polynomial Q has zero constant term, we can choose p so large that every
term in the expansion of (0)2” is divisible by at least one of the polynomials vl
i =1,2,...,n. Since P € J and, obviously, y! € J foralli =1,2,...,n, formula
(5.6) implies the inclusion (n!)2” y1ys ...y, € J. This is equivalent to (i). O

5.2 Application of Lemma 5.1 to finite difference operators. Let Y be an Abelian
group, f(y) be a function on Y, and /4 be an arbitrary element of Y. Denote by Ej, the
shift operator

Enf(y) =Sy +h).

Then
Ay = Ep — Eo.

Denote by & the set of finite sums of the form
& ={YmiEy, :mi €Z, u; €Y}.

It is obvious that & is a commutative ring with identity. Let ¢;,...,%, € Y be fixed
elements and let P(xy,...,x,) € Z[x1,...,Xn]. The mapping

P(.X1,...,Xn)|—> P(Etl,...,Etn)

is a homomorphism from Z[xy, ..., x,] to &. Substituting E;, for x; into formula
5.1 (i) we arrive at the identity

D> Ay Apy . Ay = miBy AL (5.7)
k

where my € Z, and ug,vx € Y depend on tq,...,1,. Identity (5.7) implies directly
the following proposition.
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Proposition 5.3. Let Y be an Abelian group, f(y) be a function on Y. If the function
f () satisfies the equation

2 () =0, yhey,
then f(y) satisfies the equation
(i) ApApy...Ap, f(y) =0, y, hi,ha....h, €Y.

5.4 n-additive functions. Let Y be an Abelian group. A function g(y1, ¥2,..., Yn)
defined on Y'" is said to be n-additive if the equality

gV1.y2, e Ve Vi V)
:g(y17y27"'7y]/¢"'-7yn)+g(y1’y27""yl/¢/"'-ayn)

holds for all k = 1,2,...,n. Itis convenient in what follows to call the constants by
0-additive functions.
A function g(y1, y2, ..., yn) is called symmetric if

g(y1,)72,---,yn) :g(yilvyizs--"yin)

for all permutations i1, i, ...,I, of the sequence 1,2,...,n. For a given function
g(y1, y2, ..., yn) we define the function g*(y) by the formula

) =g(.y..... ).

Let us verify that if g(y1, y2,..., ¥») is a symmetric n-additive function, then the
equality
" if p > n,
Ay Ayy o Ay, g7 (y) = ] (5.8)
nlg(uy,ua,...,uy) ifp=n

holds.
1. First we consider the case when p > n. If n = 1, then g* = g, and in view of
additivity property of the function g(y) we have

Ay Ay 8% (y) = Ay, Ay g(y) = 0.

Next we argue by induction. We define the function g , (y1, y2, . - .. ¥x) by the func-

tion g(y1, y2,---.Yn) Via gk u (V1. Y2, ... V&) = &§V1. Y20 .-, Yk U, ..., u). Mak-
ing use of the symmetry and additivity properties of the function g(y1, ¥2, ..., Yn) We
find

Au,g*(y) = " (y +up) — " ()
=gy +up,....y +up)—g(y,....»)

n—1 n—1
= Z Cke(y,....y.up, ... ,up) = Z C,fg,’:,up(y),
k=0 k=0

k n—k
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1.e.,
Au,g*(y) = Z Cr 8iu, ( (5.9)
By the induction hypothesis we may assume that the equality

Auy By - Dy 81y (9) =0 (5.10)

holds for all k = 0,1,...,n — 1. Applying the operator Ay, Ay, ... A
sides of equality (5.9) and using (5.10) we obtain

Ay Ay o Ay, g5 (y) = 0.

Thus the first part of (5.8) is proved.
2. Now let p = n. If n = 1, then g* = g and we have

to both

Up—1

Ay g5 (y) = Ay g(y) = g(y +u1) — g(y) = g(uy).

Again we argue by induction. Formula (5.9) is also true for p = n, namely

Ay, g*(y) = Z Crgr (5.11)

Applying the operator Ay, Ay, ... Ay, _, toboth sides of equality (5.11) and using the
result proved in case 1 we get

Dy Dty o Dy 8(0) = 180y By -+ Dty &5, (). (5.12)

By the induction hypothesis we have

Au]Auz u,, 1gn 1un(y) (”_1)!gn—1,un(ulv--~,un—l)
- (n_l)'g(ula,”n)

Substituting (5.13) into (5.12) we prove the second part of (5.8).

Now we can find the canonical representation for a polynomial on an Abelian
group Y. We recall that by a polynomial on ¥ we understand a function f(y) satisfying
the equation

(5.13)

APFLf(y) =0, y.hey, (5.14)
for some n.

Theorem 5.5. Let Y be an Abelian group, f(y) be a function on Y satisfying equa-
tion (5.14). Then there exist symmetric k-additive functions gi(y1, V2,...,Vk), kK =
0,1,...,n, such that

Q) fO) =) &) yev,

where gZ(y) = gk(y,....»).
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Proof. Letthe function f(y) satisfy equation (5.14). By Proposition 5.3, f(y) satisfies
the equation

Ay Doy oo Dy J()) =0, youpuz,. .. up4q €Y. (5.15)
It means that the function Ay, A, ... Ay, f(y) does not depend on y, i.e., it is a
constant. Define the function g, (11, U, ..., u,) by the formula

1
gn(ur,us, ... uy) = ;AulAuz...Aunf(y). (5.16)

It is obvious that the function g, (41, U2, ..., uy) is symmetric. We will verify that the
function g, (41, Uz, ..., uy) is n-additive. Taking into account (5.15) we get
nlgn(uy +uf vz, .. uy) — g un, .o un) — gn (U ua, .. uy))

At B By ) = Dt A Ay ) — DBy - By )
= (Au'l +uf = Au’1 - Au/{)Auz cee Aun f(y)
= Au’l Au’l’Auz Ay, f(y)=0.

Thus the function g, (41, U2, . .., U,) isadditive in the variable u;. In view of symmetry
of gn(u1,us,...,u,) we obtain that g, (uq, us, ..., u,) is n-additive.

We will prove the theorem by induction. Obviously, the theorem is true for n = 0.
Letn > 1. Puth(y) = f(y) — g (y). We have

ALh(y) = AL f(y) — AL gn(v).

Note that in view of (5.8),
Angn(y) = nlg,(u).
On the other hand it follows from (5.16) that

nlgy(u) = Ay f(y).

Hence the equality
ALh(y) =0

holds for all y,u € Y. Then by the induction hypothesis

n—1
h(y) =) g, yev,
k=0
where the functions gx (y1, ..., yx) are symmetric and k-additive. Therefore

fO)=hM) +&(») =) gy, yev. O
k=0
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Remark 5.6. Let Y be alocally compact Abelian group. We give two simple examples
of continuous polynomials on Y. Let /(y) be a continuous real character of the
group Y, i.e., a continuous homomorphism /: ¥ +— R. If [(y) #£ O, then /(y) is a
continuous polynomial of degree 1. Let ¢(y) be a continuous function on Y satisfying
equation 2.16 (ii). If ¢(y) # 0, then ¢(y) is a continuous polynomial of degree 2.

It is not difficult to check that for the group ¥ = R™ the set of all continuous
polynomials, i.e., the set of all continuous functions on Y satisfying equation (5.14)
coincides with the set of ordinary polynomials.

We use representation 5.5 (i) to prove the following property of continuous poly-
nomials on a locally compact Abelian group.

Proposition 5.7. Let Y be a locally compact Abelian group, f(y) be a continuous
polynomial on Y. Then

i) fO+1=r10)
forall y € Y, h € by. In particular, f(y) = const for y € by.

Proof. First we note that if H is a compact Abelian group and /(%) is a continuous
additive functionon H, then /(%) = 0. Indeed, in this case [ (H ) is a compact subgroup,
but {0} is the only compact subgroup of the groups R and C. It follows from this that if
a function A(y1, y2, ..., yn) defined on Y” is n-additive, then A(y1, y2,...,yn) =0
once yi € by for some k.

Let f(y) be acontinuous polynomial on the group Y. We make use of representation
5.5(). It follows from 5.5 (i) that it suffices to prove (i) for the functions g,’; ),
k=1,2,...,n. We have

GO+ —gi) =gy +h,....y+h)—ge(y,....»)

k
=Y Clak(h.....h.y.....y) =0
—— ——
I=1 I k-1
in view of what has been said above. O

Corollary 5.8. Let X be a second countable locally compact Abelian group, 1 €
MY (X). Assume that the characteristic function [L(y) is of the form

(y) =exp{y(y)}. ¥(0)=0,yeY,

where Y (y) is a continuous polynomial. Then o () C cx.

Proof. We deduce from 5.7 (i) that ¥ (y) = ¥ (0) = Ofor y € by. Hence ji(y) = 1for
y € by. By Proposition 2.13, o0 (1) C A(X, by). By Theorem 1.9.3, A(X, by) = cx.
Thus o(u) C cx. O

Remark 5.9. Let f(y) be a continuous polynomial on a locally compact Abelian
group Y. By Proposition 5.7 the function f(y) is invariant with respect to the sub-
group by. Hence the function f(y) defines a continuous polynomial f([y]) on the
factor group Y /by by the formula f ([y]) = f(p).
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To prove the main theorem of this section we need the following lemma.

Lemma 5.10. Let K be a compact connected Abelian group, dim K = Ry. Assume
that K contains no subgroup topologically isomorphic to the circle group T. Let
D = K*, and let w: D — RX* be the monomorphism defined by (3.15). Then for
arbitrary ay,ap € D there exists a subgroup B C D of finite rank suchthata,,a; € B
and w(B) = R!, where [ is a rank of B.

Proof. Firstwe check that for each n there exists anumber p suchthat R” C 7(D) N R2.
Indeed, choose a set £ = {xj,...,xx} C R” in such a way that the subgroup
ME) =4{x e R":x = Zj-;lmjxj, m; € Z} is dense in R”. By Lemma 4.2,
m = R®0*_ This implies that for every element x i, J =1,2,..., k, there exists a
)

}

sequence {u;”"}72 | C (D) such that ul(j) — x;. By definition of topology on R¥0*

all elements {uff)}l‘.’il, j =1,2,...,k, belong to some R? and they converge in R”.
Therefore x; e 7(D)NR?, j =1,2,...,k,and hence R” C (D) N R2.

By Theorem 1.16.1 we have 7(D) N R? = G x F, where G =~ R», F =~ 757,
tp + sp = p. Therefore R” C G. Let ra;,ma e r(D)NR". Put A = n(D)NG
and B = 7~!(A4). Then A = G. Taking into account that 7(B) = r(A) = Iy, we see
that B is the required subgroup. O

Now we will prove the maim theorem of this section.

Theorem 5.11. Let X be a second countable locally compact Abelian group, Y be its
character group. Assume that X contains no subgroup topologically isomorphic to the
circle group T. Let 1 € MY (X), and let the characteristic function i(y) be of the
form

(i) ay) =expiy(y)}, ¥(©0)=0,y¢eY,

where Y (y) is a continuous polynomial. Then p € T'(X).

Proof. By Corollary 5.8 without loss of generality we can suppose that X is a connected
group. Then by Theorem 1.11.2, X =~ R™ x K, where m > 0 and K is a compact
connected group. To avoid introducing new notation we will assume that X = K.
Moreover we restrict ourselves to the proof for the case when dim K = Ng. The
case when dim K < oo is easier and may be considered analogously. Set D = K*.
By Theorems 1.6.1 and 1.6.2, D is a discrete torsion-free group. By Theorem 1.6.3,
r(D) = No.

Set ¢(y) = —Re (), I(y) = Imy(y). Obviously, the functions ¢(y) and
[(y) are also polynomial on Y. We will prove that the function ¢(y) satisfies the
equation 2.16 (ii), and the function /(y) satisfies the equation

lu+v)y=Iw)+Iwv), uvel. (5.17)

Thus we will prove that u € T'(X).
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Leta,,a, € D be arbitrary but fixed elements, let 7 : D +— R¥0* be the monomor-
phism defined by (3.15). Since the group K contains no subgroup topologically iso-
morphic to the circle group T, by Lemma 5.10 there exists a subgroup B C D of finite
rank / such that a1, a, € B and 7(B) = R!. Put G = 7(B).

Letbhy, ..., b; be amaximal independent system of elementsin 7 (B), andeq, ..., ¢;
be the standard basis in R*. We will construct the homomorphism 7: (B) +— R just
as the monomorphism 7 was constructed in Proposition 3.8. We have tb; = e;,

j=12,....l.Puth=to0m, A =h(B). ItfollowsfromFB) = G that A = R.

Consider the function ¢(a) = ¥ (h~'a) on the group A. Obviously, ¢{(a) is a
polynomial. If we consider the group A in the discrete topology, then by the Bochner
theorem exp{{(a)} is a characteristic function. It is easy to see that the theorem will
be proved if we prove the following statement.

Let A be a group such that Z! ¢ 4 ¢ Q' ¢ R}, A = R'. Assume that {(a) is a
polynomial on the group A such that exp{{(a)} is a characteristic function. Then the
functions ¢1(a) = Re {(a) and {»(a) = Im ¢ (a) satisfy equations 2.16 (ii) and (5.17)
respectively.

Let n(a) be an arbitrary polynomial of degree m on the group A. Then the equality

AZ’Hn(a) =0

is fulfilled for all @, b € Z'. Tt is easily verified that this yields the representation

m

n@ =7y Y ad, (5.18)

p=0 |kl=p

where k = (ky,....k;), ||k|| = k1 + -+ kjya = (ny,....n;) € Z', a* =
nlfl ...n];’. We deduce from (5.18) that if F is a subgroup of Q@ such that F >~ Z!,

Z!' ¢ F c Aand n(a) = 0fora € Z*, then n(a) = O foralla € F.
Represent the group A as a union of an increasing sequence of subgroups A;:

[e.e]
A=\J4;, A=7", Ajcam, A=Z j=12...
j=1

Denote by 7(a) the restriction of the polynomial ¢ (a) to the subgroup Z*. We note
that the polynomial n(a) on the subgroup Z! canbe represented in the form (5.18). By
formula (5.18) the polynomial 7(a) can be extended to the group R, in particular to
the group A. Denote by 7j(a) this extension. Consider on the group A4 the polynomial
8(a) = L(a) —7i(a), a € A. Ttis obvious that §(a) = 0, a € Z'. Then, as has been
noted above §(a) = Oforalla € A;, j = 1,2,.... Hence §(a) = 0 on the group A.

From what has been said it follows that the polynomial ¢ (a) on the group A can be

represented in the form
m
L) =Y Y. ad, (5.19)
p=0 |kl=p
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wherek = (ky,....k;),a = (r1,...,r) € A,a* = r{c' ...rlkl. The polynomial ¢ (a)
is extended by formula (5.19) from the group A to R!. Denote by E (s) this extension.
Since exp{{(a)} is a positive definite function on the group A and the group A is dense
in R, the extended function exp{é‘ ()}, s € R!, is a positive definite function on the
group R’. By the Bochner theorem exp{Zj (s)} is a characteristic function.

Fix so € R!. Then the function Z(ts0), € R, is a polynomial on R and exp{é‘ (ts0)}
is a characteristic function on R. By the classical Marcinkiewicz theorem (see e.g. [74],
Chapter II, § 5) exp{{(¢s¢)} is the characteristic function of a Gaussian distribution on
R. We deduce from this that exp{é‘ ()} is the characteristic function of a Gaussian distri-
bution on the group RE. Hence the function Z1(s) = Re Z (s) satisfies equation 2.16 (ii),
and the function {3 (s) = Im Z (s) satisfies equation (5.17) on the group R’. It follows
from this that the functions ¢;(a) and {,(a) also satisfy equations 2.16 (ii) and (5.17)
on the group A. O

Remark 5.12. The following statement results from the proof of Theorem 5.11. Let
Y = R? x Z4,let {(y) be a continuous polynomial on the group Y of degree m. Then
the polynomial ¢ (y) is represented in the form

(=YY k.

i=0 |k|=i
where k = (kl,..k.,kp,kpzl,...,kpﬂ), y =(1,....8.01,....,n9) € R? x 714,
yk = slf‘ ...sf,f” n "t ng”t. To prove this we note that by virtue of continuity, the

polynomial ¢ (y) is defined by its restriction to the subgroup A = Q? xZ42 C R? x74.
Then we use representation (5.19).

Theorem 5.11 is sharp. Namely, the following result holds.

Proposition 5.13. Let X be a second countable locally compact Abelian group, Y be
its character group. Assume that X contains a subgroup topologically isomorphic to
the circle group T. Then for every m > 2 there exists a distribution i, € M!(X)
such that juy, ¢ T(X), but the characteristic function i, (y) is of the form

fAm(¥) = exp{¥m(¥)}, ¥m(0) =0, y €Y,

where Y, (y) is a continuous polynomial of degree m.

Proof. Obviously, it suffices to prove the proposition for the circle group X = T.
Then Y =~ Z. We will suppose without loss of generality that Y = Z. Consider the
function

—n?2+in™, nez, ifmisodd,

—-n" neZ”Z, if m is even,

VUm(n) =
on the group Z. Itis clear that v, (1) is a polynomial of degree m on the group Z. Set

gm(n) = exp{¥m(n)}, necZ.
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It is easy to verify that
Y. gmn) <L
neZ,n#0
This implies that

om(@) =1+ Z gm(n)exp{—int} >0, teRk.
neZ,n#0

It is also obvious that

1 T
—_ 1)dt = 1.
2n/pmo

—7T

Let i, be the distribution on the circle group T with density 7., (¢’*) = p(¢) with
respect to m . Then p,, ¢ I'(T) and the characteristic function fi,,(n) = gm(n),
n € Z, has the desired form. O

Remark 5.14. It is easy to see that Proposition 5.13 fails for the circle group X = T
when m = 2. It means that the condition m > 2 in Proposition 5.13 can not be replaced
by the condition m > 2. Nevertheless the statement of Proposition 5.13 also holds true
for m = 2, if we assume that a group X contains a subgroup topologically isomorphic
to the two-dimensional torus T 2. Obviously, it suffices to prove the statement for the
group X = T2 Then Y = Z2. We will suppose without loss of generality that
Y = Z2. Denote by y = (m,n), m,n € Z, elements of the group Y. Consider on
the group Z? the function

V(m,n) = —a(m?® +n?) +ixmn, (m,n) e Z>

It is clear that v (m, n) is a polynomial of degree 2. Choose @ > 0 in such a way that
the inequality
Z exp{—a(m* +n?)} < 1

(m.n)ez?
(m,n)7(0,0)

is fulfilled. It follows from this that the inequality

o(t,s) =1+ Z exp{V¥(m,n) —i(mt +ns)} >0, (t,5) € R?,

(m.nyez?
(m.,n)#(0,0)

1 T T
4—2//p(t,s)dtds: 1.
T

- —TT

holds. Also, obviously

Let u be the distribution on T2 with density r(e'?, e’) = p(t, s) with respect to m 2.
Then p ¢ T'(T?2), and the characteristic function

fi(m,n) = exp{y(m.n)}, (m.n) € Z°,

has the required form.
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We will prove below (see Proposition 9.8) that if X is a second countable lo-
cally compact Abelian group containing no subgroup topologically isomorphic to the
two-dimensional torus T2, © € M!(X), and the characteristic function fi(y) is repre-
sented in the form 5.11 (i), where v/ (y) is a continuous polynomial of degree 2, then
n e I'(X).

6 Gaussian distributions in the sense of Urbanik

Let X be a second countable locally compact Abelian group, Y be its character group.
Urbanik defined Gaussian distributions on the group X as distributions p having the
following properties: (i) u is an infinitely divisible distribution; (ii) y(u) € I'(T)
for each character y € Y ([100]). As has been proved in Proposition 3.17 the class
of such distributions coincides with the class of Gaussian distributions in the sense of
Definition 3.1. In this section we describe completely groups X with the following
property: if a distribution p on X satisfies (ii), then p satisfies (i), i.e., i is Gaussian.

Definition 6.1. A distribution y on a group X is called a Gaussian distribution in the
sense of Urbanik, if y(y) € T'(T) forevery y € Y.

Denote by I'y (X) the set of Gaussian distributions in the sense of Urbanik on
the group X. We note that for any distribution & € M!(X) and for any y € Y the
characteristic function of the distribution y(u) has the form

y(w)(n) = fny), nez.

It follows that
I'Xx) crIy(X). 6.1)

6.2 Infinitely divisible elements. Letn € Z,n # 0. We say that an element xg € X
is divisible by n if xg € X ™ To say it in other words, an element xo € X is divisible
by n if there exists an element x € X such that xo = nx. Anelement xo € X different
from zero is called infinitely divisible, if it is divisible by infinitely many integers.

To prove the main theorem we need the following lemmas.

Lemma 6.3. [fa group X contains no infinitely divisible elements, then X is a discrete
torsion-free group.

Proof. Let X be an arbitrary locally compact Abelian group. By Theorem 1.11.1,
X = R™ x G, where m > 0, and G contains a compact open subgroup K. Obviously,
if X contains no infinitely divisible elements, then m = 0, and G is a torsion-free
group. In particular, K is a torsion-free group. By Theorem 1.11.4, K is topologically
isomorphic to a group of the form

(Za)" x P_A,
DEF
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where @ = (2,3,4,...), n and 1, are cardinal numbers. We note that all nonzero
elements of the groups 3, and A, are infinitely divisible. Hence K = {0}, i.e., X is
a discrete torsion-free group. O

Lemma 6.4. On the group X = R x T there exists a distribution [ such that
o € Ty(X), wo ¢ I'(X), and j1o(y) > Oforally € Y.

Proof. We have Y =~ R x Z. To avoid introducing new notation we will assume that
Y = R x Z, and denote by y = (s,n), s € R, n € Z, elements of the group Y. Let
a>0,b>0,c > 0. Consider on the group Y the function

as? ifn =0,

6.2
bs? 4+ cn? ifn # 0. 62)

po(s,n) =

Let o, be a Gaussian distribution on the group X with the characteristic function
G4(s,n) = exp{—as?}, and B. be a Gaussian distribution on the group X with the
characteristic function ﬁc(s,n) = exp{—cn?}. Obviously, o(ag) = R, 0(B) = T,
i.e., a4 can be considered as a Gaussian distribution on R, and S, can be considered
as a Gaussian distribution on T. Choose a, b and ¢ in such a way that 20, > o,
2B, > mT. Put

o = g * mT —ap *mT + Be * op. (6.3)

It is easy to see that we can transform (6.3) to the form
o = (g — 2ap) xmt + (Be — 2mT) * ap.

This implies that po € M!(X). Taking into account 2.7 (c), it follows from (6.2) and
(6.3) that

fo(y) = exp{—¢o(y)}, y €Y. (6.4)

We note that the equality
0o(ky) = kK*po(y), y €Y, (6.5)
holds for all k € Z. It follows from (6.4) and (6.5) that po € 'y (X). Choosing a # b
we obtain that ug ¢ I'(X). O

6.5. Let X be adiscrete torsion-free group. An element x € X is said to be dependent
on elements x1,...,x; € X if there exist n,nq,...,n; € Z such that nx = n1x; +
-+« + n;x;. Denote by Ly the set of elements depending on x. Obviously, L is a
subgroup and L, is isomorphic to some subgroup of Q.

We can prove now the main theorem of this section.

Theorem 6.6. For a group X the equality
['(X) =Tu(X)

holds if and only if one of the following conditions is satisfied:
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(1) for any closed subgroup B C Y, B # Y, the factor group Y /B contains an
infinitely divisible element;

(1) the group Z is topologically isomorphic to the factor group of Y by the subgroup
by of all compact elements in Y .

Proof. Necessity. Assume that there exists a closed subgroup B C Y such that the
factor group Y/B = H contains no infinitely divisible elements. By Lemma 6.3, in
this case H is a discrete torsion-free group. Two cases are possible.

1. H is not topologically isomorphic to the group Z. It follows from this that
the rank »(H) > 1. Indeed, if r(H) = 1, then the group H is isomorphic to some
subgroup A of the group Q. Since A is not isomorphic to Z, all nonzero elements of A
are infinitely divisible. Hence all nonzero elements of H are also infinitely divisible.
This contradicts the condition.

Foreach h € H, h # 0, let Ly, be the subgroup of H of all elements depending
on h. By condition the subgroup L; contains no infinitely divisible elements and
r(Ly) = 1. This implies that L, =~ Z forall h € H, h # 0. Since the group X
is second countable, the group H is countable. Obviously, the group H is at most a
countable union of different subgroups Ly, suchthat Ly, N Ly, = {0},i # j. Denote
by ) a generator of the group Ly, . We have H = | J; Ly, ,and eachelementh € H,
h # 0, can be uniquely represented in the form 2 = mh), m € Z, h_ € Ly, . Define
on the group H the function

2 g ’
apm* if h=mh), h#0,
h = k
wo(h) 0 ifh=0,

where the numbers aj are chosen in such a way that

Z Z exp{—akmz} < 1. (6.6)

k m#0

Set G = H*. It follows from (6.6) that we can define the continuous function pg(g)
on the group G by the formula

po(@) =1+ Y expi—po()}(g.h), g€G.
heH,h#0

It is obvious that po(g) > 0 and [; po(g)dmg(g) = 1. Let po be the distribution on
G with density po(g) with respect to mg. Then the characteristic function fig (%) is of
the form

fto(h) = exp{—go(h)}. h e H.

Since r(H) > 1, the numbers a; can be chosen in such a way that ug ¢ I'(G). On
the other hand, ;o € 'y (G) because the function ¢(h) satisfies the equation

pnh) = nz(p(h), heH,
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foralln € Z. By Theorem 1.9.2, G =~ A(X, B). Therefore we can consider ¢ as a
distribution on A(X, B). Hence (¢ can be considered as a distribution on the group X.
In the case 1 the necessity is proved.

2. H is topologically isomorphic to the group Z. By Theorem 1.17.2,Y = B x L,
where L = Z. We note that the subgroup B contains a noncompact element, because
otherwise condition (ii) would be satisfied. Put G = cp+. By Theorem 1.9.3, G #
{0}. Taking into consideration Theorem 1.7.1, we obtain that the group X contains a
subgroup F suchthat F = G x T. Since the group G is connected, by Theorem 1.11.2,
G = R™ x K, where m > 0 and K is a compact connected group. If m > 0, then
the group X contains a subgroup M = R x T. Applying Lemma 6.4 we construct a
distribution 9 € M!(X) such that uy € T'y(X) and o ¢ T'(X). If m = 0, then
F >~ K x T. Assume for definiteness that the group K has infinite dimension. Then
dimK = Ry. Set D = K*. Let 7: D + R®* be the homomorphism defined
by (3.15), i.e., nd = (k1/k,...,k;/k,0,...). Denote by (d,n),d € D,n € Z,
elements of the group F* =~ D x Z. Define the homomorphism t: F* — R x Z by
the formula t(d,n) = (k1/k,n). Putg =7,q: Rx T — F,and u = g(o), where
Wo is the distribution constructed in Lemma 6.4. By Proposition 2.10, i(d,n) =
ﬂu\o)(d,n) = fo(t(d,n)) = exp{—po(t(d,n))}. It follows from Lemma 6.4 that
neTy(F)and u ¢ T'(F). Hence u € I'y(X) and u ¢ T'(X). The necessity is
proved.

Sufficiency. Suppose that y € 'y (X). We will verify that y € I'(X). Assume
first that condition (i) is satisfied. In particular it follows from this that any factor
group of the group X is not topologically isomorphic to Z. Then by Theorem 1.9.2
the group X contains no subgroup topologically isomorphic to the circle group T.
Taking into account Theorem 4.6 we see that it suffices to verify that the distribution
v=yxyel(X).

Note that it follows from y € Ty (X) that p(y) # Oforall y € Y. Hence by 2.7 (¢)
and 2.7 (d), D(y) = |7(¥)|?* > 0, and the function D(y) has the representation

b(y) = exp{—e(y)}. y€eY,
where () is a continuous nonnegative function on the group Y satisfying the equation
pky) = k’p(y). yeY, 6.7)

for all k € Z. We will verify that if condition (i) is satisfied, then the function ¢(y)
satisfies equation 2.16 (ii). Denote by A the set of all elements y € Y for which there
exists a sequence of elements {y,} C Y such that y,, € Y™ and ¢(y — y,) — 0.

We will prove first that A is a subgroup of Y. Let u,v € A and let {u,} and {v,}
be sequences of elements of Y such that u,, v, € Y™ and

ou—uy) >0, @v—yv,)—0.
Applying inequality 2.7 (g) we obtain
[T=Du—v—up+ o) <|PU—v—up +vy)—DW—0y)|+ |1 =D(v—vp)|

< V2|1 =D —un)|VY2 + |1 = D(v — vy)].
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Let {y,} C Y be an arbitrary sequence. It is obvious that ¢(y,) — 0 if and only if
V(yn) — 1. Therefore it follows from the above inequality that o (v —v—u, +v,) — 0.
It is clear that u,, — v, € Y™ So, u — v € A. Thus we proved that 4 is an algebraic
subgroup of Y.

Now we will verify that the subgroup A is closed. Indeed, let {u‘)} ¢ A, u") — u,
and let {uf,f )} be the sequence corresponding to the element u/). Applying equal-
ity 2.7 (g) we obtain

1= —u)| < [0 —ul) = 9D —uP)| + 1 = DD — ul))]

< V21— —uD) 2 4 1= D) —ul). ©8)
As has been noted above, ¢(y,) — Oifand only if D(y,) — 1. Therefore (6.8) implies
the completeness of A.
We will prove that the factor group Y /A contains no infinitely divisible elements.
Assume the contrary. Then there exist an element uy ¢ A, an unbounded sequence of
numbers {p,} C Z, and a sequence {y,} C Y such that

Uo— Pnyn € A 6.9

for all natural n. Without loss of generality, we assume that the inequality p, > n? is

satisfied. Therefore there exists a sequence of integers {g, } such that
n4n
Pn

— 1. (6.10)

It follows from the definition of the set A and (6.9) that there exists an element v, € Y
such that v, € Y @) and ¢(Uo — pnyYn — vp) is arbitrarily small. Thus there exists a
sequence {w,} C Y such that w, € Y ?») and ¢(uo — w,) — 0. Put

ngnWn
Uy = , n=1,2,....

Pn

Applying inequality 2.7 (g) we get

11— D(uo — un)| < [D(uo — un) — V(o — wp)| + |1 — D(uo — wy)|

A A (6.11)
< V2|1 = Dy — wa) V2 4|1 = D (g — wy)|.

It follows from ¢(u¢ — w,) — O that ¥ (#9 — w,) — 1. Taking into account inequal-
ity 2.7 (g), we conclude that ¥ (w,) — D(uo). Hence

@(wy) — @(uo). (6.12)

Taking into account (6.7), it follows from (6.10) and (6.12) that

_ (ngn — Pn)Wn _ [ "4n 2
o(un —wp) =@ p— =——-1) owy) —0.
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Therefore, V(u, — w,) — 1. Hence we find from (6.11) that v(uy — u,) — 1, i.e.,
¢(up —uy) — 0. Since u, € Y ™ this contradicts the assumption that ug ¢ A.

Thus we have proved that the equality ¥ = A follows from condition (i). Let
u,v € Y. Then we can find sequences {u,} and {v,} such that u,,v, € ¥ and
o —uy) = 0, p(v —v,) — 0. We deduce from inequality 2.7 (g) that in this case
the convergences

@(un) = o(u), @(vn) — @(v),

O(tn + vn) — @ + V), @n — vn) — @u —v) (6.13)

hold. By the Bochner theorem the function exp{—¢(y)} is positive definite. Therefore
forall y1,y2,...,ym € Y and z1, 25, ..., zp, € C, inequality 2.8 (i) is fulfilled, i.e.,

m
> expi—o(yi — y)}zizj = 0.
ij=1
Putting here m = 4, y1 = —y, = uy/n, y3 = —y4 = vy/n,zy = z3 = —2z3 =

—z4 = n we obtain

[2exp{—(4/n*)@(un)} + 2 exp{—(4/n*)p(v,)}
— dexp{—(1/n®)@(un — va)} — dexp{—(1/n*)p(un + va)} + 4n> = 0.

Proceeding to the limit as n — oo and taking into account (6.13) we find
4o +v) + 49 —v) — 8p(u) — 8p(v) = 0,

or
2[p(u) + (V)] < @(u + v) + @(u — v). (6.14)

Replacing here u by u + v and v by ¥ — v and taking into consideration (6.7), we get

e +v) +ou—v) < 2[p) + ¢)]. (6.15)

It follows from (6.14) and (6.15) that the function ¢(y) satisfies equation 2.16 (ii),
ie.,v e ['(X). So, I'y(X) C I'(X), and hence taking into account (6.1), sufficiency
of condition (i) is proved.

To prove the sufficiency of condition (ii) we note that the support of a distribution
y € 'y (X) is contained in a coset of the connected component of zero cy of the group
X. Indeed, let v = y % y. Taking into account Proposition 2.2, it suffices to show that
o(v) C cx. Let yo € by. Since yg is a compact element, we have n;yo — y € Y for
some sequence n; — oo. Taking into consideration (6.7), we get

Hence ¢(y) = 0 for all y € by. It follows from Proposition 2.13 that o (v) C
A(X, by). By Theorem 1.9.3, A(X,by) = cx. Hence o (v) C cx.
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Now it is easy to verify the sufficiency of condition (ii). Replace the distribution y
by its shifty’ = y* E suchthato (y’) C cx. Butif the group X satisfies condition (ii),
then by Theorems 1.9.2 and 1.9.3, cx =~ T. Since Ty(T) = T'(T) and y’ € Ty (cx),
we have y’ € T'(cx). Hence y € T'(X). So I'y(X) C T'(X). Taking into account
(6.1), sufficiency of condition (ii) is also proved. O



Chapter I1I

The Kac-Bernstein theorem for locally compact
Abelian groups

According to the classical Kac—Bernstein theorem, if £; and &, are independent random
variables and their sum and difference are also independent, then &§; are Gaussian.
Let X be a second countable locally compact Abelian group. In this chapter we study
the distributions of independent random variables & and &, taking values in X and
having independent sum and difference. We give a complete description of groups X
on which such distributions are invariant with respect to some compact subgroup K of
X and, under the natural homomorphism X — X /K, induce Gaussian distributions
on the factor group X/K. It holds if and only if the connected component of zero
of a group X contains no elements of order 2. Hence if the connected component of
zero of a group X contains elements of order 2, then for such groups the following
natural problem arises: to describe distributions of independent random variables §;
taking values in X and having independent sum and difference. We solve this problem
for the group R x T and for a-adic solenoids X,. We also study the distributions of
independent identically distributed random variables &; and &, taking values in a group
X and having independent sum and difference (Gaussian distributions in the sense of
Bernstein).

7 Locally compact Abelian groups for which the Kac-Bernstein
theorem holds

Let X be a second countable locally compact Abelian group, Y be its character group.
In this section we describe groups X with the property: if &; and &, are independent
random variables with values in X and distributions 11, (> and & + & and & — &,
are independent, then p; are invariant with respect to some compact subgroup K of
the group X and under the natural homomorphism X +— X/K p; induce Gaussian
distributions on the factor group X /K.

Lemma 7.1. Let & and &, be independent random variables with values in a group X
and distributions |1 and (5. The sum &1+ &, and the difference &1 —&; are independent
if and only if the characteristic functions [1;(y) satisfy the equation

) 1w +v)aa(u —v) = 1)) (v)ia(-v), u,veY.

Proof. We recall that if £ is a random variable with values in a group X and distribution
1, then the characteristic function of u is the expectation i(y) = E[(&, y)]. If £&; and
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&, are random variables taking values in X, then &; and &, are independent if and only
if the equality

E[(§1,u)(52,v)] = E[(51, W]E[(52, V)] (7.1)

is fulfilled forallu, v € Y. It follows from (7.1) that £ + &, and &; — &, are independent
if and only if

E[(€1 + &2.u) (61 — 62, v)] = E[(61 + &2, w]E[(61 —&2,v)]. w,veY. (72

Taking into account that the random variables &; and &, are independent, we transform
the left-hand side of equality (7.2) as follows:

E[(§1 + &, u) (61 — &2.v)] = E[(§1.u + v) (62, u — V)]
= E[¢1,u + v)]E[(§2,u — v)]
=1(u+v)ir(u—v), u,vevy.

Analogously, we transform the right-hand side of equality (7.2)

E[(¢1 + &, wIE[(51 — &2, v)] = E[(§1, w) (&2, w)]E[(§1, v) (52, —v)]
E[(¢1, w)]E[(2, w)]E[(¢1, v)]E[(§2, —v)]
= ()21 (v)a2(—v), u,veY. 0

Equation (i) is called the Kac—Bernstein functional equation. In particular, it follows
from (i) that an arbitrary Gaussian distribution y € I'(X) has the property: if &; and &
are independent identically distributed random variables with values in the group X and
distribution y, then &; + &, and &1 —&, are independent. Some idempotent distributions
on the group X have the same property. Denote by /p(X) the set of such idempotent
distributions. In other words, mg € Ig(X) if & and & are independent identically
distributed random variables with values in the group X and distribution mg, then
&1 + & and & — &, are independent. To describe the set /p(X) we need the following
lemma.

Lemma 7.2. Let n be a natural number, and G be a closed subgroup of a group X.
Then the following statements are equivalent:

() G™ = G;
(i) ifny € A(Y,G), then y € A(Y, G).

Proof. (i) = (ii). By Theorem 1.9.2 G* =~ Y/A(Y,G). It is obvious that (ii) is
equivalent to the fact that (Y /A(Y, G))») = {0}. Therefore the equivalence of (i) and
(i1) follows from Theorem 1.9.5. O

7.3 Corwin groups. A group X is called a Corwin group if X® = X. We will give
some examples.
The groups R, T, Q, Z(2k — 1), Z(p*°), X4, Ap, for p # 2 are Corwin groups.
The groups Z, Z(2k), A, are not Corwin groups.
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Proposition 7.4. Let K be a compact subgroup of a group X. Then the following
statements are equivalent:

(i) K is a Corwin group;
(i) if2y € A(Y,K), then y € A(Y, K);
(iii) mg € Ip(X).

Proof. The equivalence of (i) and (ii) follows from Lemma 7.2 because IE = K®,
(i1) = (iii). As has been noted in Lemma 7.1, we should verify that the characteristic
function 77k () satisfies equation 7.1 (i) which takes the form

mgu + v)mgu —v) = mg)myg(v), u,vey. (7.3)

We use representation 2.16 (i) of the characteristic function 7ig (y). Ifu, v € A(Y, K),
then u = v € A(Y, K) and both sides of equation (7.3) are equal to 1. If either
ue AY,K),v ¢ A(Y,K)orve A(Y,K),u ¢ A(Y,K),thenu + v ¢ A(Y, K) and
both sides of equation (7.3) are equal to zero. If u,v ¢ A(Y, K), then the right-hand
side of equation (7.3) is equal to zero. If the left-hand side of equation (7.3) is not equal
to zero, we have u == v € A(Y, K). This implies that 2u € A(Y, K), and hence by (ii)
u € A(Y, K), that contradicts the condition. Hence the left-hand side of equation (7.3)
is also equal to zero.

(ili) = (ii). By Lemma 7.1 the characteristic function /g (y) satisfies equa-
tion (7.3). Let 2y € A(Y, K). Substitute v = v = y in (7.3). Then the left-hand side
of equation (7.3) is equal to 1. Hence the right-hand side of equation (7.3) is equal
to 1. Taking into account 2.16 (i), this means that y € A(Y, K). O

Our aim is to describe all groups X which have the following property: if &; and &
are independent random variables with values in X and distributions p and u,, then the
independence of & + &, and §; — & implies that i; € I'(X) * I(X). This inclusion
means that the distributions (; are invariant with respect to a compact subgroup K
of the group X and under the natural homomorphism X + X/K induce Gaussian
distributions on the factor group X /K.

To prove the main theorem of this section we need the following lemmas.

Lemma 7.5. Let &) and &, be independent random variables with values in a group X
and distributions (1 and (. If &1 + & and &1 — &, are independent, then distributions
W; can be replaced by their shifts ;L} in such a manner that O(M}) cCM,j=1.2
where M is a subgroup of X such that M is topologically isomorphic to a group of the
form R™ x K, where m > 0 and K is a compact Corwin group.

Proof. Taking into account Theorem 1.11.1, we can assume without loss of generality
that X = R" x G,Y = R™ x H, where m > 0, H =~ G* and each of the groups G
and H contains a compact open subgroup. Denote by L a compact open subgroup of
H. Put

Ni={yeY: () #0}, Nao={yeY:fa(y)#0}, N=N NN,
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By Lemma 7.1 the characteristic functions [i;(y) satisfy equation 7.1 (i). It follows
from 7.1 (i) that N is a subgroup of Y. Obviously, N is an open subgroup.

Consider the intersection B = N N L. Since every open subgroup is closed, B
is a compact open subgroup of H. Putting ¥ = v = y and then u = —v = y into
equation 7.1 (i) and taking into account 2.7 (d) we obtain

f12y) = BWI0P, f2@y) = 1P, v eY. (74

We deduce from (7.4) that for every natural » the functions (i, (y) satisfy the equation

A~ A A 2n—1 .
;2" )| = )M, j=12yeY. (7.5)

For n = 1 this yields that

O] = A2, y e YD, (7.6)

Let y € B. As B is compact, there exists a convergent subsequence 2"**y — yo € B.
We obtain from (7.5) that

A . A . ~ ~ 2my—1 .
| (o)l = lim |2 (2™ y)| = kllj;oIm(y)uz(y)I2 =12, y€eY. (17)

If |11 (¥)t2(¥)| < 1, then the limit on the right-hand side of (7.7) is equal to zero,
contrary to the fact that yo € B C N. Hence |j11(y)| = |ft2(y)| = 1 forall y € B.

Taking into consideration 2.7 (e), we can replace the distributions y; by their shifts
W in such a way that 4’ (y) = 1forall y € B. It is obvious that the charac-
teristic functions [ (y) also satisfy equation 7.1 (i). Applying Proposition 2.13 we
get cr(,u;-) C A(X, B). It follows from Theorems 1.7.1 and 1.9.2 that A(X, B) =
(Y/B)* =((R"x H)/B)* =~ R™ x(H/B)*. Put F = (H/B)*. Since B is an open
subgroup of H, the factor group H/B is discrete. Hence by Theorem 1.6.1, F is a
compact group.

Thus we have reduced the proof of the lemma to the case when X = R™ x F,
Y = R™ x D, where F is a compact group, D = F*, and p; are distributions
on X with characteristic functions satisfying equation 7.1 (i). By Theorem 1.6.1, D
is a discrete group. Let D, be the 2-component of the group D, i.e., the subgroup
of D consisting of all elements y € D such that the order of y is a power of the
number 2. Let y € D,. Then 2"y = 0 for some natural n. We deduce from (7.5)
that |1 (y)| = |a2(y)| = 1 forall y € D»,. Applying 2.7 (e) we can replace the
distributions w; by their shifts ,u in such a way that /L (y) = 1forall y € Ds.
By Proposition 2.13, a(u]) C A(X D5). Put M = A(X D»). 1Tt is obvious that
M =~ R™ x K, where K is a compact group. It follows from Theorems 1.9.1 and
1.9.2 that M* =~ Y/D,. It is clear that the factor group Y/ D, contains no elements

of order 2. By Theorem 1.9.5, M@ = M. We conclude from M@ = M@ that
M is a Corwin group. Hence K is also a Corwin group. Returning to the original
distributions 1 ;, we obtain the required statement. O
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Lemma 7.6. Let n be a natural number. The following statements are equivalent:

() for any compact subgroup G of a group X satisfying the condition G™ = G,
the equality (G*)™ = G* is fulfilled;

(ii) the connected component of zero cx of a group X has the property {x € cx :
nx = 0} = {0}.

Proof. (i)=> (ii). By Theorem 1.11.2, cxy = R™ x K, where m > 0 and K is acompact
connected group. By Theorem 1.9.6, for every natural number / the equality K = K
is fulfilled. Then it follows from (i) that (K*)™ = K*. Hence (c})™ = c}. By
Theorem 1.9.5 the last equality implies (ii).

(i) = (i). Let G be a compact subgroup of X such that G™ =G.SetH = G*.
By Theorem 1.6.1, H is a discrete group. We will verify that H™ = H. Consider the
subgroup H of the group H consisting of all infinitely divisible by n elements, i.e.,

- [es)
H= [ H".
=1

First we will verify that the factor group L = H/ H contains no nonzero elements
that are infinitely divisible by n, and L contains no elements of finite order. Let [ho] € L
be an infinitely divisible by n element. Then the equation

n'[t] = [ho] (7.8)

has a solution in L for every natural /. Equality (7.8) is equivalent to the fact that
n't — ho € ﬁ, ie., nlt —hy = nly for some y € H. It follows from this that
ho = n'(t — y), i.e., ho € H. Hence [ho] = 0. We have proved that L contains no
nonzero elements infinitely divisible by n. Assume now that [io] € L is an element
of finite order p. We can suppose without loss of generality that p is a prime number.
If n is not divided by p, then [A¢] is an element infinitely divisible by n. As has been
proved above, [ho] = 0. Therefore we can assume that p is a factor of n. We have
plho] = 0, i.e., pho € H. So for every natural  there exists an element z € H such
that pho = n'*'z. We conclude from this that

nl+1
p(ho — ) z) =0. (7.9)

Taking into account that G®™ = G we have {h € H : nh = 0} = {0} by Theo-
rem 1.9.5. Since p is a factor of n,

{heH : ph=0}={0}. (7.10)

We obtain from (7.9) and (7.10) that hy = n’ (%) i.e., ho € H, and hence [ho] = 0.
Thus L is a discrete torsion-free group. By Theorems 1.6.1 and 1.6.2 the group L*
is compact and connected. By Theorem 1.9.2, L* =~ A(G, H). Hence A(G, H) C cyx,
and (ii) implies that
{x € A(G,H) : nx = 0} = {0}.
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By Theorem 1.9.5 it follows from this that L™ = L, ie., the group L consists
of elements infinitely divisible by n. Hence L = {0}. Thus H = H, and hence
H™ = H. O

Lemma 7.7. The following statements are equivalent:

(1) forany compact Corwin subgroup K of a group X the factor group X / K contains
no subgroup topologically isomorphic to the circle group T;

(ii) if K is a compact Corwin subgroup K of a group X, then K* is a Corwin group.

Proof. (i) = (ii). Let K be a compact Corwin subgroup of X. Put L = K*. B
Theorem 1.6.1, L is a discrete group. We will verify that L® = L. Tt follows
from Theorem 1.9.5 that L contains no elements of order 2. This implies that all
elements of finite order of the group L have odd order. Hence they belong to L?). We
will verify that every element of infinite order of L belongs to L®. Let hy ¢ L®.
Denote by M = {h € L : h = nhg, n € Z} the subgroup of L generated by the
element hg. Then M = Z. Leth € L and let2h € M. If 2h = (2m — 1)hy, then
ho = 2(mho — h) € L@, which contradicts the choice of ho. Hence if 2h € M,
then 24 = 2mhg. Inasmuch as L contains no elements of order 2, & = mhg. Thus
the subgroup M has the property that if 22 € M, then h € M. Taking into account
Theorem 1.9.1, it follows from Lemma 7.2 that the annihilator A(K, M) is a Corwin
group. Obviously, A(K, M) is compact. Applying Theorems 1.9.1 and 1.9.2 we get
(K/A(K,M))* =~ M =~ Z. By Theorem 1.17.2 the subgroup M is a direct factor of
L. Hence the factor group K/A(K, M) contains a subgroup topologically isomorphic
to the circle group T.

Note now that if a group X satisfies condition (i), then every closed subgroup of X
also satisfies condition (i). We obtain a contradiction with (i). Thus (ii) is true.

(i) = (i). First we verify thatif G is acompact subgroup of X, then the factor group
X /G also satisfies condition (ii). Let p: X +— X /G be the natural homomorphism, K
be a compact Corwin subgroup of X/G. Put K= p_1 (K). Then K =~ K /G. Inview
of compactness of the groups K and G the group K is also compact. Obviously, K is
a Corwin group. We deduce from (ii) that K* is a Corwin group. By Theorem 1.9.2,
K* =~ A(K*,G). Let y € A(K*,G). Then y = 2y’, y' € K*. Since G is a Corwin
group, by Lemma 7.2, y' € A(K*, G), i.e., K* is a Corwin group.

If condition (i) is not satisfied, then there exists a compact Corwin subgroup Kj
such that the factor group X/ Ky contains a subgroup F topologically isomorphic to
the circle group T. Since T is a compact Corwin group, it follows from what has been
said above that F'* is also a Corwin group. Butitis obviously false. Hence condition (i)
is fulfilled. O

Lemma 7.8. Let X = T. Then there exist independent random variables &, and &
with values in T and distributions 1 and [, such that & + & and & — & are
independent, 1;(y) # Oforally € Y and p; ¢ I'(T), j = 1,2
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Proof. We have Y = Z. We will suppose without loss of generality that Y = Z.
Consider on the group Z the functions

") exp{—an?®} ifnez®,
n)=
&1 bexp{—an?} ifn ¢ 7®,
(7.11)
") exp{—an?} ifnez®,
n)=
&2 b~ Vexp{—an?®} if n ¢ Z@.

Choose real numbers @ and b in such a way that

Y gy <1, j=12.

neZ,n#0
It follows from this that
o0
pit) =Y gimexpl=int} >0, 1€R, j=12
n=-—00

It is also obvious that
1 T
— Hde =1, j=1,2.
e /pj() J
—TT

Let u; be the distribution on the circle group T with density r;(e’?) = p;(t) with
respect to m. Then i;(n) = g;(n). Let & and &, be independent random variables
with values in T and distributions j; and p,. It is obvious that u; ¢ I'(T) and
fj(n) # O0foralln € Z. We will verify that & + &, and §; — &, are independent.
Thus the lemma will be proved.

By Lemma 7.1 it suffices to show that the characteristic functions fi;(n) satisty
equation 7.1 (i). By considering separately the cases m,n € Z®;m € Z®,n ¢ 7@,
neZ® m¢ 7D, m,n ¢ Z® we are convinced of this fact. O

As will be proved in Section 8 (see Corollary 8.6), if & and &, are independent
random variables with values in the circle group T and distributions p; and p, with
non-vanishing characteristic functions, then the independence of & + &, and & — &
implies that the distributions p; can be replaced by their shifts /L} in such a way that
the characteristic functions of the distributions /,L} are defined by (7.11).

Lemma 7.9. Let a group X contain no subgroup topologically isomorphic to the
circle group T. Let & and &, be independent random variables with values in X and
distributions | and [, with non-vanishing characteristic functions. If &1 + &, and
&1 — & are independent, then pj € I'(X) and 11 = pp % Ex, x € X.
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Proof. By Lemma 7.1 the characteristic functions /i;(y) satisfy equation 7.1 (i). Re-
placing in equation 7.1 (i) v by —v, we obtain

fa(u —v)a(u +v) = f1 ()it @) (—v)f2(v), u,v €Y. (7.12)

Put A = uq * up. We conclude from 2.7 (b) that i(y) = f1(y)f2(y). Multiplying
equations 7.1 (i) and (7.12) and taking into account 2.7 (d), we get

A+ v)Au —v) = 22)AW))?, wuveY. (7.13)

Let v = A % A. Applying 2.7 (c) and 2.7 (d) we obtain $(y) = |A(y)|?> > 0 and find
from (7.13) that

D+ v)D(u —v) = 02w)D%(v), u,vev. (7.14)

Put ¢(y) = —Invd(y). It follows from (7.14) that the characteristic function D(y) is
represented in the form

D(y) = exp{—¢(y)}, y €Y,

where ¢(y) is a continuous nonnegative function on Y satisfying equation 2.16 (ii).
So, v € I'(X). The distributions p; are factors of v. Since the group X contains no
subgroup topologically isomorphic to the circle group T, by Theorem 4.6, ; € I'(X).
Hence
i (y) = (xj. ) exp{—g; (»)}.

where x; € X, and ¢;(y) is a continuous nonnegative function on the group Y sat-
isfying equation 2.16 (ii). Putting the expression for [i;(y) into equation 7.1 (i) we
get

e1(u +v) + p2(u —v) = @1(u) + p2(u) + 1(v) + P2(-=v), u,veY. (7.15)

We use Remark 3.3 and pass in equation (7.15) to the corresponding 2-additive functions
¥ (u,v). We have
WI(M,U) =¢2(“vv), u,vey,

and hence ¢1(y) = @2(y), y € Y. Thus puy = pp *x Ex, x € X. O

It should be noted that the statement of Lemma 7.9 does not remain valid if the
group X contains a subgroup topologically isomorphic to the circle group T. This
results from Lemma 7.8.

Now we prove the main theorem of this section.

Theorem 7.10. The following statements are valid:

(I) Assume that the connected component of zero of a group X contains no elements
of order 2. Let &1 and &, be independent random variables with values in X and
distributions 1 and [Lo such that & + & and & — & are independent. Then
nj €N(X) *xIp(X)and 1 = up ¥ Ex, x € X.
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(I1) If the connected component of zero of a group X contains elements of order 2,
then there exist independent random variables &, and &, with values in X and
distributions A; ¢ I'(X) * I(X) such that &1 + &, and & — &, are independent.

Proof. (1). By Lemma 7.5, we can assume that X = R™ x K, wherem > 0 and K is a
compact Corwin group. Applying Lemma 7.6 for n = 2 we obtain that (K*)® = K*,
and hence Y@ = Y. Itis also obvious that X® = X. Since X® = X@ it follows
from 1.13 (b) and 1.13 (d) that f5 is a topological automorphism of the groups X and
Y,i.e., X and Y are groups with unique division by 2.

By Lemma 7.1 the characteristic functions fi;(y) satisfy equation 7.1 (i). Hence
they also satisfy equations (7.5) and (7.6). Since Y ® = Y, it follows from (7.6) that
lt1(0)] = |f12(¥)], y € Y. Therefore

eY: ) #0={yeY :y) #0}=N.

Equation 7.1 (i) implies that N is a subgroup of Y. It is obvious that N is an open
subgroup. By equation (7.5) forn = 1 we get thatif 2y € N, then y € N. Applying
Lemma 7.2 for n = 2 we obtain that F = A(X, N) is a Corwin group. Since N
is an open subgroup, by Theorem 1.9.4, F is a compact subgroup. It follows from
Theorems 1.9.1 and 1.9.2 that (X/F)* = N. Itis also easily seen that X/F and N
are groups with unique division by 2.

Consider the restrictions of the characteristic functions ji1(y) and ft2(y) to the
subgroup N. In view of Corollary 2.11 and Lemma 7.1 these restrictions are the char-
acteristic functions of some independent random variables ¢; and ¢, taking values in
the factor group X/ F and having the property that {; 4+ ¢, and {; — {; are independent.
Since X/ F is a group with unique division by 2, X/F contains no subgroup topo-
logically isomorphic to the circle group T. Applying Lemma 7.9 to the factor group
X/ F we get that the restrictions of the characteristic functions fi; () to the subgroup
N have the representations

i (y) = (xj,y)expi—p(»)}, y €N, (7.16)

where x; € X, and ¢(y) is a continuous nonnegative function on N satisfying equa-
tion 2.16 (ii). By Lemma 3.18 we can extend the function ¢(y) from the subgroup N
to Y in such a manner that its properties are preserved. Let ¢(y) denote the extended
function.

Let y; be Gaussian distributions on the group X with the characteristic functions

Vi) = (xj.y)exp{—¢ ()}, yeY.j=12 (7.17)
By Theorem 1.9.1, N = A(Y, F). Then it follows from 2.14 (i) that the characteristic
function of the Haar distribution m ¢ of the subgroup F is of the form

1 ifyeN,

0 ifydN. (7.18)

mr(y) =
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We deduce from (7.16)—(7.18) that fi;(y) = p;(y)mr(y). Hence applying 2.7 (b)
and 2.7 (c), we get u; = y; * mp. Since y1 = yp * Ex, we have u1 = ua * Ey.
Statement (I) is proved.

Let us prove (II). Assume that the connected component of zero of the group X
contains elements of order 2. Applying Lemma 7.6 for n = 2 we get that there exists a
compact Corwin subgroup G of the group X such that G* is not a Corwin group. Then
by Lemma 7.7 there exists a compact subgroup K of the group X such that the factor
group X /K contains a subgroup F topologically isomorphic to the circle group T.
For this reason the distributions p; on the circle group T constructed in Lemma 7.8
can be considered as distributions on the factor group X /K. We will retain for them
the notation yt;. Taking into account that by Theorem 1.9.2, (X/K)* = A(Y, K), we
can assume that the characteristic functions /i;(y) are defined on A(Y, K). Consider
on the group Y the functions

) iy € A K),
i) =1, ify ¢ A(Y, K).

Since A(Y, K) is a subgroup and 1, (y) are positive definite functions, by Proposi-
tion 2.12, h;(y) are also positive definite functions. Since K is a compact group, by
Theorem 1.9.4 the annihilator A(Y, K) is an open subgroup. Hence the functions /; (y)
are continuous. By the Bochner theorem there exist distributions A; € M!(X) such
that A i(¥) = hj(y). Let & be independent random variables with values in the group
X and distributions A;.

It is easy to verify that & + &, and &; — &, are independent. Indeed by Lemma 7.1
it suffices to show that the characteristic functions A () satisty equation 7.1 (i). Let
u,v € A(Y, K). Thenitis obvious that7.1 (i) holds, because the functions /i ; () satisfy
equation 7.1 (i). If eitheru € A(Y,K),v ¢ A(Y,K)orv € A(Y,K), u ¢ A(Y, K),
then both sides of equation 7.1 (i) are equal to zero. If u, v ¢ A(Y, K), then the right-
hand side of equation 7.1 (i) is equal to zero. If the left-hand side of equation 7.1 (i) is
not equal to zero, then u + v € A(Y, K). This implies that 2u € A(Y, K). Since K
is a compact Corwin group, applying Lemma 7.2 for n = 2 we get that u € A(Y, K).
This contradicts the assumption. Thus the left-hand side of 7.1 (i) is also equal to zero.
We have proved that the characteristic functions A () satisfy equation 7.1 (i). Since
nj ¢ D'(X)*I(X),itis obviousthat A; ¢ I'(X) * I(X). Statement (II) is also proved.

O

Remark 7.11. We note that in the proof of statement (I) in Theorem 7.10 we did not use
the Kac—Bernstein theorem. Hence this theorem follows from Theorem 7.10, because
the only compact Corwin subgroup K of the group R is K = {0}.

Remark 7.12. The proof of statement (I) in Theorem 7.10 is based on Lemma 7.9. To
prove Lemma 7.9 we used Theorem 4.6 (the group analogue of the Cramér theorem).
In turn the proof of Theorem 4.6 is based on the Cramér theorem for the group R™
(see Theorem 2.18). All known proofs of Theorem 2.18 use functions of a complex
variable, in particular the theory of entire functions.
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It is easy to see that to prove statement (I) in Theorem 7.10 it suffices to prove the
following statement which is weaker than Lemma 7.9.

Let X be a group with unique division by 2. Let &1 and &, be independent random
variables with values in X and distributions |11 and |1 with non-vanishing charac-
teristic functions. If &1 + & and & — &, are independent, then ; € I'(X) and
M1 Zﬂz*Ex,XEX.

Below we give two proofs of this statement without using Theorem 4.6, and hence
without using the theory of entire functions. We need the following lemma.

Lemma 7.13. Let £ and & be independent random variables with values in a group X
and distributions (1 and [, with non-vanishing characteristic functions. Let p: X +—
X/ X2 be the natural homomorphism. If §, + & and &, — &, are independent, then

p(n;) € T(X/X(2)) and p(ju1) = p(u2) * Efx), [x] € X/ X(2).

Proof. By Lemma 7.1 the characteristic functions i ; () satisfy equation 7.1 (i). Hence
they satisfy equation (7.6). In view of 2.7 (d) we have

|fl2(=v)| = |A2(v)|, vEeY. (7.19)
It follows from equation 7.1 (i) and (7.19) that the functions | 1; ()| satisfy the equation
[t (u + V)| 2w — V)| = [A1 |2 )] 2| f2(V)], w, v €Y. (7.20)
Using (7.6) and (7.20) we obtain
2+ )| @ =) = |41 wveY®, j=1.2.

This implies that ¢(y) = —In|{;(y)| is a continuous nonnegative function on the

group Y® satisfying equation 2.16 (ii).
Let us check that the functions

() = iy ()/ i )

are characters of the group ¥ ). Note that

nl=1. Li(=y)=1L). Li0=1 j=12 yeY. (7.21)
It is obvious that the functions /; () satisfy equation 7.1 (i) which takes the form
Lu+v)hu—v)=1Lw)Whul(-v), uveY. (7.22)

Putting ¥ = v = y and then ¥ = —v = y into equation (7.22) we get

L2y) =1§(y). bLQy)=13(y), yeY. (7.23)

Changing places of u and v in (7.22) we infer that

L+ v)b(=u—v) =L ©h(wh), wvel.
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Multiplying this equation and equation (7.22) and taking into account (7.21), we obtain
IFu+v)=1wllw), uvel. (7.24)
In view of (7.23) equality (7.24) implies that
L +v) = L), uvey?,

A similar argument proves that the function /5 (y) is also a character of the group Y_(z)
By Theorem 1.9.2 the characters /; (y) can be represented in the form /; (y) = (x;, y),

x;i€X,y€ Y@ Thus we have proved that the characteristic functions /; () on the
subgroup Y @ can be represented in the form

@i (y) = (xj,y)expi—o(y)}, y € Y@, (7.25)

We note that by Theorem 1.9.5, Yo = A(Y, X@)). Let p: X — X/X(2 be the
natural homomorphism. Since by Corollary 2.11 the restriction of the characteristic
function fi;(y) to the subgroup Y@ is the characteristic function of the distribution
p(ij) € X/X(2), the lemma is proved. O

Corollary 7.14. Let a group X satisfy the condition Xy = {0}. Let & and &, be
independent random variables with values in X and distributions |11 and [y with
non-vanishing characteristic functions. If &, + & and & — &, are independent, then
niel(X)and py = pa * Ex, x € X.

Obviously, Corollary 7.14 yields the statement presented in Remark 7.12.

Remark 7.15. It is easy to see that we can conclude from the proof of Lemma 7.13
the following statement. Let Y be an arbitrary Abelian group. Let the functions f; ()
on the group Y satisfy the equation

Sl +v) fo(u—v) = fi(w) ) /1) f2(=v), u,v e, (7.26)

and the conditions fj(—y) = f;(y).y € Y, fj(0) = 1, j = 1,2. Then on the
subgroup Y@ the representation

i) =L exple), yer®, (7.27)
holds. Here /; (y) are functions on the subgroup Y @ satisfying the equation
Liu+v) =L@, uveyY?, (7.28)

and ¢(y) is a function on the subgroup Y ) satisfying the equation 2.14 (ii).
If we assume additionally that Y is a locally compact group and the functions f; ()

are continuous, we can assert that on the subgroup Y@ the representation

fi() = (), y)explo(y)}, yeY®, (7.29)

holds. Here x; € X = Y*, and the function ¢(y) is continuous and satisfies equa-
tion 2.14 (i1).
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Below we give another proof of the statement presented in Remark 7.12. It is of
independent interest. For groups with unique division by 2, denote by x¢ /2 the solution
of the equation 2x = Xxy.

7.16. If X is a group with unique division by 2, then Y = Y@ . Hence as has been
noted in the proof of Lemma 7.13,

| (V)| = exp{—@(y)}, y €Y,

where ¢(y) is a continuous nonnegative function on Y satisfying equation 2.16 (ii).
We will prove that the functions /; (y) = [t;(y)/|/i;(y)| are characters of the group Y .
In view of (7.6) it follows from (7.4) that

A 0) = (R 0/2) 1 (/2" yey. j=1.2. (7.30)
Note that the equality ¢(y/2") = (1/22")¢(y) implies that
Tim [ (0/2) 7 =1yl veY j =12 (7.31)
Rewrite (7.30) in the form
i (y)

= (/2. yev, j=12.

i (v/2m) P2
Passing here to the limit as n» — oo and taking into account (7.31), we get

1 (y) o n .
li(y) = =~ = lim (4;(y/2")*. yeY, j=12

i (Y| oo
Obviously, the functions /;(y) are continuous. Since the functions /; () are limits of
a sequence of positive definite functions, the functions /; () are also positive definite.
By the Bochner theorem /; () are characteristic functions. It follows from |/; (y)| = 1,
y € Y,and 2.7 (e) that [;(y) = (x;,y), x; € X. Thus 1;(y) = (x;, y) exp{—e(»)},
y € Y. This implies that u; € I'(X), j = 1,2, and u; = p2 * Ex, x € X. The
assertion is proved.

Remark 7.17. Let & and &, be independent random variables with values in a group X
and infinitely divisible distributions 11 and w,. If &1 + &, and §; — &, are independent,
thenp; € I'(X)*Ip(X)and u; = po* Ex, x € X. Indeed, in view of Lemma 7.1 the
characteristic functions /1 () satisfy equation 7.1 (i). Hence they also satisfy equation
(7.4). We conclude from 2.15 (b) that the sets N; = {y € Y : i;(y) # 0}, j = 1,2,
are subgroups of Y, and (7.4) implies that Ny = N>.

The further reasoning is the same as in the proof of Theorem 7.10, but instead of
Lemma 7.9 we use the following statement.

Let & and & be independent random variables with values in a group X and
infinitely divisible distributions |11 and | with non-vanishing characteristic functions.
If¢&1 + & and & — &, are independent, then u; € I'(X) and 11 = o % Ex, x € X.

The proof of this assertion is similar to the proof of Lemma 7.9, but instead of
Theorem 4.6 one should use Remark 4.8.



8 Random variables with values in the group R x T and in the a-adic solenoid X, 69

8 Random variables with values in the group R x T and in the
a-adic solenoid X,

Let X be a second countable locally compact Abelian group, Y be its character group.
According to Theorem 7.10, if the connected component of zero of the group X contains
no elements of order 2 and &; and &, are independent random variables with values
in X and distributions @ and w5 such that their sum and difference are independent,
then p; are invariant with respect to some compact subgroup K of X and under the
natural homomorphism X — X /K induce Gaussian distributions on the factor group
X /K. Assume that the connected component of zero of a group X contains elements of
order 2. The following natural problem arises: to describe distributions of independent
random variables §; taking values in X and having independent sum and difference.
In this section we solve this problem for the group R x T and for a-adic solenoids X,.

8.1. Consider the group X = R x T. Itis convenient to assume that the real line R, the
circle group T and the multiplicative group of mth roots of unity Z (m) are embedded in
the natural way into X. The character group of the group X is topologically isomorphic
to the group R xZ. To avoid introducing new notation we will suppose that Y = Rx Z.
We will also assume that the real line R and the group of integers Z are also embedded
in the natural way into Y. We denote by x = (¢,z),¢ € R, z € T, elements of the
group X,and by y = (s,n),s € R, n € Z, elements of the group Y.
To prove the main theorems of this section we need the following lemmas.

Lemma 8.2. Assume that complex-valued functions hj(n) on the group Z satisfy the
equation

(1) hi(m +n)ha(m —n) = hy(m)hy(m)ha(m)ha(—n), m,n € Z,
and the conditions
(i) hi(n)ha(n) #0, h;(—n) = h]_(n) hij(0)=1, j=12neZ.
Then the functions hj(n) can be represented in the form

hi(n) = exp{—An? +inb; + k(1 — (=)™}, neZ,
ha(n) = exp{—An? +inf, —k(1 — (=)™}, neZ,

where A, k € R,0<6; <2m, j=1,2

Proof. 1t follows from equation (i) and condition (ii) that the functions |4, (n)| satisfy
the equation

|h1(m + m)||h2(m —n)| = |hy(m)||h1 () ||h2(m)[|h2 ()], m.n e Z.  (8.1)
Put f(n) = —In|hy(n)|, g(n) = —1In |ha(n)|. From (8.1) we find

fm+n)+gm—n)y=Pm)+ P(n), m,neZ, (8.2)
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where P(m) = f(m) 4+ g(m).

We employ the finite-difference method for solving equation (8.2). Let k be an
arbitrary element of Z. Substitute m + k for m and n + k for n in equation (8.2).
Subtracting (8.2) from the resulting equation we obtain

Aop f(m +n) = A P(m) + Ay P(n), k,m,neZ. (8.3)
Putting m = 0in (8.3) and subtracting the resulting equation from (8.3) we obtain that
Ak Ay f(n) = A P(m) — A P(0), k.m,neZ. (8.4)

Let/ be an arbitrary element of Z. Substitute n + / for n in equation (8.4) and subtract
(8.4) from the resulting equation. We have

Ao A A1 f(n) =0, k,m,l,neZ.
Putting here m = [ we get
A A7 f(n) =0, k,lneZ. (8.5)
Put [ = k in (8.5) and rewrite the obtained equation in the form
fn+4k)—=2f(n+3k)+2f(n+k)— f(n) =0, k,neZ.
Putting here k = 1 we have
fmn+4)-2fn+3)+2f(n+1)— f(n)=0, neZZ. (8.6)

We have arrived at a finite difference equation on Z. The corresponding character-
istic equation is of the form

qn+4 _ 2qn+3 + zqn+l _qn =0.
This implies that the general solution of equation (8.6) can be written as follows
fn)=ai +bin+cin? +di(=1)", neZ,

where a1, by, c1, d; are arbitrary real constants (see, e.g., [53], Chapter V, § 4). Since
f(0) =0and f(n) = f(—n) forall n € Z, we obtain that by = 0 and dy = —a;.
Thus f(n) = c1n? + a; (1 — (=1)").

Arguing as above we find that g(n) = cn? + a>(1 — (—=1)"). Substituting the
obtained expressions for functions f(n) and g(n) into (8.2) we find that ¢c; = c»,
ay = —ay. Pute; = A, a; = —«. Thus f(n) = An? — k(1 — (=), g(n) =
An? 4+ k(1 —(=1)"),ie.,

|h1 ()] = exp{—An® + k(1= (=1)")},

, 8.7)
|ha(n)| = exp{—An® — k(1 — (=1D)")}, neZ.
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Consider the functions
lj(n) =h;(n)/|hj(n)|, neZ. (8.8)

Then |/;(n)| = 1, [j(—n) = [;(n), [;(0) =1, j = 1,2,n € Z. We deduce from (i)
that the functions /; (n) satisfy the equation

Liim + n)la(m —n) = l1(m)ly(n)l,(m)l2(—n), m,ne€”Z. (8.9)

Since |/;(1)| = 1, we have /; (1) = ¢'% for some 0 < 0; <2m, j =1,2. In view of
equation (8.9) it is easy to prove by induction that

Lin)y=e"%, j=12neZ. (8.10)
The assertion of the lemma follows from (8.7), (8.8) and (8.10). O

Lemma 8.3. For a given k € R the functions

ai(s,n) = exp{c(1 = (=1)")}, az(s,n) = exp{—«(l = (=1)")}

on the group R X Z are the characteristic functions of the signed measures

. 1 1
(i) m = 5(1 + e*)Eo,1) + 5(1 —e*™)E(,—1)
and

.. 1 _ 1 _
(i) m = 5(1 + e *)E@1) + 5(1 — e *)Eo,1),

concentrated on the subgroup Z(2) C R x T. Moreover my * ma = E(q,1).

Proof. Direct verification. O

8.4. Consider the group X = R x T. Let 7: X + X be the homomorphism defined
by

t(t,z) = (t,z%), (t,z) e RxT. (8.11)
Then the adjoint homomorphism 7: Y + Y is of the form 7(s,n) = (s,2n), (s,n) €
R x Z. Let u € M'(X). We conclude from Proposition 2.10 that the characteristic

function of the distribution 7(u) is of the form r/(ﬁ) (s,n) = ji(s,2n). Now we can
prove the main theorem of this section.

Theorem 8.5. Let &1 and &, be independent random variables with values in the group
X = R x T and distributions |1 and . If &1 + & and &1 — &, are independent, then
one of the following statements is true:

() pj =y *xm * Ex,, wherey € I'(X), x; € X, and 7tj are signed measures
concentrated on the subgroup Z(2) such that wy * w5 = E(g,1);

(i) uj =y*xmgp) x7; * Ex,;, wherey € I'(X), x; € X, p is an odd number, and
7; are signed measures concentrated on the subgroup Z(2) such that 7wy * 7w =
Ew,1)
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(iii) either t(p1) =y *mt * Ex, and o =y *mT * Ex, or 1 =y *m * Ex,
and t((2) = y * mT * Ex,, where the homomorphism v: X — X is defined by
8.11), y e I'(R), x; € R

Proof. By Lemma 7.1 the characteristic functions /1, () satisfy equation 7.1 (i). Hence
they also satisfy equations (7.4), (7.6) and (7.20). Put

Ni={yeY () #0}, No={yeY:fa(y)#0}, N=NNN.

It follows from equation 7.1 (i) that N is an open subgroup of Y. It is easy to see that
there are three possibilities for N: N = Rx Z, N = R x Z®), where p # 1, and
N =R

1. N = R x Z. First we will find representations for the functions |fi;(y)|,
Jj =1,2. Put f(y) =—In|i1(y)|, g(y) = —In|i2(y)|. We deduce from equation
(7.20) that the functions f(y) and g(y) satisfy the equation

fu+v)y+gu—v)y=Pu)+ Pw), u,vey, (8.12)

where P(y) = f(y) + g(y). Apply the finite-difference method for solving equa-
tion (8.12). Arguing as in the proof of Lemma 8.2 we get that the function f(y) satisfies
the equation

AgyAZ f(u) =0, v,w,ucy. (8.13)

We note that by Theorem 1.9.5, Y® = A(Y, X(2)). Then by Lemma 7.13 the

restrictions of the characteristic functions ft;(y) to the subgroup Y® =RxZ® are
of the form

() = (x1,0) expl—9(1)},  p2(y) = (x2, y) expi—p(y)}, y €Y,

where x; € X, and ¢(y) is a continuous nonnegative function on the subgroup Y®
satisfying equation 2.16 (ii). Taking into account Remark 5.12 we find

F(s,n) = g(s,n) = 05> +2Bsn + An>, (s.n) e Rx ZP. (8.14)
Setting in equation (8.13) w = v, rewrite the obtained equation in the form
fu+4v)—2f(u+3v)+2f(u+v)— f(u)=0, uvey.
Setting here u = (s,n), v = (0, 1) we find
fls,n+4)=2f(s,n+3)+2f(s,n+1)— f(s,n) =0, (s,n) e RxZ. (8.15)
Put fs(n) = f(s,n), s € R, and rewrite equation (8.15) in the form
fsm+4)=2f(n+3)+2fs(n+1)— fs(n) =0, neZ.
Solving this equation in the same way as equation (8.6) we obtain

fs(n) = ai(s) + bi(s)n + c1()n* + di(s)(-1)", neZ,
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where a1 (s), b1(s), c1(s), d1(s) are some functions in s. Representation (8.3) for the
function f;(n) = f(s,n) on the subgroup R x Z® implies that a; (s) + d; (s) = 052,
b1(s) = 2Bs, c1(s) = A. Hence

f(s,n) = 08> +2Bsn + An? —di(s)(1 — (=1)"), (s,n) e RxZ. (8.16)
We find similarly
g(s.n) = os% +2Bsn + An? —do(s)(1 — (=1)"), (s,n) e RxZ. (8.17)

Let us prove now that d; (s) = —d,(s) = const.
Substituting u = (s,0), v = (s/,0) in equation 7.1 (i) we get
fi(s +5,0) (s —5'.0) = @1 (5. 0) 21 (5", 0) L2 (s, 0) 12 (=5, 0), s € R.
Taking into account (8.16) and (8.17) it follows from the Kac—Bernstein theorem that
the solutions of this equation are of the form
fi;(s,0) = exp{—os® +it;s}, se€R, o0>0,t R (8.18)
Putting u = (0,n), v = (0,n’) in equation 7.1 (i) we find that
f1(0,n+n")2(0,n—n") = [11(0,n)11(0,n") 12(0,n) 12(0, —n"), n € Z. (8.19)
In view of (8.16) and (8.17) it follows from Lemma 8.2 that all solutions of equation
(8.19) are of the form
1(0,n) = exp{—An? +inb + k(1 — (="}, neZ, (8.20)
2(0,n) = exp{—An® +inb —k(1 — (="}, neZ, (8.21)
where A > 0,0 < 60; <27,k = d(0) = —d>(0).

Substitute v = (s5,0), v = (0, —n) in equation (7.20). Taking into account (8.18),
(8.20), and (8.21) we obtain from the resulting equation

|1 (s, —n)|| iz (s, n)| = exp{—20s% —2An?}, (s,n) € R x Z.
Thus
f(s,—n) + g(s.n) = 2052 +2An>, (s,n) e Rx Z.

Substituting here expressions (8.16) and (8.17) we find (d; (s) +d2(s))(1—(—=1)") = 0.
Thus
di(s) = —dy(s), seR. (8.22)

Putu = (s1,n1), v = (s2,7n2) in (8.12) and substitute expressions (8.16) and (8.17)
for the functions f(s,n) and g(s, n) into (8.12). Rearranging the obtained equality we
get

(di(s1 + 52) + da(s1 — 52))(1 — (=1)"1772)
= (d1(s1) + da(s1))(1 = (=1)"") + (d1(52) + d2(—=52))(1 — (=1)"2).
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Setting here n; = 1, n, = 0 and taking into account (8.22) we obtain dy(s; + s2) =
dy(s1 — s2). Substituting here s; = s, = 5/2 we find
di(s) = d1(0) = «. (8.23)
Finally from (8.16), (8.17), (8.22), and (8.23) we obtain
f(s,n) =os®+2Bsn + An? —k(1—(=1)"), (s,n) e RxZ,
g(s.n) =os® +2Bsn + An? + k(1 — (=", (s.n) e RxZ.
Hence
|f1(s,n)| = exp{—0s? —2Bsn — An* + k(1 — (=)™}, (s,n) e Rx Z,
|fa(s, n)| = exp{—os? —2Bbsn — An? — k(1 — (=1)")}, (s,n) e Rx Z.

Put
L) =W/l L) = p00)/1a2(0)], yeYy,

and prove that the functions /;(y), j = 1,2, are characters of the group Y. We note
that

inl=1, Li(=y)=1Ly), LO=1 yeY, j=12

Since the characteristic functions fi;(y) satisfy equation 7.1 (i), the functions /;(y)
also satisfy equation 7.1 (i), i.e.,

Lu+v)hu—v)=Lw)iWhLw(=v), u,vey. (8.24)
Puta;(y) = a;(s,n) = explitjs +i0;n} andl?(y) =1j(y)/a;(y), j = 1,2. Taking
into account that the functions a; () satisfy equation (8.24), the functions /;(y) also
satisfy equation (8.24), i.e.,
L+ )b —v) = H@h)Bwh(-v), wveY. (8.25)
It follows from (8.18), (8.20), and (8.21) that
[(s,0)=1;(0.n) =1, j=12, (s.n)€RXZ, (8.26)

Putting u = (0,n), v = (s,0) and then u = (s,0), v = (0, n) into equation (8.25) and
taking into account (8.26) we find

E(s,n)l;(—s,n) =1, (s,n)eRxZ, (8.27)
l:(s,n)l;(s, —n)=1, (s,n)eRxZ. (8.28)

Multiplying (8.27) and (8.28) and using the equality />(y)/>(—y) = 1 we arrive at

e =1, (s,n)eRxZ. (8.29)
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Putting u = v = (s/2, n) into equation (8.25) and considering (8.29) we get
I(s,2n) =1, (s,n) e RxZ. (8.30)

Put u = (s,n), v = (0,n) in equation (8.25) and make use of (8.26) and (8.30). We
find 5 5
li(s,m)lz(s,n) =1, (s,n)eRxZ. (8.31)

Substituting u = (s/2,n), v = (s/2,0) into equation (8.25) and taking into account
(8.26) and (8.31) we arrive at

l~1(s,n) =1, (s,n)eRxZ. (8.32)
We conclude from (8.31) and (8.32) that
l;(s,n) =1, (s,n)eRxZ.
Returning to the original characteristic functions /i (s, ), we obtain the representations
f1(s.n) = exp{—os® —2Bsn —An? + k(1 — (=1)")} +itys +inb}, (8.33)
fa(s,n) = exp{—os® —2Bbsn —An? — k(1 — (=1)") + itas +inb}, (8.34)

(s,n) e Rx Z. By Lemma 8.3, a;(s,n) = exp{«(1 — (—=1)")}, (s,n) € R x Z, is the
characteristic function of the signed measure m; which is defined by 8.3 (i). Obviously,
the function b(s,n) = exp{—os? —2Bsn — An?}, (s,n) € R x Z, is the characteristic
function of a Gaussian distribution y € I'(X). It follows from (8.33) that

f1(s,n) = p(s,n)my(s,n)explitys +inby}, (s,n) € RxZ. (8.35)

Taking into account 2.7 (b) and (c) we find from (8.35) i1 = y * m * Ex,, where
x1 = (t1,¢'%) € X. Arguing as above we obtain the representation for the distribution
2. So, we have proved that in the case when N = R x Z, assertion (i) of the theorem
holds.

2. N = Rx Z®, where p # 1. We deduce from (7.4) that the subgroup N has
the property: if 2y € N, then y € N. This implies that p is an odd number.

Let us verify that Ny = N, = N. Note that in view of 2.7 (d) we have |1, (—v)| =
|11 (v)]. Replacing v by —v in (7.20) we find

I — )|[2(u + )| = [a1 @[ 21 (W) 22| f2(V)],  w,veY.  (8.36)
Observe that the equality

[+t m+m)|f(t =t/ m—m)]
=@ —t',m—m)||pt +t' ., m+m)|, (@, m),(t ,m)eRx2Z,

follows from (7.20) and (8.36). This implies

|1 (s.m|2(s",n")| = |1 (5", n) ]| A2 (s. )] (8.37)
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where s, s' are arbitrary real numbers, and n, n’ are integers with the same parity.
Assume that there is an element (s, 7o) € Ny suchthat (sg,n0) ¢ N». Let(s’,n’) € N,
where n’ and n¢ have the same parity. Then (8.37) implies that fi» (s, n") = 0, contrary
to the assumption. Hence N; C N,. The same reasoning shows that N, C Nj. So,
Ny =N, =N.

Consider the restriction of equation 7.1 (i) to the subgroup N. In view of N =
R x ZP) ~ R x Z we obtain from (8.33) and (8.34) the following representation of
solutions of equation 7.1 (i):

iy (s.m) exp{—0s2 —2Bsn —An® + k(1 — (=1)*) + itys +in6;} ifnezZ®,

s,n)=
g 0 iftngz®,
. exp{—0s2 —2Bsn —An% — k(1 — (=1)*) + itys +in6;} ifneZ®,
:uQ(S, I’l): . (p)
0 ifn g z2'P),

Note that A(R x Z,Z(p)) = R x Z(P). Then by 2.14 (i) the characteristic function of
the Haar distribution mz ) is of the form

1 ifnez®,

n/:lz(li)(s’n) = 0 ifn ¢Z(17)

Reasoning as in the final part of the proof of the theorem in case 1, we get that in the
casewhen N =R x Z (1’), where p # 1, assertion (ii) of the theorem holds.

3. N = R. It follows from equation (7.6) that |11 (s,2n)| = |@2(s,2n)| for all
s € R,n € Z. Since N = R, we have |f11(s,2n)| = |ft2(s,2n)| = 0 for all s € R,
n € Z,n # 0. Assume that there exist so € R and an odd integer ny € Z such that
f11(s0,n9) # 0. Then fi2(s9,n0) = 0 and (8.37) implies that fi,(s’,n’) = 0 for all
s’ € R and any odd integer n’. In view of (8.18) it follows from this that

. exp{—os? +itys} ifn =0,
fi(s,2n) = .

0 ifn #£ 0,

. expi{—os? +itys} ifn =0,
,LLQ(S, I’l) = .

0 ifn #0.

Observe that A(R x Z, T) = R. Then by 2.14 (i) the characteristic function of the
Haar distribution m1 € M!(X) is of the form

1 ifn=0,

MTEM =90 e 20

The function A(s,n) = exp{—os?}, (s,n) € R x Z, is the characteristic function of a
Gaussian distribution y supported on R. Hence

fi1(s.2n) = p(s.n)m(s.n) exp{itys},

8.38
fa(5. ) = (s nyT (5. n) explitas). (8:38)
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Taking into account 2.7 (b), 2.7 (c), and 8.4 we find from (8.38) that t (1) = y xmT *
E¢, 1), and up =y * mt * E,, 1), where 7 is defined by (8.11).

Reasoning similarly in the case when there exists an odd integer ny € Z such that
f2(s,no) # 0 we find that £y = y * mT * Eq, 1) and t(i2) = y * mt * E, 1).
Thus we have proved that in the case when N = R, assertion (iii) of the theorem holds.

O

Corollary 8.6. Let &1 and & be independent random variables with values in the circle
group T and distributions |11 and (L. If &1 + & and & — &, are independent, then
one of the following statements is true:

() uj =y *m x Ex;, wherey € I'(T), x; € T, and 7 are signed measures
concentrated on the subgroup Z(2) such that 7wy * n, = Eq;
(i) uj = yxmzmy*m;xEyx;, wherey € I'(T), nisanoddnumber, x; € T, and r;
are signed measures concentrated on the subgroup Z (2) such that wy *w, = Ej;
(iii) either the random variables 2§, and &, are identically distributed with distri-
bution mT or the random variables &, and 2&, are identically distributed with
distribution mT.

If we assume additionally that the characteristic functions of the distributions [; do
not vanish, then only case (i) is possible.

8.7. Leta = (ag,ai,...,ay,...)beafixedbutarbitrary infinite sequence of integers,
where each of a,, is greater than 1, let 3, be the a-adic solenoid (see 1.2 (g)). Consider
now the case when independent random variables £; and &, take values in the group
X = ¥, and have distributions pt1 and p>. If X5y = {0}, then by Theorem 7.10 the
independence of §1 + &> and §1 — &> implies that u; = y *mg * Ex;, where y € I'(X),
x; € X, and K is a compact Corwin subgroup of the group X. We will study the case
when X () # {0}. The following theorem holds.

Theorem 8.8. Let X = X, be an a-adic solenoid such that X5y # {0}. Let &, and
& be independent random variables with values in X and distributions 1 and py. If
&1 + & and & — &, are independent, then one of the following statements is true:

(i) uj =y *xmg * Exj, where y € I'(X), x; € X, and K is a compact Corwin
subgroup of X;

(i) uj =y *xmg *m; * Ex,, where y € I'(X), x; € X, K is a compact Corwin
subgroup of X, and rt; are signed measures concentrated on the subgroup X )
such that wy * mp = Eo;

(iii) either the random variables 2§, and &, are identically distributed with distri-
bution mx or the random variables & and 2§, are identically distributed with
distribution my.

Proof. We note that the character group ¥ = X is topologically isomorphic to a
subgroup of Q of the form H,, where H, = {-—" :n=0,1,....m € Z}

apai...anp
(see 1.10 (e)). To avoid introducing new notation v(&)/elwill assume that Y = H,. By
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Theorem 1.9.5, X(5) = A(X, Y ®). It follows from this that the condition X5 # {0}
is fulfilled if and only if ¥ # Y®. It is easy to see that in this case the group ¥
contains only elements of the form p/2¥q, where p € Z, ¢ is an odd number, and k
does not exceed a positive integer. Replacing the group Y by its isomorphic group
we can assume without loss of generality that every element of the group Y is of the
form p/q, where p € Z, and ¢ is an odd number. Obviously, we can also assume that
the greatest common factor of all numerators p of the elements p/q of the group Y is
equal to 1. We conclude from this that the group Y has the property: if p/q € Y, then
/g eY.

By Lemma 7.1 the characteristic functions fi;(y) satisfy equation 7.1 (i). Hence
they also satisfy equations (7.4), (7.6), and (7.20). As in the proof of Theorem 8.5,
consider the sets

Ni={yeY: @) #0}, Np={yeY:fay) #0}

and the subgroup N = Nj N N,. There are two possibilities for N: N # {0} and
N = {0}.

1. N # {0}. Note that it follows from (7.4) that the subgroup N has the property:
if 2y € N, then y € N. This implies that the subgroup N contains elements of the
form p/q, where p is an odd integer. Note also that equation (8.36) follows from
equation (7.20). Let us check that Ny = N, = N. For this purpose observe that it
follows from equations (7.20) and (8.36) that

| (u 4+ v)||fta(u —v)| = |t (u = V)|[fl2(u + V)|, u,veY.

Hence for any elements p/q, p’/q’ € Y such that the integers p and p’ have the same
parity the equality

[ (p/DNa2(p"/4)] = 1a1(p" /4 h2(p /)] (8.39)

is true. Assume that there exists an element pg/qo € Ny such that po/go ¢ N». Let
p'/q" € N, where p’ has the same parity as pg. Then it follows from (8.39) that
2(p’'/q") = 0, contrary to the assumption. Hence N; C N,. The same reasoning
shows that Ny C Nj, so Ny = N, = N. Since N is a subgroup of ¥, and Y is
a subgroup of @, N is also a subgroup of Q. Two cases are possible: N % Z and
N=7.

A. N 2 Z. 1t follows from the Pontryagin duality theorem and 1.10 (e) that the
character group N* is topologically isomorphic to a group X3. Denote by g; () the
restriction of the characteristic function /i;(y) to the subgroup N. By the Bochner
theorem, g;(y) are the characteristic functions of some distributions A; € ML(Zp).
The characteristic functions g; () also satisfy equation 7.1 (i) and g;(y) # O for all
y € N. Since the group X3 contains no subgroup topologically isomorphic to the circle
group T, it follows from Lemmas 7.1 and 7.9 that A; € I'(X3), and the characteristic
functions g; (y) are of the form

g1(y) = Lh(y)exp{—o(»)},  g2(y) = L(y)expi—¢(y)}, Yy €N,
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where /;(y) are characters of the group N, and ¢(y) is a nonnegative function on N
satisfying equation 2.16 (ii).

It is easy to see that the function ¢(y) is of the form ¢(y) = oy?, y € N.
By Theorem 1.9.2 the characters /;(y) are represented in the form /;(y) = (x;,y),
Xj € Xgq,y € N. Hence we have

g1(y) = (x1.y)exp{—0y*},  g2(y) = (x2.y) exp{—0y*}, y € N.

We deduce from this that the characteristic functions /i, (y) are represented in the form

N (x1,y)exp{—oy?} ify € N,
pay) = B yIeRp 7 . Y

0 ify g N,
. (8.40)
N (x2,y) exp{—0c ify €N,
fa(y) = 102 pi—oy7} ity

0 if y & N.

Put K = A(X, N) and observe that the subgroup N has the property: if 2y € N, then
y € N. By Proposition 7.4 this yields that K is a Corwin group. By Theorem 1.9.1,
N = A(Y, K) and in view of 2.14 (i) the characteristic function 77ig (y) is of the form

1 if
Agy =)' TyeN (8.41)
0 ifyéd&N.

The function exp{—oy2}, y € Y, is the characteristic function of a Gaussian distribu-
tion y € I'(X). It follows from (8.40) and (8.41) that {i;(y) = p(»)mx(y)(x;,y).
By 2.7(b) and 2.7 (¢) this yields that u; =y xmg * Ex,, j = 1,2.

So, we have proved statement (i) of the theorem in the case when N is not topo-
logically isomorphic to the group Z.

B.Let N =~ Z and let ro be a generator of the group N,i.e., N = {nry : n € Z},
where rg = po/qo € Y. The subgroup N has the property: if 2y € N, theny € N.
Hence py is an odd integer. Moreover, ¢ is also an odd integer. We conclude from
Lemma 8.2 that the restrictions of the characteristic functions (i, (y) to the subgroup
N are of the form

fi1(y) = exp{=An® +infy + k(1 = (=1)")},

8.42
fi2(y) = exp{=An® +iny — k(1 — (=1)")}, (842

where y =nro,n € Z,A > 0,0 < 0; <2m,k € R. Since ro = po/qo, Where po, qo
are odd integers, we have (—1)" = (—1)""0 = (—1)” and we can rewrite (8.42) in the
form

fi1(y) = exp{=A"y* +iyb] + «(1 — (=1)*)},
fa(y) = exp{—A'y? +iy05 — k(1 — (—1)”)},
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where M = A/r2, 01’- = 0;/ro. It follows from this the representations

. exp{—A'y2 + iyl + k(1 — (1))} ify e N,
0 ify €N,

. exp{—A'y2 +iy0, — k(1 —(—=1)?)} ify e N,

fa(y) = PI=AY T+ iyl —k(1= (=D} ify (8.44)
0 ify &N,

where ' > 0,k € R, 0 < 0]( < 2m/ro. By Theorem 1.9.5, A(Y, X(2)) = Y®,
Then by Theorem 1.9.2, (X(2))* = Y/A(Y, X)) = Y/Y® = Z(2). Hence X3 =
{0, xo}, where xg is an element of order 2 in the group X. We recall that any element of
the group Y is of the form y = p/q, where p € Z and ¢ is an odd integer. Therefore
ai(y) = exp{k(1—(=1)?}, y € Y, is the characteristic function of the signed measure

1 1
T = 5(1 + eZ)Eo + 5(1 —e*)Ey,;

moreover h(y) = exp{—Ay2}, y € Y, is the characteristic function of a Gaussian
distribution y € I'(X). The function /; (y) = exp{iy0;} is a character of the subgroup
N. By Theorem 1.9.2 the function /; (y) is represented in the form /; (y) = (x1,y),
x1 € X. We deduce from (8.43) that {i1(y) = 7(»)inig(y)71(y)(x1,y). By 2.7 (b)
and 2.7 (c) this yields that ;t; = y * mg * my * Ex,. Arguing as above we obtain from
(8.44) the representation for the distribution p». In this case

1 1
Ty = 5(1 + e )VEg + 5(1 — e ) Ey,.

It is easily seen that w; * m, = Ey. So, we have proved statement (ii) of the theorem
in the case when N is a subgroup of Q topologically isomorphic to the group Z.

2. N = {0}. Since N = {0}, itfollows from (7.6) that i, 2p/q) = 1.(2p/q) =0
forall p/q € Y, p # 0. Assume that there is an element pg/qo, where py is an odd
integer such that i1 (po/qe) # 0. Then fi2(po/qo) = 0 and it follows from (8.39)
that 1o (p’/q’) = O forall p’/q’ € Y, where p’ is an odd integer. Thus we get that

1 ifp=0, . (p/q) = 1 ifp=0,

0 ifp£o, MV T N itp£0

for all p/q € Y. In view of (2.2) and 2.7 (b) the obtained representations of the
characteristic functions [, (y) show that the random variables 2&; and &, are identically
distributed with distribution my. In the case when there is an element pg/qg, where
Do is an odd integer such that j12(po/qo) 7 0, we reason similarly. Then we conclude
that the random variables &; and 2§, are identically distributed with distribution my.
So, we have proved statement (iii) of the theorem in the case when N = {0}. The
theorem is completely proved. O

@2p/q) =

Remark 8.9. We note that if ¥ # 0, then one of the signed measures ; appearing in
Theorems 8.5 and 8.8 in fact is a distribution.
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Remark 8.10. It should be noted that if £&; and &, are independent random variables
with values in the group X = R x T and distributions 1t; such as in statements (i)—(iii)
of Theorem 8.5, then the characteristic functions /i;(y) satisfy equation 7.1 (i), and
hence by Lemma 7.1, £ + &, and &; — &; are independent.

The analogous assertion is also true for the random variables £; and &, with values in
the group X = X, and distributions 1; such as in statements (i)—(iii) of Theorem 8.8.

9 Gaussian distributions in the sense of Bernstein

Let X be a second countable locally compact Abelian group, Y be its character group.
In this section we study distributions of independent identically distributed random
variables taking values in X and having independent the sum and the difference. Such
distributions are called Gaussian distributions in the sense of Bernstein. We describe
groups X with the property: any Gaussian distribution in the sense of Bernstein on
a group X is invariant with respect to some compact subgroup K of X and under
the natural homomorphism X + X /K induces on the factor group X /K a Gaussian
distribution.

Definition 9.1. A distribution p on a group X is called a Gaussian distribution in
the sense of Bernstein if | has the following property: if &; and &, are independent
identically distributed random variables with values in X and distribution pu, then their
sum and difference are independent.

We denote by I'p (X) the set of Gaussian distributions in the sense of Bernstein on
the group X.

Lemma 9.2. A distribution 1 € M (X) belongs to the class T'g(X) if and only if the
characteristic function i1(y) satisfies the equation

D AW+ v)aw—v) = 22wl wvel.

Proof. The assertion of the lemma follows from 2.7 (d) and Lemma 7.1, if we suppose
in Lemma 7.1 that u; = up = . O

9.3. Equation 9.2 (i) yields the inclusion I'(X) C I'g(X). Obviously, the class /g (X)
defined in 7.1 consists of idempotent distributions which belong to the class I'g (X),
i.e., Ip(X) = I'p(X) N I(X). As has been proved in Proposition 7.4, mg € Ip(X) if
and only if K is a compact Corwin group. It follows from 2.7 (c) and equation 9.2 (i)
that the set I'g(X) is a subsemigroup of M!(X). This implies the inclusion

I'(X) * Ig(X) C Tg(X). ©.1)

The main problem solved in this section is the following: to describe all groups X for
which
I'X)* Ip(X) = I'p(X). 9.2)
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Itis obvious thatif u € I'(X)* Ip(X), then u is invariant with respect to some compact
Corwin subgroup K of X and under the natural homomorphism X + X /K induces
on the factor group X /K a Gaussian distribution.

To solve this problem we will need some lemmas.

Lemma 9.4. Ler u € T'p(X) and assume that the characteristic function i(y) does
not vanish. Then [1(y) can be represented in the form

(i) ) =1y)expi—e(y)}. yeY,
where [(y) is a continuous function satisfying the equation

(i) [(u+v)u—v)=1%u), uvey,
and the conditions

(i) 1(=y) =10, =1, W) =1 yeY,
and ¢(y) is a continuous nonnegative function satisfying equation 2.16 (ii).

Proof. By Lemma 9.2 the characteristic function [i(y) satisfies equation 9.2 (i). We
conclude from equation 9.2 (i) that

|G+ )l —v)| = [R@)PA@)P wveY.

Take the logarithm of both sides of this equality and put ¢(y) = —In|a(y)|. We
get that ¢(y) is a continuous nonnegative function satisfying equation 2.16 (ii), and

l(y)| = exp{—@(¥)}. Setl(y) = fi(y)/|a(y)|. Itis obvious that the function /(y) is
continuous and satisfies conditions (iii). The function /(y) also satisfies equation 9.2 (i).

In view of (iii) this equation is transformed into equation (ii). O

Lemma 9.5. The following conditions are equivalent for a group X :
(1) forany compact Corwin subgroup K of a group X the factor group X / K contains
no subgroup topologically isomorphic to the two-dimensional torus T?2;

(ii) the connected component of zero cx of a group X contains no more than one
element of ordertwo, i.e., |(cx)2)| < 2. To putitin another way, either (cx) ) =
{0} or (cx)(2) = Z(2).

Proof. (i) = (ii). We will verify that if K is a compact Corwin subgroup of X, then
K@)l < 2. 9.3)

Assertion (ii) follows directly from (9.3). Indeed, by Theorem 1.11.2, cx =~ R™ x B,
where B is a compact connected group. By Theorem 1.9.6, B is a Corwin group. We
deduce from (9.3) that | B(;)| < 2. Hence |(cx)(2)| < 2, i.e., assertion (ii) is true.

Put L = K*. By Theorem 1.6.1, L is a discrete group. It follows from Theo-
rem 1.9.5 that A(L, K(2)) = L@ hence Theorem 1.9.5 yields that

(K@)* = L/A(L, K@) = L/LP. (9.4)
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If we prove that
IL/LP| <2, 9.5)

then it will follow from this that (K(2))* is a finite group. Hence the group Ky is
also finite and the equality |K ;)| = [(K(2))*| holds. Thus the desired assertion will
be proved.

Inequality (9.5) will be proved if we check that for any y;, y» € L such that yq,
v, ¢ L@ the inclusion y; — y, € L® is fulfilled. Assume the contrary. Then there
existelements y;, y» € L suchthat y;, y2, y1 —y2 ¢ L®. Denote by M the subgroup
of L generated by the elements y; and y,. Since K® = K, by Theorem 1.9.5,
L) = 0. Hence all nonzero elements of finite order in the group L have odd order.
This implies thatif y € L,y ¢ L® then y is an element of infinite order. Since M is a
finite generated group, by Theorem 1.19.4, M = M, x M;, where M; is isomorphic to
either Z or Z(n;). Therefore “a priori” there are the following possibilities: M = Z,
M =7 x Z(n), M == Z*. Consider each of these cases.

1. M = Z. Wehave y; = nje, y» = npe, wheree € L, e is an element of infinite
order, and ny, n, are integers. Since y1, y2 ¢ L@ the integers n; and n, are odd.
Therefore y; — y, = (n] —nz)e € L@, contrary to the assumption. Thus case 1 is
impossible.

2. M =~ 7Z x Z(n). We have y; = n1e + l1a, y» = nze + l,a, wheree,a € L, e
is an element of infinite order, a is an element of finite order n, and n;, /; are integers.
As has been noted above, all nonzero elements of finite order in the group L have odd
order. Hence a = 2b, b € L. In view of y;, y, ¢ L® this implies that the integers
ny and ny are odd. Hence y; — y, = (n; —nz)e +2(l —1L)b € L@, contrary to the
assumption. Thus case 2 is also impossible.

3. M = 72 Let y € L be such an element that 2y € M. Then

2y =kiy1 + kaya, 9.6)

where k1, k, are integers. Assume that for any y € L such that 2y € M the numbers
k1, k> in (9.6) are even. In view of Ly = {0} it follows from (9.6) that y € M.
Then by Theorem 1.9.1 and Lemma 7.2 the annihilator A(K, M) is a compact Corwin
subgroup. By Theorems 1.9.1 and 1.9.2, K/A(K, M) = M*. Since M* =~ T? and
K/A(K, M) is a subgroup of X/A(K, M), we have obtained a contradiction. Hence
there is an element y € L such that2y € M and at least one of the numbers k; in (9.6)
is odd.

Assume that ky = 2m + 1, ky = 2m,, where m; are integers. Then we have
y1 = 2y —2myy; —2myy, € L® contrary to the assumption. Arguing as above
we obtain that the case ky = 2m1, k, = 2m, + 1 is also impossible. Assume that
ki =2mi+1,ky =2my—1. Then y; —y, =2y —2m1y1 —2myy; € L®, contrary
to the assumption. Thus case 3 is also impossible. We have proved that inequality (9.5)
is fulfilled. Hence (ii) also holds.

(i) = (i). First we will prove that if K is a compact Corwin subgroup of X and
L = K*, then (9.5) is true. By Theorems 1.9.2 and 1.9.3,

(CK)* = L/bL. 9.7)
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It follows from (ii) that |(ck)2)| < 2. Therefore
[((cx) )] = 2. (9.8)

By Theorem 1.9.5, A((ckx)*. (ck)(2)) = (cx)*@. In view of (9.7), Theorem 1.9.2
yields
(ck)@)* = (ck)*/A((ck)*. (ck) @) = (L/bL)/(L/br)®. 9.9)

Consider the natural homomorphism L +— L/by. We conclude from (9.8) and
(9.9) that if [y1], [y2] € L/br, [y1], [y2] ¢ (L/br)@, then

[vi] = [y2] € (L/br)®. (9.10)

Observe that if y € L and [y] € (L/b)®, then y € L®. Indeed, let [y] = 2[y],
[y'] € L/by. Tt follows from this that y — 2y’ = h, h € by. Since K® = K,
Theorem 1.9.5 implies that L) = {0}. Hence all nonzero elements of subgroup by,
have odd order. Therefore h = 2h', ' € by, and y =2y’ + 2k’ € L@ Assume that
Y1.¥2 € L, y1.y2 ¢ L@ Then [y1].[y2] € L/br and [y1]. [y2] ¢ (L/b1)®. Hence
(9.10) is true, so that y; — y, € L® . Thus we have proved (9.5).

Let G be a compact Corwin subgroup of X and F be a compact Corwin subgroup
of the factor group X/G. We will verify that |F)| < 2. Then (i) will be proved
because the two-dimensional torus T2 is a compact Corwin group and |('I]'2)(2)| = 4.
Let p: X — X/G be the natural homomorphism. Put K = p~!(F). It is obvious
that F =~ K/G. Since the groups G and F are compact, the group K is also compact.
It is clear that K is a Corwin group. As has been shown above, (9.5) holds true.
Since G is a Corwin group, it is easy to see that A(L,G) N L® c (A(L,G))?.
Let yi,y2 € A(L,G), y1.y2 ¢ (A(L,G))P. Then y;,y, ¢ L® and it follows
from (9.5) that y; — y, € L®. Hence y; — y, € (A(L, G))®. Taking into account
that, by Theorem 1.9.2, F* 2 A(L, G), we have proved that | F*/(F*)®| < 2. By
Theorems 1.9.2 and 1.9.5, (F(2))* = F*/(F*)®. So we obtain that [(F))*| < 2.
Hence (F(3))* is a finite group. Thus the group F\,) is also finite and | F(o)| = [(F(2))*|.

O

Lemma 9.6. Let X = T?2. Then there exists a distribution i € T'g(T?) such that the
characteristic function [i(y) does not vanish and . ¢ T'(T?).

Proof. Using Lemma 9.2 it is easy to verify that the distribution x on the two-dimen-
sional torus T2 constructed in Remark 5.14 has the required property. O

Lemma 9.7. Let a group X contain no subgroup topologically isomorphic to the two-
dimensional torus T2, let € T'g(X) and assume that the characteristic function
() does not vanish. Then u € T (X).

Proof. By Lemma 9.4 the characteristic function fi(y) is represented in the form 9.4 (i).
Put v = p * 1. Then it follows from 2.7 (¢) and 2.7 (d) that D(y) = exp{—2¢(y)},
and hence v € T (X).
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Proposition 3.6 yields that o(v) = X, where X is a connected subgroup of the
group X. Since u is a factor of v, by Proposition 2.2 the distribution x can be replaced
by its shift i’ such thato (') C X. Lemma 9.2 implies that 4’ € Tg(X). Thus we can
assume from the beginning that X is a connected group. There are two possibilities:
either the group X contains no subgroup topologically isomorphic to the circle group
T or X contains such a subgroup.

1. Let the group X contain no subgroup topologically isomorphic to the circle
group T. Since p is a factor of v, by Theorem 4.6 if v € I'(X) then u € I'(X). Hence
in this case the lemma is proved.

2. Let the group X contain a subgroup F topologically isomorphic to the circle
group T. By Theorem 1.17.1, the subgroup F is a topological direct factor of the
group X, i.e., X = F x G, where G is a connected group. Since by the condition of
the lemma X contains no subgroup topologically isomorphic to the two-dimensional
torus T2, the group G contains no subgroup topologically isomorphic to the circle
group T. By Theorem 1.11.2, G = R™ x K, where m > 0, and K is a compact
connected group. We restrict ourselves to the case m = 0. The general case can be
considered similarly. For definiteness we will also assume that dim K = Ry. In the
case when dim K < oo the proof is simplified. By Theorem 1.7.1,Y = L x D, where
L =~ Z and D =~ K*. Applying Theorems 1.6.1 and 1.6.2 we conclude that D is a
discrete torsion-free group. By Theorem 1.6.3, r (D) = Ry.

By Lemma 9.4 the characteristic function fi(y) can be represented in the form
9.4 (i). The lemma will be proved if we verify that the function /(y) in 9.4 (i) is a
character of the group Y, i.e., the function /() satisfies the equation

l(u+v)=Iwlw), u,vel. 9.11)

Denoteby y = (n,d),n € Z,d € D,elements of the group Y. Puttingu =v =y
in equation 9.4 (ii) and taking into account that /(0) = 1, we obtain

12y) =1%(y), yeY. 9.12)

It follows from (9.12) and 9.4 (ii) by induction that /(ny) = ["(y) forall y € Y,
n € Z. Hence the function /(n,0), n € Z, satisfies equation (9.11). By Lemma 9.2
the characteristic function i(y) satisfies equation 9.2 (i). Consider the restriction of
this equation to the subgroup D. By the Bochner theorem [1(0,d), d € D, is the
characteristic function of a distribution A € M!(K). Since the function f1(0, d) also
satisfies equation 9.2 (i), by Lemma 9.2 we have A € I'g(K). Taking into account that
the group K contains no subgroup topologically isomorphic to the circle group T, it
follows from case 1 that A € I'(K). This yields that the function [(0,d), d € D,
satisfies equation (9.11).
Consider on the group Y the function

ain,d) = 1(n,0)(0,d)), (n,d)eY.

Taking into account what has been said above, the function a(n, d) satisfies equation
(9.11). Put
b(n,d)=1n,d)/a(n,d), (n,d)eY.
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It is obvious that the function b(n, d) satisfies equation 9.4 (ii). We will verify that
b(n,d) = 1forall (n,d) € Y. Thus the lemma will be proved.

Obviously, b(n,0) = b(0,d) = 1 forall (n,d) € Y. Puttingu = (n,0), v =
(n, d) in equation 9.4 (ii) we get

b2n,d)b(0,—d) = b*(n,0).

We deduce from this that b(2n,d) = 1forall (n,d) € Y. Inparticular, b(2n,2d) = 1
for all (n,d) € Y. Since the function b(n,d) satisfies equation 9.4 (ii), the func-
tion b(n,d) satisfies equation (9.12), i.e., b(2n,2d) = b?*(n,d). This implies that
b(n,d) = £1forall (n,d) € Y. We will prove that b(n,d) = 1 forall (n,d) € Y.
Assume that there exists an element (ng,do) € Y such that b(ng,dp) = —1.
Choose in D a maximal independent system of elements dy,...,d;,... and let = be
the homomorphism 7: D + R¥0* defined by (3.15). Since the group K contains
no subgroup topologically isomorphic to the circle group T, by Lemma 5.10 there
is a subgroup B of D of finite rank m such that dy € B and 7(B) =~ R™. Let
7: 7(B) — R™ be a topological isomorphism. Put § = 7 o 7r. Then 6(B) = R™.
Denote by ||7|| the norm of a vector z € R™. Let & > 0 be an arbitrary number.
Consider the point so = (Adp)/2 € R™ and take an element d € B such that

llso — 0d| < &/2.

Substitute v = (ng, dg — d ), v = (0, d ) in equation 9.4 (ii). Taking into account that
b%(n,d) = 1forall (n,d) € B, we obtain

b(no, do)b(ng,do —2d) = 1.
It follows from this that b(ng, dy — 2d ) = —1, and moreover
16(do — 2d)|| = ||8do — 20d || = 2]||so — 0d | < e.

Setd’ = do — 2d. Thus we have proved that for any ¢ > 0O there exists an element
(ng,d’) € L x B such that b(ng,d’) = —1 and ||0d’|| < &.

Since the function a(n,d) is a character of the group Y, the function
b(n,d)exp{—e¢(n,d)} = pa(y)/an,d), (n,d) € Y, is positive definite. Denote
by g(n, d) its restriction to the subgroup L x B. The function g(n, d) is also positive
definite. As follows from the proof of Proposition 3.8 the function ¢(n,d) on the
subgroup L x B is represented in the form

@(n,d) =an*+2n(t,0d) + (A6d,0d), (9.13)

wherea > 0,1 € R™,and A = (o, J')zr",lj=1 is a symmetric positive semidefinite matrix.
By Bochner’s theorem g (1, d) is a characteristic function. Apply inequality 2.7 (g)
to the function g (7, d) and put there u = (n9,d’), v = (ng,0). We get

g (10, d") — g(n0, 0)]* = 2(1 — (0,d")).
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Taking into account (9.13) we find from this inequality

| —exp{—ang —2no(t,0d'y — (A0d’,0d’)} — exp{—an}|*
= exp{—2an3}| exp{—2no(t,0d') — (A0d’,0d")} + 1|*
< 2(1 — expl—(A0d", 0d')}).

But this is impossible if the norm ||6d’|| is small enough. The contradiction obtained
proves that b(n,d) = 1 for all (n,d) € Y. We conclude from this that the function
[(n,d) = a(n,d) satisfies equation (9.11). O

It should be noted that Lemma 9.6 yields that the statement of Lemma 9.7 is not true
if the group X contains a subgroup topologically isomorphic to the two-dimensional
torus T2. Lemma 9.7 implies the following refinement of the group analogue of the
Marcinkiewicz theorem (see Theorem 5.11 and Proposition 5.13).

Proposition 9.8. Let i € M'(X) and assume that the characteristic function [1(y)
has the form

a(y) =expiy(y)}, ¥(0) =0, yeY,

where Y (y) is a polynomial of degree 2. This implies that i € T'(X) if and only if X
contains no subgroup topologically isomorphic to the two-dimensional torus T 2.

Proof. Necessity has been proved in Remark 5.14. Let us prove sufficiency. By
Theorem 5.5 the polynomial v (y) is represented in the form 5.5 (i). Since ¥ (y) is a
polynomial of degree 2, representation 5.5 (i) has the form

V() =g0,y)+g1(y), yevy,

where g>(y1, y2) is a 2-additive function and g; () an additive function. Substituting
the expression

a(y) = expig2(y,y) + g1(»)}, y €Y,

into equation 9.2 (i) it is easy to make sure that the characteristic function f1(y) satisfies
this equation. Hence by Lemma 9.2, u € I'p(X). Since by the condition of the
proposition the group X contains no subgroup topologically isomorphic to the two-
dimensional torus T2, it follows from Lemma 9.7 that u € I'(X). O

We will prove now the main theorem of this section.

Theorem 9.9. Equality (9.2) holds for a group X if and only if the connected component
of zero of X contains no more than one element of order 2.

Proof. Necessity. Essentially the proof is the same as the proof of item (II) in The-
orem 7.10. Assume that the connected component of zero of X contains more than
one element of order 2. Then by Lemma 9.5 there exists a compact Corwin subgroup
K of the group X such that the factor group X /K contains a subgroup F topolog-
ically isomorphic to the two-dimensional torus T?2. Therefore we can consider the
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distribution p € Tg(T?), u ¢ T'(T?), constructed in Lemma 9.6 as a distribution on
the factor group X /K. This distribution we will also denote by . We may suppose
that the characteristic function fi(y) is defined on the annihilator A(Y, K) because by
Theorem 1.9.2, (X/K)* = A(Y, K). Consider on the group Y the function

h(y) = (y) ify € A(Y, K),
0 if y ¢ A(Y, K).

Since A(Y, K) is a subgroup and ji(y) is a positive definite function, by Proposi-

tion 2.12, h(y) is also a positive definite function. By Theorem 1.9.4 the annihilator

A(Y, K) is an open subgroup because K is a compact subgroup. Hence the function

h(y) is continuous. By the Bochner theorem there exists a distribution A € M!(X)

such that )At(y) = h(y).

We will check that A € I'p(X). In view of Lemma 9.2 it suffices to show that the
characteristic function )At(y) satisfies equation 9.2 (i). This verification is the same as
the corresponding verification in the proof of statement (II) in Theorem 7.10.

Since i(m,n) # 0 for all (m,n) € Z? and pu ¢ I'(T?), it follows from this that
A ¢ T'(X) * Ig(X). The necessity is proved.

Sufficiency. Let u € I'g(X). Consider the set N = {y € Y : i(y) # 0}. By
Lemma 9.2 the characteristic function fi(y) satisfies equation 9.2 (i). This yields that
N is a subgroup of Y. Obviously, N is an open subgroup. Put K = A(X, N). Then
by Theorem 1.9.4, K is a compact group. Substituting u = v = y into equation 9.2 (i)
we get

a2y) =R2MIZmI. yey.

It follows from this thatif 2y € N then y € N. Applying Lemma 7.2 we obtain that K
is a Corwin group. We also note that N = A(Y, K) by Theorem 1.9.1. We deduce from
Theorem 1.9.2 that (X/K)* =~ A(Y, K). Hence by Lemma 9.2 and Corollary 2.11
the restriction of the characteristic function ft(y) to N is the characteristic function of
a distribution A € I'p(X/K). Taking into account the condition of the theorem and
Lemma 9.5 we conclude that the factor group X/ K contains no subgroup topologically
isomorphic to the two-dimensional torus T2. Applying Lemma 9.7 we get that A €
I'(X/K). Taking into account Theorem 1.9.2, we obtain for the characteristic function
of the distribution A the representation

A(y) = (x,y)exp{—p(»)}, x€X,yeN, (9.14)

where ¢(y) is a continuous nonnegative function on N satisfying equation 2.16 (ii).
By Lemma 3.18 the function ¢(y) can be extended from the subgroup N to Y retaining
its properties. Denote by ¢(y) the extended function. Let y be a Gaussian distribution
on X with the characteristic function

y(y) = (x,y)exp{—¢(y)}, yeY. 9.15)
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It follows from 2.14 (i) that the characteristic function of the Haar distribution of the
subgroup K is of the form

1 ifyeN.

0 ify¢&N. ©-16)

mg(y) =

Combining (9.14)—(9.16) we get i(y) = p(y)mg(y). Applying 2.7 (b) and 2.7 (¢)
this yields that u = y x mg, i.e., u € I'(X) * Ig(X). O

Below we give another proof of the sufficiency in Theorem 9.9. This proof is not
based on Lemma 9.7. We recall that the proof of Lemma 9.7 is based on Theorem 4.6
(the group analogue of the Cramér theorem)(compare with Remark 7.12). We need
two lemmas.

Lemma 9.10. Let X = R™ x K, where m > 0 and K is a compact Corwin group.
Then X(3) C cx.

Proof. Applying Theorem 1.7.1 we get Y = L x M, where L ~ R™, M =~ K*. By
Theorem 1.6.1 the group M is discrete. Since K® = K, by Theorem 1.9.5, M(3) =
{0}, i.e., the group M contains no elements of order 2. We conclude from this that the
subgroup by consists of zero and all elements of odd order of the group M. Hence
(bpr)® = byy. This implies that byy € Y@ . By Theorem 1.9.3, cx = A(X, by).
It is obvious that by = bys. Therefore A(X,bpy) = A(X,by). By Theorem 1.9.5,
AX,Y®) = X(2). From what has been said it follows that cxy = A(X,by) =
AX,by) D AX, Y @) = X(5). O

Lemma 9.11. Let a group X contain no more than one element of order 2, let
i € T'g(X) and assume that the characteristic function [1(y) does not vanish. Then
n e I'X).

Proof. By Lemma 9.4 the characteristic function fi(y) can be represented in the form
9.4 (1). The lemma will be proved if we verify that the function /(y) in 9.4 (i) is a
character of the group Y, i.e., [(y) satisfies equation (9.11).
Swap u and v in equation 9.4 (ii). Multiplying the resulting equation by 9.4 (ii) we
find
I?(u +v) =1?w)I*(v), u,veV. 9.17)

Substituting # = v = y into 9.4 (ii) we obtain /(2y) = [?(y), y € Y. It follows from
this and (9.17) that

[Q2u + 2v) =1Qu)I(2v), wu,v €Y. (9.18)

Equality (9.18) yields that the function /(y) is a character of the subgroup Y_(z)

If the group X contains no elements of order 2, then by Theorem 1.9.5, Y = Y
and the function /(y) is a character of the group Y.

Let the group X contain an element of order 2. We will show that in this case
the function /(y) is also a character of the group Y. By Theorem 1.9.2 we have
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[(y) = (x0,¥),x0€ X,y € Y®, Putm(y) = I(y)/(x0, ¥). The function m(y) also
satisfies equation 9.4 (ii) and m(y) = 1 for all y € Y@ Since m(2y) = m?(y) for
ally e Y, we get

m(y)=+1, yeVY. (9.19)

Equation 9.4 (ii) for the function m(y) becomes equation m(u + v)m(u — v) =
u,v € Y. Substituting here u + v for u we infer that m(u + 2v)m(u) = 1, u,v € Y.
Hence m(u + 2v) = m(u), u,v € Y, i.e., the function m(y) is invariant with respect

to shifts by elements of Y®. Consider the factor group Y/Y Y®. Theorems 1.9.2
and 1.9.5 yield that (Y/Y (2))* ~ AX,Y®) = X (2) = Z(2). Therefore the factor

group Y/Y Y@ consists of two cosets, i.e., Y /Y Y® =y®@uy (yo+Y (2)) The function
m(y) takes a constant value on each coset. It follows from (9.19) that we have two
possibilities: either m(y) = 1forall y € Y or

1 ifyer®,
m(y) = . )
-1 ifyeyo+ Y.
Obviously, in both cases the function m(y) satisfies equation (9.11) on the group Y.
Therefore m(y) is a character, and hence /(y) is also a character. O

It is obvious that Lemma 9.11 follows from Lemma 9.7. However, as opposed to
Lemma 9.7 the proof of Lemma 9.11 does not use the group analogue of the Cramér
theorem (Theorem 4.6).

The proof of Lemma 9.11 implies directly two corollaries.

Corollary 9.12. Assume that a function [(y) on a group Y is continuous, satisfies
equation 9.4 (ii) and the conditions [(—y) = [(y), |I(y)| =1,y € Y, [(0) = 1. Then

I(y) = m(y)(xo0, y),

where m(y) is a Y_(z)—invariant continuous function satisfying equation 9.4 (ii), the
conditions m(—y) = m(y) forall y € Y, m(0) = 1, and taking values £1, x¢ € X.

Corollary 9.13. Leta group X contain no more than one element of order 2 and assume
that a function [(y) on Y is continuous, satisfies equation 9.4 (ii), and the conditions
[(=y)=1), I(y)|=1,y € Y, l(0) = 1. Then l(y) is a character of the group Y .

9.14 Second proof of sufficiency in Theorem 9.9. It follows from Definition 9.1 and
Lemma 7.5 that we can assume without loss of generality that X = R” x K, where
m > 0and K is acompact Corwin group. By Lemma 9.10 for such groups the inclusion
X(2) C cx holds. Since by the condition of the theorem the subgroup cx contains no
more than one element of order 2, the group X also contains no more than one element
of order 2. Pt N = {y € Y : i(y) # 0}, G = A(X,N). By Theorem 1.9.2,
N* = X/G. As has been noted in the proof of sufficiency in Theorem 9.9, G is a
Corwin group. We will check that the factor group X /G contains no more than one
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element of order 2. Indeed, let 2[x;] = 2[x2] = [0], [x1] # [x2], [x1]. [x2] € X/G.
Then 2x; € G. Since G = G, we have 2x; = 2g;, g; € G. Hence x| = x; — g;
are elements of order 2. Taking into account that [x}] = [x;] and [x1] # [x2], we
obtain x| # x5. But this contradicts the condition of the theorem.

Consider the restriction of equation 9.2 (i) to N. Applying Lemma 9.11 to the factor
group X /G we obtain that this restriction is the characteristic function of a Gaussian
distribution on X /G. This immediately yields that u € T'(X) * Ig(X). O

Remark 9.15. Note that if y is an infinitely divisible distribution on a group X and
y € I'p(X), then y € T'(X). To show this we reason as in the proof of sufficiency
in Theorem 9.9. Instead of Lemma 9.7 we use the following statement: if y is an
infinitely divisible distribution, y € I'g(X), and the characteristic function y(y) does
not vanish, then y € I'(X). To prove this statement consider the distribution A = y *p.
Combining Lemma 9.4, 2.7 (¢), and 2.7 (d), we get A € I'(X). Taking into account
that y is a factor of A, by Remark 4.8, y € I'(X).

Remark 9.16. It follows from Definition 3.1 that any Gaussian distribution can be
represented as a convolution of a symmetric Gaussian distribution and a degenerate
distribution. It turns out that the analogous statement is also true for the Gaussian
distributions in the sense of Bernstein. Indeed, let © € I'g(X). By Lemma 9.4 the
characteristic function [i(y) can be represented in the form 9.4 (i). As has been shown
in the proof of Lemma 9.11 there exists a character (xg, y) such that i (y)/(xo, y) is
a real-valued function. This yields the desired statement.



Chapter IV

The Skitovich-Darmois theorem for locally compact
Abelian groups (the characteristic functions of
random variables do not vanish)

Let§;, j =1,2,...,n,n > 2, be independent random variables, «;, B; be nonzero
real numbers. According to the Skitovich—-Darmois theorem if the linear forms L; =
a1&1 + -+ apéy and Ly = B1& + -+ + Br&, are independent, then all random
variables &; are Gaussian. This theorem was generalized by Ghurye and Olkin to
the case when, instead of random variables, random vectors §; in the space R™ are
considered, and coefficients of the linear forms L; and L, are nonsingular (m x m)-
matrices. They proved that the independence of the linear forms L; and L, implies
that the random vectors &, are Gaussian.

Let X be a second countable locally compact Abelian group, §;, j = 1,2,...,n,
n > 2, be independent random variables with values in X and distributions ;. This
chapter is devoted to some group analogues of the Skitovich-Darmois theorem. We
will assume that the characteristic functions of the random variables &; do not vanish.
Let o, B; be topological automorphisms of X. Suppose that X contains no subgroup
topologically isomorphic to the circle group T. We prove that in this case if the
linear forms L1 = o1&y + -+ + @&, and Ly, = B1&1 + -+ - + B, &, are independent,
then all distributions y; are Gaussian. This statement fails if X contains a subgroup
topologically isomorphic to T. A natural problem arises for such groups: to describe
all possible distributions p; of independent random variables &; assuming that the
linear forms L, and L, are independent. We solve this problem for two independent
random variables taking values in the groups T2, R x T, and X, x T.

10 Locally compact Abelian groups for which the Skitovich—
Darmois theorem holds

Let X be a second countable locally compact Abelian group, Y be its character group,
Aut(X) be the group of topological automorphisms of the group X . In this section we
describe groups X that have the following property: if &;, j = 1,2,...,n,n > 2, are
independent random variables with values in X and distributions 1¢; with non-vanishing
characteristic functions and «;, 8; € Aut(X), then the independence of the linear forms
Ly =a1&1 4+ -+ apéyand Ly = B1& + -+ + B,&, implies that all distributions
1 € I'(X). We also describe groups X that have the following property: there exist
automorphisms «;, 8; € Aut(X) such thatif £; are independent random variables with
values in X and distributions p; with non-vanishing characteristic functions, then the



10 Locally compact Abelian groups for which the Skitovich—-Darmois theorem holds 93
independence of the linear forms L; = o161+ -+ ay&,and Ly = B1&1+ -+ Buén
implies that all distributions u; € I'(X).

Lemma 10.1. Let o), B;, j = 1,2,...,n, n > 2, be topological automorphisms of a
group X. Let&; be independent random variables withvalues in X and distributions (.
The linear forms L1 = a1&1+- - -+ an&y and Ly = B1E1 4+ -+ Bnéy are independent
if and only if the characteristic functions [1;(y) satisfy the equation

() JTai@u+Bv)=]]a@w]]aBwv. wvey.
i=1 i=1 i=1

Proof. We note that the linear forms L; and L, are independent if and only if the
equality

E[(a1&1 + - + an€n u)(B1&1 + -+ + Buén. v)]

(10.1)
=E[(a1&1 + -+ 4+ an&n, WIE[(B161 + -+ + Bubn. v)]

holds forall ¥, v € Y. Taking into account that the random variables §; are independent
and i;(y) = E[(§;. )], we transform the left-hand side of equality (10.1) as follows:

E[(o1&y + -+ anbn, u)(B1&1 + -+ + Bubn, )]
=E[[T& au+4v)]
j=1

= [ [ ElG;.au + B;v)]

n
= 1_[ 0 (@u + Bjv), u,vev.

We transform similarly the right-hand side of equality (10.1):

El(1&1 + -+ + anén, wE[(B1§1 + -+ + Bubn, )]

= E[ ﬁ(fjvd/“)]E[ li[(éj,ﬁjv)]
ji=1 Jj=1

[TEWE. @l []ElG. Av)]

J Jj=1

n
@) [T asBiv). uwvey. O

n
= j=1

1
j=1

J

Equation (i) is called the Skitovich—Darmois functional equation.
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Corollary 10.2. Letaj, B;, j = 1,2,...,n, n > 2, be topological automorphisms of
a group X. Let §; be independent random variables with values in X and distributions
Wj. Assume that the linear forms Ly = a1§1+---+apépand Ly = B1&1+- -+ Brén
are independent. If £, are shifts of the random variables §;, then the linear forms
Ly = o1&+ -+ ané), and L, = B1&] + - -+ + Baé,, are also independent.

Theorem 10.3. Let X be a group containing no subgroup topologically isomorphic to

the circle group T. Letaj, B;, j = 1,2,...,n,n > 2, be topological automorphisms

of X. Let & be independent random variables with values in X and distributions |4 ;

with non-vanishing characteristic functions. Then if the linear forms L1 = o1& +
-+ oty and Ly = B1&1 + -+ + Buén are independent, all ;€ T'(X).

Proof. First note that if p is the distribution of a random variable £ taking values in a
group X and @ € Aut(X), then by Proposition 2.10 the characteristic function of the
random variable £ is equal to ft(&y). Taking into account Definition 3.1, it follows
from this that u € I'(X) if and only if «(u) € I'(X). Therefore we can put {; = o;;§;
and reduce the proof of the theorem to the case when L; = &) 4+ --- + &, and L, =
8161 + -+ + 8,60, 8; € Aut(X). By Lemma 10.1 it follows from the independence of
Ly and L, that the characteristic functions /i () satisfy equation 10.1 (i) which takes
the form

l_[ﬂj(u+gjv) H/L,(u)l—[uj@ v), u,vevy. (10.2)

j=1 Jj=1

Putv; = u; * ji;. We deduce from 2.7 (c) and 2.7 (d) that 9; (y) = |4; (»)|* > 0,
y € Y. Obviously, the characteristic functions D; () also satisfy equation (10.2). If we
prove that v; € I'(X), then applying Theorem 4.6 we get that ;1; € I'(X). Therefore
we can assume from the beginning that the characteristic functions j1;(y) > 0,y € Y,
j=12,...,n,n>2.

Put ¢;(y) = —1In f1;(y). It follows from (10.2) that the functions ¢; () satisfy the
equation

Zsﬂj(u +8v)=Pu) +0(v), uvey, (10.3)
Jj=1
where .
P) =) ¢j), Q@)= Z% Gv). (10.4)
~ :

We use the finite difference method to solve equation (10.3). Let /; be an arbitrary
element of the group Y. Set k| = —8 1hy, then hy + 8 k1 = 0. Substitute u + h;
for u and v + k; for v in equation (10. 3) Subtracting equation (10.3) from the resulting
equation we obtain

n—1

> Auy e+ 8v) = Ap, P(u) + Ak, Q(v). uv €Y, (10.5)
j=1
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where /1; = hi1 + Sjkl = (Sj —gn)kl, j =1,2,...,n— 1. Let hy be an arbitrary
element of the group Y. Putk, = —gn__llhz, then i, + S,,_lkz = 0. Substitute u + o
for u and v + k, for v in equation (10.5). Subtracting equation (10.5) from the resulting
equation we obtain

n—2

D AL AL V) = Apy Ay P(u) + A, Ap, Q(v). w.v €Y, (10.6)
j=1

where l,; = hy + gjkz = (Sj — Sn_l)kz, j =1,2,...,n—2. Arguing as above we
obtain the equation

Aln—l.l Aln—2,l .. A[”(pl (u + glv)

(10.7)
= Ahn—l Ap, ... Ahl Pu) + Akn—l Akn_z .. Akl OW), u,vey,

where h,, is an arbitrary element of Y, k,, = —g;_lmﬂhm, m=12,...,n-1,
Lnj = hm + 8;km = (8; — 6p—m+1)km» j = 1,2.....n —m. Let h, be an arbitrary
element of the group Y. Putk, = —gl_lhn, then h,, + glkn = 0. Substitute u + h;, for
u and v + k,, for v in equation (10.7). Subtracting equation (10.7) from the resulting
equation we obtain

Apy Dy oo Day P@) + Mgy Ay, - D, Q) =0, w,veY.  (10.8)

Let & be an arbitrary element of the group Y. Substitute u + 4 for u in equation (10.8)
and subtract equation (10.8) from the resulting equation. We get

AhAhnAh,,_l ~~-Ah1P(”) =0, uev. (10.9)

We note that u, i, and h,,, m = 1,2, ...,n are arbitrary elements of the group Y. We
canput iy = --- = h, = hin (10.9). We have

AP'Pu) =0, u,heY. (10.10)

Thus P(y) is a continuous polynomial on Y. Set y = g * --- % u,. Then 2.7 (c)
yields that

P =[Ta0). yer.
=1

In view of (10.4) we have

Py) =e PO
Since the group X contains no subgroup topologically isomorphic to the circle group
T and P(y) is a continuous polynomial, by Theorem 5.11, y € I'(X). Applying

Theorem 4.6 we conclude that all u; € I'(X). O

Remark 10.4. Theorem 10.3 is not valid if a group X contains a subgroup topologically
isomorphic to the circle group T. This immediately follows from Lemma 7.8 (compare
below with Proposition 10.16).
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Remark 10.5. Let«;, B;, j = 1,2,...,n,n > 2, be topological automorphisms of a
group X . Let£; be independent random variables with values in X and distributions 1 ;
with non-vanishing characteristic functions. Then it follows from the independence of
the linear forms L1 = a1&1 + -+ op&y and Ly = B161 + - - - + Br &, that the random
variables &; can be replaced by their shifts & j/ in such a way that their distributions /,L}
are supported in cy .

To prove this, we note that because cy is a characteristic subgroup, we can assume
that Ly = & + -+ &, and Ly, = 81§ + --- + 6,5, where §; € Aut(X). Put
vi =i * fij, 9i(y) = —Ind;(y), P(y) = X_j_; 9; (). As follows from the proof
of Theorem 10.3, the function P(y) satisfies equation (10.10). By Proposition 5.7
the function P(y) = O for all y € by. This yields that all characteristic functions
Dj(y) = 1 forall y € by. By Proposition 2.13 the inclusions o(v;) C A(X, by),
j = 1,2,...,n, hold. By Theorem 1.9.3, cx = A(X,by). Hence all supports
o(vj) Ccx.

Now the desired statement follows from Proposition 2.2. We note that cy is a
characteristic subgroup and in view of Corollary 10.2 the linear forms L} = o &] +
o+ au€, and L), = B1&] + -+ + BaE;, are also independent.

10.6. Itshould be noted that one can consider another group analogue of the Skitovich—
Darmois theorem. Namely, we will assume that coefficients of linear forms L; and
L, are integers. We need the following definition. A set of integers {a; } is said to be
admissible for a group X if X@) # {0} forall j. Let&;, j = 1,2,...,n,n > 2,
be random variables taking values in the group X. The admissibility of a set {a; }7=1
when considering the linear form L = a;§; + -+ + a,§, is a group analogue of the
conditiona; # 0, j = 1,2,...,n, for the case of X = R. The following result holds.

Proposition 10.7. Let {a; }7=1 and {b; };‘=1 be admissible sets of integers for a group X .
Let &; be independent random variables with values in X and distributions [i;
with non-vanishing characteristic functions. The independence of the linear forms
Ly =ai& + -+ ankyand Ly = bi§1 + -+ + by, yields that all p; € T'(X) if
and only if either X is a torsion-free group or X P) = {0}, where p is a prime number
(in the last case all |1 are degenerate distributions).

Proof. Note thatifa € Z, then in view of 1.13 (d) f; = f,. Reasoning as in the proof
of Lemma 10.1, we obtain that the linear forms L and L, are independent if and only
if the characteristic functions f; () satisfy the equation

n n n
Hﬂj(aju-i-ij): nﬂj(aju)l_[ﬂj(ij), u,vey. (10.11)
j=1 j=1 j=1

Put v; = u; * ji;. We conclude from 2.7 (c) and 2.7 (d) that 9; (y) = |2;(»)|*> > 0,

y € Y. Obviously, the characteristic functions D; () also satisfy equation (10.11).
Assume first that X is a torsion-free group. Then the group X contains no subgroup

topologically isomorphic to the circle group T. Therefore, if we prove that v; € I'(X),
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then applying Theorem 4.6 we obtain that ;t; € I'(X). Hence we can assume from the
begmmngthat,uj(y)>0 yveY,j=12,....,n,n>2.
Set ;(y) = —Inf1;(y). We conclude from (10 11) that

Zw_/(aju +bjv) =Pu)+ 0w, u,vevy, (10.12)
j=1
where .
P) =) ¢iaju). Q@)= Z(p, (bjv). (10.13)
=1 j=1

We use again the finite difference method to solve equation (10.12). Let &, be an
arbitrary element of the group Y. Substitute u + b,h, for u and v — ayh, for v in
equation (10.12). Subtracting equation (10.12) from the resulting equation we obtain

n—1
> A, i@+ biv) = App, PO) + Ag,n, Qv). u.veY,  (10.14)
j=1

where l,, ; = (ajb, —bjan)h,, j =1,2,...,n—1. Let h,,_; be an arbitrary element

of the group Y. Substitute v + b,_1h,—; for u and v — a,—1h,—; for v in equation
(10.14). Subtracting equation (10.14) from the resulting equation we obtain

n—2

D Au A i@+ by)

= (10.15)

= Abnflhnfl Abnhnp(u) + A—anflhn 1 —anhn Q(v) M, S Y,

where [,_1,; = (ajbp—1 —bjan—1)hn—1, j = 1,2,...,n —2. Arguing as above we
get the equation

A Ay A er(au + brv) (10.16)
= Abzhz Ab3h3 . Abnhn P(u) + A—azth—a3h3 ... A—anhn Q(U), u,vey,
where hy, is an arbitrary element of the group Y, [,,,1 = (@a1bm — biam)hm, m =
2,3,...,n
Let /7 be an arbitrary element of the group Y. Substitute u + b1/, for u and

v — aph; for v in equation (10.16). Subtracting equation (10.16) from the resulting
equation we obtain

Apyny Dbohy Dpshs - - - Dp,y, P(1)

(10.17)
+ A—alhl A—azth—03h3 . A_anhn Qv)=0, u,veY.

Let & be an arbitrary element of the group Y. Substitute u + 4 for u in equation (10.17)
and subtract equation (10.17) from the resulting equation. We get

AhAblhl Abzthb3h3 . Abnth(u) = 0, uecy. (10.18)
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We assumed that X is a torsion-free group, i.e., X(,,) = {0} forallm € Z, m # 0.
This implies by Theorem 1.9.5 that Y = Y for all m € Z, m # 0. In particular,

Y®) =y, Jj =1,2,...,n. Hence taking into account that /1; are arbitrary elements
of the group Y, (10.18) yields that the function P(y) satisfies the equation

AP'Pu) =0, u,hey.

So P(y) is a continuous polynomial on the group Y. Consider the distribution
Y = fa, (1) * -+ * fa,(un). We conclude from Proposition 2.10 and 1.13 (d) that

m)(y) = fi(a;y), j = 1,2,...,n. Then 2.7 (c) implies that

n
) =@y, yer.
j=1

Taking into account (10.13), we have

P(y) =e PO

It follows from the condition of the theorem that the group X contains no subgroup
topologically isomorphic to the circle group T. Hence Theorem 5.11 implies that
y € I'(X). Then by Theorem 4.6 we obtain that all f,; (n;) € I'(X). This implies

that every function ¢; (y) satisfies equation 2.16 (ii) on the set ¥ @) Since Y @) =Y,
J =1,2,...,n, every function ¢; (y) satisfies equation 2.16 (ii) on the group Y. But
this means that all ©; € I'(X).

If X(») = {0}, where p is a prime number, then it follows from admissibility of the
sets {a;}7_, and {b;}"7_, for the group X that fq;, fp;, € Aut(X), j = 1,2,...,n.
Taking into account that cxy = {0}, Remark 10.5 yields that all u; € D(X).

Assume now that a group X contains an element x of order p, where p is a prime
number, but X (?) £ {0}. Let M be the subgroup of X generated by the element x.
We have M =~ Z(p). Let & and &, be independent random variables with values in
the subgroup M and nondegenerate distributions . ; with non-vanishing characteristic
functions. Consider the linear forms L.y = p&;—§&; and L, = &1+ p&;. Itiseasytosee
that the characteristic functions /i; () satisfy equation (10.11). Hence the linear forms
L, and L, are independent. Obviously, the sets {p, —1} and {1, p} are admissible for
the group X. In view of Proposition 3.6, I'(M) = D(M). Hence p; ¢ I'(X). O

Remark 10.8. Let {a; }j—; and {b; }7:1 be admissible sets of integers for a group X
and let £; be independent random variables with values in X and distributions y; with
non-vanishing characteristic functions. Denote by k and / the least common multiple of
the numbers {ay, ... ,a,}and {1, ..., b, } respectively. Let p; be the greatest common
divisor of the numbers {a;/, b;k} and m be the least common multiple of the numbers
{p1,..., pn}. Then the independence of the linear forms L; = a1&; + --- + a,&,
and Ly = b1, + --- + b,&, yields that the random variables £; can be replaced by
their shifts £, in such a way that their distributions ;L} are supported in the subgroup
{x € X :mx € cx}.
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To prove this, put v; = i, * it;, ¢;(y) = —Ind;(y), P(y) = Y/, ¢j(a;y).
Arguing as in the proof of Proposition 10.7 we obtain that the function P(y) satisfies
equation (10.18). It follows from this that the function P(y) is a polynomial on the
subgroup Y ). By Proposition 5.7, P(y) = Ofory € byay»andhence D;(y) = 1,y €
b y@n J =1,2,...,n. By Proposition 2.13, the inclusions o (v;) C A(X, bm)
hold. Put 4; = A(X, bW). Changing places the forms L; and L, and reasoning
as above we find that o (v;) C B;, where B; = A(X, bW)' PutC; = A; N B;. So
we have

o(v;) C C;. (10.19)

It follows easily from Theorem 1.9.3 that 4; = {x € X :a;lx e cx}and B; = {x €
X :bjkx e cx}. Hence, C; = {x e X : pjx €cx}. PutC = {x € X : mx € cx}.
Obviously,

c;ccC, j=12,...,n, (10.20)

and C is the least subgroup containing all C;. Applying Proposition 2.2 we obtain
from (10.19) and (10.20) the desired statement.

It should be noted that by Corollary 10.2, the linear forms L = a1&] +--- + a,§,
and Ly = bi§] + --- + b,&,, are independent.
In what follows we need two lemmas.

Lemma 10.9. Let Y be an arbitrary Abelian group, € be an automorphism of the
group Y. Assume that functions ¢;(y) satisfy the equation

1N o1(u+v)+@(u+ev)y=Pu)+ QWw), u,vev.
Then each of the functions ¢;(y) satisfies the equation
(i) Ag—exlie;) =0, k. huecV.

Proof. Let k be an arbitrary element of the group Y. Put 4 = —ek. Substitute u + &
for u and v +k for v in equation (i). Subtracting equation (i) from the resulting equation
we obtain

A(I_s)k(pl(u +v) =ApP(u) + Ay Q), u,vey. (10.21)

Substituting v = 0 into equation (10.21) and subtracting the resulting equation from
(10.21) we obtain

A-eDopr1 (W) = A Q(v) — A Q(0), u,veyY. (10.22)

Let ¢ be an arbitrary element of the group Y. Substitute u 4 ¢ for u in equation (10.22)
and subtract equation (10.22) from the resulting equation. We get that the function
¢1(y) satisfies the equation

Air—ek DpAip1(u) =0, k,v,t,ueY.

Putting here v = t = h we get (ii).
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Set v = gv. Then equation (i) becomes
o1+ W)+ ou+v)=Pu)+ Q1), uv ev.

Note that (I —&~!)Y = (I —¢)Y. Arguing as above we prove that the function ¢, (y)
also satisfies equation (ii). O

Lemma 10.10. Ler Y be an arbitrary Abelian group. Assume that a function ¢(y)
satisfies equation

(1) AZ(p(u) =0, hueY
and conditions

(i) e(=y) =¢(y), ¢0) =0 yeVY.
Then the function ¢(y) satisfies equation 2.16 (ii).

Proof. By Theorem 5.5 the polynomial ¢(y) can be represented in the form 5.5 (i).
Since ¢(y) is a polynomial of degree < 2, representation 5.5 (i) is of the form

e(y) =220,y)+g1(y)+ g0, ye€vy,

where g»(y1, y2) is a 2-additive function, g;(y) is an additive function, and go =
const. It follows from (ii) that ¢(y) = g2(y, ¥), and hence the function ¢(y) satisfies
equation 2.16 (ii). O

We use the following theorem in the sequel and it is of independent interest.

Theorem 10.11. Let topological automorphisms o, B, j = 1,2, of a group X satisfy
the condition
() I —o1fr fraa™" € Aut(X).

Let &1 and & be independent random variables with values in X and distributions
W1 and jLy. Assume that the characteristic functions i;(y) do not vanish. Then if
the linear forms L1 = o1&, + a6, and Lo, = B1&1 + B2, are independent, then
nielX), j=12

Proof. The reasoning used at the beginning of the proof of Theorem 10.3 allows us
to prove the theorem assuming that L; = & + & and L, = §1&; + 62&,, where
d; € Aut(X). We also note that if @ € Aut(X), then linear forms L, and L, are
independent if and only if the linear forms L, and oL, are independent. Thus in
proving the theorem, we may assume without loss of generality that L, = &; + & and
L, = & + 6&, where § € Aut(X). In this case condition (i) becomes the condition
I — 6 € Aut(X).

Put ¢ = §. By Lemma 10.1 the independence of L; and L, yields that the charac-
teristic functions fi; () satisfy equation 10.1 (i) which takes the form

1+ v)fa(u + ev) = (W) ia(u) 1 (v)A2(ev), u,v €Y. (10.23)
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Putg;(y) = —In|ft;(y)|, j = 1,2. We deduce from (10.23) that the functions ¢; ()
satisfy equation 10.9 (i), where P(u) = ¢1(u) + ¢2(u), Q(v) = ¢1(v) + p2(ev).
By Lemma 10.9 the function ¢; (y) satisfies equation 10.9 (ii). Since k is an arbitrary
element of the group Y and / —¢ € Aut(Y), we conclude that (/ —e)k is also an arbitrary
element of the group Y. Hence putting (I — &)k = h in 10.9 (ii) we obtain that the
function @1 (y) satisfies equation 10.10 (i). Obviously, the function ¢; () also satisfies
conditions 10.10 (ii). By Lemma 10.10 the function ¢ (y) satisfies equation 2.16 (ii).

Arguing as above we prove that the function ¢, (y) also satisfies equation 2.16 (ii).

The theorem will be proved if we verify that the quotient/; (y) = f1;(y)/|;(y)|isa
character of the group Y. Putw = (e—1)"!, p = em, f(¥) = 1(), g(y) = fia(y).

We also agree that «® = I for all « € Aut(Y). Substituting u = py, v = —my
and then ¥ = —my, v = my into (10.23) and taking into account 2.7 (d) we obtain
respectively

f) = foy) f(=mp)lgey))>, vy €Y, (10.24)
and

gy) = |fmy)Pe(=ny)glpy), yeY. (10.25)

We deduce from (10.24) and (10.25) that
1 k
fO) = [THED 0"y Ga(y), yev, (10.26)
k=0
where G, (y) > 0, and
n
SO = [T If @ " )1t R g p"* )P0,y ey, (1027)
k=0

Equality (10.27) implies the inequality

n+2 n+1
|f(Z)| < l_[ |f(7'[kpn+2_k2)|a(n+2’k) < l_[ |f(ﬂkpn+2_k2)|a(n+2’k)
k=0 = (10.28)
— 1_[ |f(]Tk+1pn+1_kZ)|a(n+2’k+1).
k=0

It is not difficult to check that

am+2,k+1)=nCrk, k=01,....n:n=01,2,.... (10.29)
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Set y = mpz. Taking into account (10.28) and (10.29), we find

|f(Z)|1/n ( l_[ |f(7'[k+1 71— kZ)|a(n+2 k+1)) 1n

k=0

n

< [T 1/ +tprtizkzy ca (10.30)
k=0
" k

= [T1ra " 1.
k=0

Inequality (10.30) yields that
Tim ]_[ | £k "k p)CF = 1. (10.31)

It follows from (10.26) and (10.30) that
lim G,(y) = |f(¥)I- (10.32)
n—oo
Hence (10.26) and (10.32) imply

_ SO _ ok gk ))CE
h) = 7 = i ]_[(f(( Dkt yyyen.

We conclude from this that /;(y) is a positive definite function because it is a limit
of a sequence of positive definite functions. Since |/;(y)| = 1forall y € Y, 2.7 (e)
yields that [;(y) = (x1,¥), X1 € X. Arguing as above we prove that [(y) = (x2, ),
Xy € X. O

Remark 10.12. If X is a group with unique division by 2, then the automorphism
8 = —1 satisfies the condition / —§ = f> € Aut(X). Hence the statement formulated
in Remark 7.12 follows from Theorem 10.11.

Remark 10.13. In relation to Theorem 10.11 we will give an example of a group X
which has the properties:

(@) I —6 ¢ Aut(X) forall § € Aut(X);

(b) foranyé € Aut(X) if &; and &, are independent random variables with values in
X and distributions 1 ; with non-vanishing characteristic functions and the linear
forms Ly = & + & and Ly = & + &, are independent, then u; € I'(X),
j=12.

Consider the group X = X,, wherea = (3,3,...,3,...). Then

Y=~ Hy={%:n=012,...;meZ).
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It follows from this that the group H, has the type t(H,;) = (0,00,0,0,...). Itis
obvious that Aut(Y) = {if;‘ 1k € Z} (see 1.14(d)), and hence Aut(X) = {:I:f3k :
k € Z}. Let § € Aut(X) be an arbitrary automorphism. Since the group X contains
no subgroup topologically isomorphic to the circle group T, by Theorem 10.3 if the
linear forms L; and L, are independent, then w1, 2 € I'(X). On the other hand, it is
easy to see that I — § ¢ Aut(X) for all § € Aut(X).

In the rest of this section we describe groups X that have the following prop-
erty: there exist automorphisms «;, 8; € Aut(X) such that if §; are independent
random variables with values in X and distributions y; with non-vanishing character-
istic functions, then the independence of the linear forms L; = o1& + -+ + @, &,
and L, = B1&1 + --- + Bn&, implies that all distributions ; € I'(X). We need the
following simple lemma.

Lemma 10.14. Let X # {0} and X % Z(2). Then there exists an automorphism
o € Aut(X) such that a # 1.

Proof. If not all nonzero elements of the group X have order 2, then / # —1 and we put
o = —1I. If every nonzero element of the group X has order 2, then by Theorem 1.11.5
the group X is topologically isomorphic to the group

ZQ)" x Z(2)™*,

where 1 and m are arbitrary cardinal numbers, Z(2)™ is considered in the product
topology, and Z (2)™* is considered in the discrete topology. It follows from this that the
group X can be represented in the form X = X; x X, x X3, where X; =~ X, =~ Z(2).
Denote by x = (x1, X2, X3), X1, X2 € Z(2), x3 € X3, elements of the group X, and
put a(xy, x2,x3) = (X2, X1, X3). O

Theorem 10.15. Ler X 2¢ T and X 2 T x Z(2). Then there exists a nonidentity
automorphism § € Aut(X) with the property: if &1 and & are independent random
variables with values in X and distributions |; with non-vanishing characteristic
functions, then the independence of the linear forms L1 = & + &, and L, = &1 + 8&>
yields that u; € I'(X), j = 1,2.

Proof. There are three possible cases:

1. The group X contains no subgroup topologically isomorphic to the circle
group T. In this case by Theorem 10.3 the independence of any linear forms L,
and L, implies that all u; € I'(X).

2. The group X contains a subgroup G topologically isomorphic to the circle group
T and X contains no subgroup topologically isomorphic to the two-dimensional torus
T2. By Theorem 1.17.1 the subgroup G is a topological direct factor of the group
X, ie., X = G; x Gy, where the subgroup G, contains no subgroup topologically
isomorphic to the circle group T. Denote by x = (g1,82),.8; € Gj, j = 1,2,
elements of the group X.

By the condition of the theorem G, # {0} and G, % Z(2). By Lemma 10.14 there
exists an automorphism o € Aut(G,) such that @ # I. Consider an automorphism
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6 € Aut(X) of the form 6(g1, g2) = (g1,2g2). We will check that if &, and &, are
independent random variables with values in X and distributions 1+; with non-vanishing
characteristic functions, then the independence of the linear forms L, = & + &, and
Ly =& + 8% implies that u; € I'(X), j =1,2.

Pute = §. By Lemma 10.1 it follows from the independence of L and L, that the
characteristic functions /i;(y) satisfy equation 10.1 (i) which takes the form (10.23).
Since X = G x G2, by Theorem 1.7.1, Y = H; x H,, where H; = Gf,j =1,2.
Taking into account that §x = x for all x € G, we conclude that ¢y = y for all
y € Hj. Therefore the restriction of equation (10.23) to the subgroup H; is of the
form

aa(u +v)a(u +v) = g1z (vV)a2(v), u,v € H.

Hence the restriction of the function f(y) = fi1(y)ft2(y) to the subgroup Hj is a
character of the subgroup H;. It follows from this that |{i;(y)| = 1 forall y € H;.
By 2.7 (e) there exist elements x; € X such that i;(y) = (x;,y),y € Hy, j = 1,2.
Consider the distributions y; = p; * E_x;. Thenby 2.7 (c), i (y) = 1forall y € Hj,
Jj = 1,2. In view of Proposition 2.13 this implies that O(M}) C A(X,Hy) = G».
The characteristic functions ,&; (y) also satisfy equation (10.23). Note that ey = @y
for all y € H,. Consider the linear forms L} = & + &} and L), = & + £}, where
£ ]’ are independent random variables with values in the group G, and distributions //,;-.
Taking into account that the restrictions of the characteristic functions /l} (y) to the
subgroup H, also satisfy equation (10.23), by Lemma 10.1 the linear forms L’ and L/,
are independent. Since H, = G5 and the group G, contains no subgroup topologically
isomorphic to the circle group T, we can apply Theorem 10.3 to the group G,. We get
that u; € I'(G»). Hence p; € I'(X), j = 1,2.

3. The group X contains a subgroup G, topologically isomorphic to the two-
dimensional torus T2. By Theorem 1.17.1 the subgroup G, is a topological direct
factor of the group X, i.e., X = G| x G,. Assume that an automorphism « € Aut(T?)
is defined by the matrix « = (9 _1) (see 1.13(e)). Since det(/ — ) = 1, we
have I — o € Aut(T?). Taking into account that G, = T2, we can assume that
o € Aut(G,). We retain the same notation for elements of the group X as in case 2.
Consider an automorphism § € Aut(X) of the form 6(g1, g2) = (g1, g2). Then §
is the desired automorphism. Arguing as in case 2 and using Theorem 10.11 instead
of Theorem 10.3 we verify that if £ and &, are independent random variables with
values in X and distributions w; with non-vanishing characteristic functions, then the
independence of the linear forms L; = & + & and L, = & + 8%, implies that
niel(X),j=12 O

Theorem 10.15 is sharp. Namely, the following statement is true.

Proposition 10.16. Let either X = T or X = T X Z(2). Assume that automorphisms
aj,B; € Aut(X), j = 1,2,...,n,n > 2, have the property that not all automorphisms
a;f j_l are equal. Then there exist independent random variables §; with values in X
and distributions w; & I (X) with non-vanishing characteristic functions such that the
linear forms L1 = o161 + -+ 4+ oy and Ly = B1&1 + -+ - + Bnéy are independent.
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Proof. Obviously, the group Aut(X) consists of two automorphisms Aut(X) = {£1}.
We restrict ourselves to proving the proposition for the circle group X = T. Then
Y = Z. We will suppose without loss of generality that Y = Z and L, L, have the
formLy =&+ +&, Ly =&+ +&n—Em+r1—---—&r, 1 <m < n. Consider
on the group Z the functions

exp{—ak?/m} ifk e z®,
1 = §e><p{—(alc2 —1)/m) itk ¢ Z®
and
@ — {exp{—ak2/(n —m)} ifk e Z®,
exp{—(ak? +1)/(n —m)} ifk ¢ Z®.

Take a > 0 in such a way that the inequalities

o]

ple) = Y S >0, we) = Y gk)e >0

k=—o00 k=—o00

are satisfied. It follows from this that f(k) and g(k) are the characteristic functions of
some distributions of j, v € M!(T) with the densities p(e’) and t(e’?) with respect
to the Haar distribution m . Let §; be independent random variables with values in
the circle group T and distributions p; = wu, j = 1,2,..., mand u; = v, j =
m+ 1,m+2,...,n. Itis obvious that the characteristic functions fi;(y) satisfy the
equation

]_[uz(k+l) H M/(k—l)—]_[u/(k)]_[m(l) 1‘[ (=D, kleZ.

Jj=m+1 Jj=m+1

By Lemma 10.1 the linear forms L; and L, are independent. It is obvious that all
wi ¢ T(T). O

We will also prove the following statement.

Proposition 10.17. Assume that X is the same group as in Theorem 10.15, i.e., X 2 T
and X 2 T x Z(2). Assume that the group X satisfies the conditions:

(i) ex # {0},
(i) cx £ T.
Then the automorphism § € Aut(X) in Theorem 10.15 can be chosen in such a way

that the following statement holds:

(I) There exist nondegenerate distributions (11 and Lo € I'(X) such that if §; are
independent random variables with values in X and distributions |i;, then the
linear forms Ly = &1 + & and Ly = &1 + §&, are independent.
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Proof. To prove the proposition we follow the scheme of the proof of Theorem 10.15.
Consider the same three cases.

1. The group X contains no subgroup topologically isomorphic to the circle
group T. Since by the condition of the proposition ¢y # {0}, Remark 3.12 im-
plies that there exists a nondegenerate distribution y € I'(X). It follows from 2.16 (ii)
that the characteristic function p(y) satisfies the equation

P+ )P —v) =92W)pW)p(—v), u,vev. (10.33)

Put§ = —I and u; = p» = y. By Lemma 10.1 equation (10.33) yields that if &
and &, are independent identically distributed random variables with values in X and
distribution y, then the linear forms L, = &; + &, and L, = §; — &, are independent.

2. The group X contains a subgroup G; topologically isomorphic to the circle
group T, and X contains no subgroup topologically isomorphic to the two-dimensional
torus T2. By Theorem 1.17.1 the subgroup G is a topological direct factor of the group
X, ie., X = G; x Gy, where the subgroup G, contains no subgroup topologically
isomorphic to the circle group T. It follows from (ii) that cg, # {0}. Denote by
x = (g1,82), & € Gj, j = 1,2, elements of the group X. Reasoning as in case 1
we can put 6(g1,g2) = (g1,—&2), and w1 = U = y, where y is a nondegenerate
Gaussian distribution on G,.

3. The group X contains a subgroup G, topologically isomorphic to the two-
dimensional torus T2. By Theorem 1.17.1 the subgroup G, is a topological direct
factor of the group X, i.e., X = G| xG,. Put H, = G;. Itfollows from G, = T2 that
H, = 7Z2. Denote by (m,n), m,n € Z, elements of the group Hy. Let @ € Aut(G>)
be the same automorphism as in case 3 of Theorem 10.15. Let ;1 and pu, be Gaussian
distributions on the group G, with the characteristic functions

fii(m,n) = {=o(tom —n)*},  fa(m,n) = {=oto(tom —n)*}, (m,n) € Ha,

V51

where 19 = *5—. It is not difficult to check directly that the characteristic functions
1j (y) satisfy the equation

1+ V)2 + av) = f )2 i (v)fa(@v), u,v € Ha.

Let 6 € Aut(X) be the same automorphism as in case 3 of Theorem 10.15. It is easy
to see that if the distributions w1 and u, are considered as Gaussian distributions on
X, then the characteristic functions /i;(y) satisfy equation (10.23). By Lemma 10.1
if £; are independent random variables with values in X and distributions p;, then the
linear forms L1 = & + & and L, = & + 6&; are independent. O

Remark 10.18. The proof of the group analogue of the Skitovich—-Darmois theorem
under the condition that the characteristic functions of the considering distributions
do not vanish (Theorem 10.3) is based on the group analogue of the Cramér theorem
(Theorem 4.6). As in the classical situation, the group analogue of the Cramér theorem
can be obtained from the following particular case of the Skitovich—-Darmois theorem.
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() Let&;, j = 1,2,3,4, be independent random variables with values in a group
X and distributions (11 = W3, iy = [L4 With non-vanishing characteristic functions.
Then if the linear forms Ly = & + & + & +&yand Ly = & + & — &3 — &4 are
independent, then |1, iy € I'(X).

Indeed, let &; and &, be independent random variables with values in X and distribu-
tions p1 and o. Assume that the sum &; + £, has a Gaussian distribution, i.e., in view
of (2.1), y = 1 * 2 € I'(X). Take a random variable &3 identically distributed with
& and &4 identically distributed with &, in such a way that all random variables §; are
independent. Since the random variables n; = & +£&; and 1, = &3 + &4 have the same
distribution y € I'(X), by Lemma 7.1 the linear forms L; = (&1 + &) + (&3 + &4)
and L, = (&1 + &) — (&3 + &4) are independent. Then it follows from («) that
K1, pa € T'(X).

On the other hand, statement () follows from the group analogue of the Cramér
theorem (Theorem 4.6). To prove this we note that by Lemma 10.1 if the linear forms
Li =& +&+ &+ & and Ly = & + & — &3 — &4 are independent, then the
characteristic functions ; () satisfy equation 10.1 (i) which takes the form

A1 (u + v)fa(u + v) i (u —v)ia(u —v)

N o (10.34)
= 33001 )1 (—) A2 () Az(—v). wv e Y.

Put y = 1 * pp * 1 * fip. It follows from 2.7 (c), 2.7 (d), and (10.34) that the
characteristic function p(y) satisfies the equation

P+ )P —v) = P>w)p*(v), u,vev. (10.35)

In view of 2.7(c) and 2.7(d), 7(y) > 0. Set ¢(y) = —Inp(y). It follows from
equation (10.35) that the function ¢(y) satisfies equation 2.16 (ii). Hence y € I'(X).
By Theorem 4.6 this implies that u; € I'(X), j = 1,2. Statement («) is proved.

We see that two classes of groups X coincide: the class of groups X for which
Theorem 4.6 holds and the class of groups X for which statement () is true.

11 Random variables with values in the two-dimensional
torus T2

Let X be a second countable locally compact Abelian group, «;, B, j = 1,2,...,n,
n > 2, be topological automorphisms of X. Let §; be independent random variables
with values in X and distributions p; with non-vanishing characteristic functions.
According to Theorem 10.3 if X contains no subgroup topologically isomorphic to the
circle group T, then the independence of the linear forms L1 = o1& + -+ + @, &,
and L, = B1&; + - + Br&, yields that all u; € I'(X). On the other hand if a group
X contains a subgroup topologically isomorphic to T, then this statement is not true
(see Remark 10.4). Therefore the following natural problem arises for such groups: to
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describe possible distributions p; of independent random variables £; provided that the
linear forms L, and L, are independent. In this section we solve this problem for two
independent random variables taking values in the two-dimensional torus X = T2,
There follows from the main result of this section a complete description of topological
automorphisms «;, B; of the group T2 which have the property: if the linear forms
L1 = o161 + oz and Ly = B1&1 4 Br&; are independent, then the random variables
&; are Gaussian. It turns out that these Gaussian distributions are not arbitrary. They
are either degenerate or concentrated on the cosets of dense one-parameter subgroups
of T2 (dense windings of the two-dimensional torus T?2).

11.1 Notation. Let X = T2. Denote by x = (z,w), z,w € T, elements of the
group X. We have Y =~ Z2. To avoid introducing new notation we will assume that
Y = Z?. Denote by y = (m,n), m,n € Z, elements of the group Y. It follows
from Definition 3.1 that the characteristic function of a Gaussian distribution on the
two-dimensional torus T2 has the form

P(y) = (x.y)exp{—(Ay,y)}. y = (m.n) € Z?,

where x € T2, 4 = (q; ])12 =1 is a symmetric positive semidefinite matrix. According
to 1.14 (e) every automorphism § € Aut(T?) is defined by an integer-valued matrix
(g 2 ), where |ad — bc| = 1. The automorphism § acts on T2 as follows:

§(z, w) = (z%w°, zPw?), (z,w) e T2
The adjoint automorphism & = § € Aut (Z?) is of the form

e(m,n) = (am + bn,cm +dn), (m,n)¢€ 7>

We will identify the automorphisms § and & with the corresponding matrix (‘c’ 3 )

Let & and &, be independent random variables with values in a group X and
distributions p; and ,. Assume thato;, B;, j = 1,2, are topological automorphisms
of X. As has been noted at the beginning of the proof of Theorem 10.11, the study
of possible distributions 1; provided that the linear forms L; = o1& + o2&, and
L, = B1&1 + B»&; are independent is reduced to the case when L; = & + &, and
L, = &1 + 88, where § € Aut(X).

To prove the main theorem of this section we need some lemmas.

Lemma 11.2. Assume that ¢ = (‘c’ 3) € Aut(Z?) and Ay, A, are the eigenvalues of
the matrix . Consider the equation

(i) A+ Be=0,

where A = (aij)iz’j=1 and B = (bij)zg,j=1 are symmetric positive semidefinite matri-
ces. Then the following statements hold:
(Ia) If \1Ay = 1 and Ay + Ay > =2, then equation (i) has a unique solution A =
B =0
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(Ib) If A\iAy = —1 and A1 + Ay # 0, then equation (i) has nonzero solutions, and
any nonzero solution of equation (i) has the properties det A = det B = 0 and
Ker ANZ? = {0).

(Ila) Ifeither Ay = Ay = —lande # —1 or Ay = 1, A, = —1, then equation (i) has
nonzero solutions, and any solution of equation (i) has the properties A = B,
det A = 0, and Ker A N Z? # {0}.

(IIb) If either e = —I or AyAy = 1 and Ay + Ay < —2, then there exists a solution of
equation (1) such that det A = det B > 0.

Proof. First note that equation (i) has a nonzero solution if and only if the following
system of equations and inequalities in b;; has a nonzero solution:

b1 20, by >0, (11.1)
bi1bys — b3, > 0, (11.2)
b11b + b12d = byza + by, (11.3)
bria +bipec <0,  bioh + bapd <0, (11.4)
(b11a + b12¢)(b12b + baod) — (b12a + bazc)* > 0. (11.5)

The solving of this system is rather cumbersome, and we divide it into several steps.
1. dete =1, 1e.,
ad —bc = 1. (11.6)

In view of (11.6) the inequalities (11.2) and (11.5) are equivalent.
A.a # d. In this case bc # 0. From (11.3) we find

b2 = (b11b — baac)/(a — d). (11.7)
Substituting (11.7) into (11.2) and taking into account (11.6) we get
b2b3, — (@® + d* —2)by1bay + ¢?b3, < 0. (11.8)

It follows from (11.8) that either b1; = by, = 0, and then A = B = 0 or by1b2 # 0.
Assume that by1byy # 0. Putt = by1/bs,. We obtain from (11.8)

b2 —(@®> +d* -2t +c?<0. (11.9)
Consider the equation
b2t?> —(@®> +d* -2t +c? =0, (11.10)

and denote by D = (a — d)?*((a + d)* — 4) its discriminant.

(i) (@ +d)?> < 4. Then D < 0.

Equation (11.10) and hence inequality (11.9) has no solutions. So, equation (i) has
a unique solution A = B = 0.

(ii) « + d = 2. This implies that D = 0 and a # 1. Equation (11.10) and hence
inequality (11.9) has a unique solution ¢t = (a — 1)2/b?. Substituting the expression
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for b1, from (11.7) into the second inequality of system (11.4) and taking into account
(11.6) we get
(b11b? = bys(a® —4a +3))/2(a — 1) <0,

but this contradicts the equality by;/by» = (a — 1)?>/b%. Hence equation (i) has a
unique solution A = B = 0.

(iii) @ + d = —2. This implies that D = 0 and @ # —1. Equation (11.10)
and hence inequality (11.9) has a unique solution t = (a + 1)2/h2. Substituting the
expression for b1, from (11.7) into system (11.4) and taking into account (11.6) we get

bn(az—l)—bzzcz<0 b11b2—b22(612+4a+3)<
2(a+1) - 2(a + 1) -

0. (11.11)

Since
bi1/bx = (a + 1)*/b, (11.12)

it is easy to see that system of inequalities (11.11) holds for arbitrary b1; > 0, by > 0
such that (11.12) is satisfied. In this case all solutions of equation (i) are of the form

o @+ 1D?*/b* (a+1)/b
A—B—“((a+1)/b I )

where o > 0. Obviously, det A = 0 and Ker A N Z? # {0}.
(iv) (@ + d)? > 4and a > d. This implies that D > 0 and equation (11.10) has
the solutions

1 =

2+d>—2—(a—d)Ja+d?—4
2 b

2b (11.13)
a’+d*-2+(a—-d)J(@a+d)?—4
1 = B2 .

Hence the solutions of inequality (11.9) are ¢ € [t1,%2]. It is obvious that, z; > O.
Substituting the expression for b1, from (11.7) into system (11.4), taking into account
(11.6) and the equality ¢t = bq1/b3>, we deduce

t@®>—-1)—-c?<0, th>—d*-1)<0. (11.14)

If a € {0, 1}, then the first inequality of system (11.14) holds true for ¢ € [t1, £2], and
system (11.14) on the segment ¢ € [t1, #5] is equivalent to the inequality

t<(d*>—1)/b%. (11.15)

Suppose that a ¢ {0, ==1}. Observe that (11.6) implies the inequality (d? — 1)/b* <
c?/(a® — 1), and hence in this case system (11.14) is also equivalent to inequality
(11.15).

Obviously, ifa +d > 2, thent; > (d? — 1)/b?. Hence inequality (11.15) has no
solutions on the interval [¢1, 3], so that equation (i) has a unique solution A = B = 0.
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Ifa+d < —2,thent, < (d?—1)/b?. Therefore inequality (11.14) is fulfilled for any
t € [t1,12]. Tt follows from what has been said that all nonzero solutions of equation (i)
are of the form

_ t (bt —c)/(a—d) _
B_G(wthM—d) I )’ A= -Be.

where t; <t < tp,0 > 0. Furthermore, if 11 < ¢ < t,, thendet A = det B > 0, and
if eithert = t; ort = 15, then det A = det B = 0. We conclude from (11.13) that ¢;
are irrational numbers, and hence in the latter case Ker 4 N Z? = {0}.

(v) (a+d)? >4anda < d. Sett = by /by and pass from inequality (11.8) to
the inequality ¢?t? — (a? + d? —2)t + b? < 0. Arguing as in case (iv), we obtain that
if a + d > 2, then equation (i) has a unique solution A = B = 0, andifa + d < -2,
then equation (i) has a solution such that det A = det B > 0.

B. a = d. We conclude from (11.3) that

b]lb :bzzc. (1116)

(i) bc < 0. This implies that a = 0. From (11.16) we find b;; = by, = 0. Hence
equation (i) has a unique solution A = B = 0.

(i) bc > 0. This implies that |a| > 2. Assume that a > 2. It follows from the first
inequality of system (11.4) that by; < —cbi1z/a. Hence, in view of (11.16), (11.2),
and (11.6) we get b?, < c?b?,/a* < (a* — 1)b?,/a>. So, b1 = by, = 0 and hence
equation (i) has a unique solution A = B = 0.

Suppose thata < —2. Wenote thatif b1; = 0, then by, = Oandhence A = B = 0.
Let by; # 0. Set s = b1,/b11. Taking into consideration (11.16) we can rewrite the
system of inequalities (11.2) and (11.4) in the form

s2<bjc, a+cs<0. (11.17)

We conclude from (11.6) that the solutions of system (11.17) are s € [—+/b/c, \/b/c].
It follows from what has been said that all nonzero solutions of equation (i) are of the

form
1 s
B—o(s b/c)’ A = —Bs,

where —\/W < s < +/b/c, 0 > 0. Furthermore, if—\/m < § < +/b/c, then
detA = det B > 0, and if s = +/b/c, then det A = det B = 0. In the latter case
the irrationality of \/W implies that Ker A N Z? = {0}.

(iii) » = 0, ¢ # 0. We note that in this case a = +1. We deduce from (11.16) that
by> = 0 and hence by, = 0. Therefore it follows from system (11.4) that b;1a < 0.
Taking this into account, we get that b1; = 0 fora = 1. So, equation (i) has a unique
solution A = B = 0. If a = —1, then all solutions of equation (i) are of the form

10
A_B_o@ 0, (11.18)
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where o > 0. Obviously, det A = 0 and Ker A N Z? # {0}.

(iv)c = 0, b # 0. We note that in this case « = +-1. We conclude from (11.16) that
b11 = 0 and hence by, = 0. Therefore it follows from system (11.4) that bra < 0.
Taking this into account, we get that b, = 0 for a = 1. So, equation (i) has a unique
solution A = B = 0. If a = —1, then all solutions of equation (i) are of the form

0 0
A=B —0(0 1), (11.19)

where o > 0. Obviously, det A = 0 and Ker A N Z? # {0}.
(v) b = ¢ = 0. In this case ¢ = £, and the statement of the lemma is obvious.
2.dete = —1, i.e.,
ad —bc = —1. (11.20)

We deduce from (11.20) that if the matrices A and B satisfy equation (i), then det A =
det B = 0. Hence inequality (11.2) becomes the equation

biibyy — b3, =0, (11.21)
and inequality (11.5) becomes the equation
(b11a + b12¢)(b12b + bpad) — (b12a + byoc)® = 0. (11.22)

Equations (11.21) and (11.22) are equivalent. Equation (i) has a nonzero solution if
and only if the system of equations and inequalities (11.1), (11.3), (11.4), and (11.21)
has a nonzero solution.

A.a # +d. Note that a # —d implies bc # 0. Substituting (11.7) into (11.21)
and taking into account (11.20), we obtain

b2b}, — (a® + d* + 2)by1bas + ?b3, = 0. (11.23)

We conclude from (11.23) that either b1y = by, = 0, and then A = B = 0 or
b11b2s 7'5 0. Assume that b11b22 7é 0.
(i)a < d. Putt = by1/byy. We get from (11.23)

b*t* — (a* +d* +2)t +c* = 0. (11.24)

The solutions of equation (11.24) are of the form

a’?+d*+2—(a—d)/(a+d)>+4
2 9

Hh =

2b (11.25)
a?+d*>+2+(a—d)/(a+d)>+4
th = B2 .

In view of (11.20), (11.7), and the equality ¢ = b11/b2» we can rewrite the system
(11.4) in the form
t>c?/@*+1), t>(d*+1)/b> (11.26)
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We deduce from (11.20) that ¢2/(a? + 1) < (d? + 1)/b?. Hence system (11.26) is
equivalent to the inequality t > (d? + 1)/b%. As is easily seen, inequality (11.26)
is true for t = #; and it is false for t = #,. It follows from this that equation (i) has
nonzero solutions, and they are of the form

= t (bt —¢)/(a —d) B
’ _0((’”1 —C)l/(a—d) 1 1 ) A=kB, (11.27)

whereo > 0,k = (v/(a +d)? + 4—a—d)/2. Ttis obvious that det A = det B = 0.
It follows from (11.25) that #; is an irrational number. Hence Ker A N Z? = {0}.
(ii) a > d. Putt = by, /b1 and pass from equation (11.23) to the equation

2> —(@* +d*+2)t +b* = 0.

Arguing as in case (i) we prove that equation (i) has nonzero solutions, each of which
has the properties det A = det B = 0 and Ker A N Z? = {0}.

B.a = d # 0. We note that in this case b¢ > 0. We conclude from (11.16) and
(11.21) that b2, — bb?,/c = 0 and hence b1y = +b1;+/b/c. Taking into account
system (11.4), we find b1, = —bq; \/W It is easily verified that equation (i) has
nonzero solutions and they are of the form

Bza(_\/lm _1;/;’?), A = kB,

where 0 > 0, k = +a?+ 1 —a. Itis obvious that det A = det B = 0. The
irrationality of \/W implies that Ker A N Z? = {0}.

C.a = —d # 0. This implies that @ % d. Hence (11.7) holds and we obtain
(11.23).

(i) a < 0, b # 0. We conclude from (11.23) that if b, = 0, then b;; = 0 and
hence A = B = 0. Suppose that by, 7% 0. Putting ¢ = b11/b2, and arguing as in case
A (i) we verify that all solutions of equation (i) are of the form

_p_ (la=1?*/b* (a—-1)/b
A—B—"((a—n/b 1 )

where o > 0.

(ii) « < 0, b = 0. It follows from (11.20) that @ = —1. The second inequality of
system (11.4) implies that b, = 0 and hence b1, = 0. We see that all solutions of
equation (i) are of the form (11.18).

(iii) @ > 0, ¢ # 0. We deduce from (11.23) that if b;; = 0, then b, = 0 and
hence A = B = 0. Suppose that by; # 0. Setting ¢t = by, /b11 and arguing as in case
A (i), we verify that all solutions of equation (i) are of the form

o | —(a+ /e
A=B=o0 (—(a +1)/e (a+ 1)2/02) :

where o > 0.
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(iv)a > 0, c = 0. We conclude from (11.20) that @ = 1. The first inequality of
system (11.4) implies that b1; = 0 and hence b;, = 0. We see that all solutions of
equation (i) are of the form (11.19).

D.a = d = 0. Then bc = 1 and hence eitherb = c =1lorb =c = —1. It
follows from (11.16) that b1; = b2, and (11.21) implies that b2, = b?,. We deduce
from system (11.4) that in the case when b = ¢ = 1 all solutions of equation (i) are of

the form
A=B=o0 Il
-0 -1 1)

where 0 > 0. If b = ¢ = —1, then all solutions of equation (i) are of the form

1 1
A—B—U(1 1),
where o > 0.

It is obvious that in cases C and D we have det A = 0 and Ker A N Z? # {0}.
To complete the proof of Lemma 11.2, we note that A\; A, = deteand A; + A, =
a+d. O

Lemma 11.3. Assume that ¢ = (‘c’ 3) € Aut(Z?), A and M are the eigenvalues of
the matrix . The kernel Ker(e — I) # {0} if and only if either A1 = A, = 1 and then
e=(2,b,) dete=10rdy =1, Ay =—landthene = (2 %), dete = —1.

Proof. Straightforward. O

Lemma 11.4. Assume that symmetric positive semidefinite matrices A = (a; J)lz =1

and B = (bij)iz,j=1 satisfy equation 11.2 (1) and det A = 0. Then B = kA, where
k > 0.

Proof. We conclude from 11.2 (i) that the inequalities aj1a22 # 0 and b11b25 # 0
are equivalent. Suppose that aj1a2> # 0. In this case the matrices A and B can be
written in the form 4 = x2 (7 ¢) and B = y? (s §), where xy # 0. Suppose
&= (‘; 3) € Aut(Z?). Substituting the expressions for A, B, and ¢ into 11.2 (i) we

get
2 2 2
2 (17t 2 (as® +cs bs®+ds\ _
. (l 1)+y (as+c bs +d =0
It follows from this that the equalities
x2=—y2(bs +d), x’t=—y%s(bs+d)

hold. Hence t = s and B = kA, where k > 0. In the case when aj1a2, = 0O the
statement of the lemma is obvious. O

We will prove now the main theorem of this section.
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Theorem 11.5. Assume that § € Aut(T?) and A1, A, are the eigenvalues of the matrix
5= (‘CZ Z) Let &1 and &, be independent random variables with values in the group
T2 and distributions i1 and j1, with non-vanishing characteristic functions. Suppose
that the linear forms L1 = & + & and L, = & + 8&, are independent. Then the
following statements hold:

(Ia) If \yA2 = Land Ay + Ay > =2, then i are degenerate distributions.

(Ib) IfA1A2 = —land A1+ Ay # O, then ; are Gaussian distributions concentrated
on shifts of a one-parameter subgroup. This subgroup is dense in T2.

(IIa) If either Ay = Ay = —land § # —1 or Ay = 1, Ao = —1, then u; =
Eyx; xy * mj, where x; € T2, y € T'(K), K is a subgroup of T? topologically
isomorphic to T, w; are signed measures on F, F is a subgroup of K generated
by the element of order 2, and w1 * 7wy = E(1,1).

(IIb) If either § = —1 or A1A, = 1 and Ay + Ay < —2, then there exist indepen-
dent random variables £; and &, with values in the group T? and distributions
w1, 2 & T(T?) such that the linear forms L1 = & + & and L, = &1 + 8&
are independent. In so doing, distributions |1; have non-vanishing characteristic
Jfunctions and non-vanishing densities with respect to the Haar distribution mz.

Proof. Put ¢ = §, L = Ker(e — 7). By Lemma 10.1 the independence of L; and
L, is equivalent to the fact that the characteristic functions ji;(y) satisfy equation
10.1 (i) which takes the form (10.23). First we will prove statements (Ia), (Ib) and
(ITa). Consider two possibilities: L # {0} and L = {0}.

1. L # {0}. Assume that § # I and prove that if L # {0}, then there exists a
subgroup K of the group T2, K is topologically isomorphic to the circle group T such
that after appropriate shifts all p; are supported in K and the restriction of § to K is
an automorphism of the subgroup K.

Since the subgroup L is invariant with respect to &, we can consider the restriction
of equation (10.23) to L. We get

A+ v)ia(u +v) = ()i (v)d2(u)ia(v), u,ve L. (11.28)

Put A(y) = 11(y)i2(y). We conclude from (11.28) that the function /(y) satisfies
the equation /i(u + v) = h(u)h(v) on the subgroup L, i.e., i(y) is a character of the
subgroup L. It follows from 2.7 (e) that the restrictions of the functions ft;(y) and
[2(y) to L are also characters of the subgroup L. We deduce from Theorem 1.9.2 that
there exist elements x; € T2 such that /i;(y) = (xj,»),y € L, j = 1,2. Replacing
the distributions w; with their shifts we can assume without loss of generality that
f1(y) = fia(y) = 1, y € L. Then by Proposition 2.13, o(u;) C A(T? L),
j = 1,2. Put K = A(T?,L). Taking into account that eL = L, we get that &
induces some automorphism & on the factor group Z?2/L by the formula £[y] = [sy],
y € [y]. Itfollows from Theorems 1.9.1 and 1.9.2 that K 2= (Z2/L)*. As appears from
above, the restriction of the automorphism § to the subgroup K is an automorphism of
the subgroup K and this restriction coincides with the automorphism adjoint to £. It
remains to prove that K = T.
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It follows from e # [ that L =~ Z. Let yo = (po. qo) be a generator of the group L,
ie., L = {kyo : k € Z}. Obviously, py and go are relatively prime. This implies that
there exist some integers mg and n¢ such that

DPolo — qomo = 1. (11.29)

Set L' = {kzo : k € Z}, where zy = (myg, ng). Taking into account equality (11.29),
we easily verify that Z2 = L x L'. Since L' = Z, we have K =~ (Z?/L)* =~ (L')* =~
T. It means that we have reduced our problem to the case when independent random
variables take values in the circle group T.

Assume that A{A, = land A; + A> > —2. We conclude from Lemma 11.3 and the
condition L # {0} thate = (4,5 ), dete = 1. We will prove that & = I. Obviously,
it suffices to show that £[zg] = [zo], i.e., €20 — zo € L. To put it in another way,
e(ezo—z9) = £z9—zo. Butthisequality follows directly fromdet & = 2a—a?—bc = 1.
Hence the restriction of § to the subgroup K is the identity automorphism. We have
independent random variables &; and &€, with values in the subgroup K and distributions
w1 and o ; moreover the linear forms L1 = & 4+&; and L, = &; + &, are independent.
It is obvious that in this case p; are degenerate distributions.

If § = I, then equation (10.23) becomes equation (11.28) which holds true on Z?2.
It follows from this that u; are degenerate distributions. Statement (Ia) in case 1 is
proved.

Assume now thateither A.; = A, = —lande #= —l orA; = 1, A, = —1. Itfollows
from Lemma 11.3 and the condition L # {0} thate = (¢ 4,), dete = —1. We will
prove that ¢ = —1I. Obviously, it suffices to show that £[zo] = —[z¢],1.e., £z0+z¢ € L.
To put it in another way, e(ezo + zo) = €z¢ + zo. But this equality follows directly
from dete = —a®? — bc = —1. Hence the restriction of the automorphism § to the
subgroup K coincides with —7. It follows from Corollary 8.6 that u; = Ex; *y % 7;,
where x; € T2,y € I'(K), r; are signed measures on F, where F is the subgroup
of K generated by the element of order 2, and 7y * 7w = E(; ;). Statement (Ila) in
case 1 is proved.

2. L = {0}. Set H = (I —&)Z? Then H =~ Z% Putv; = pu; * i;. We
deduce from 2.7 (¢c) and 2.7 (d) that D; (y) = |i;(»)|*> > 0, y € Z2. Itis obvious that
the characteristic functions 7; () also satisfy equation (10.23). We will first prove the
following statement.

(o) If L = {0}, then on the subgroup H the characteristic functions V;(y) can be
represented in the form

D1(y) = exp{—(Ay.y)}. D2(y) = exp{—(By.y)}, y€H,
where A and B are symmetric positive semidefinite matrices satisfying equation 11.2 (i).

To prove this, put ¢; (y) = —In D;(y). We conclude from (10.23) that the functions
@;(y) satisty equation 10.9 (i). Lemma 10.9 implies that each of the functions ¢; (y)
satisfies equation 10.9 (ii). Substituting (/ —e)k = hin 10.9 (ii), where £ is an arbitrary
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element of the subgroup H, we get that on H the function ¢; (y) satisfies equation
Aflfpj(u) =0, hucH.

Hence ¢;(y) = ¢;(m,n) is a polynomial on H of degree < 2. Note that H =~ Z? and
@i (») = 0,0;(—y) = ¢;(y), y € Z%, ¢;(0) = 0. Taking into account Remark 5.12,
it follows from this that

p1(m,n) = allmz + 2a1omn + axpn’= (Ay,y), y=(m,n) e H,
@2(m,n) = byym* + 2bizmn + byon® = (By,y), y = (m,n) € H,

where A = (a; j)i =1 B = (b; j)i j=1 are symmetric positive semidefinite matrices.

Considering equation 10.9 (i) on A and substituting the expressions for ¢;(y) into
10.9 (i), we obtain
(u,(A+ Be)v) =0, u,veH. (11.30)

Since H = 7?2, (11.30) implies that the matrices A and B satisfy equation 10.3 (i).
Statement () is proved.

Assume that A1A, = 1and A; + A, > —2. Apply («). Since the matrices A and B
satisfy equation 11.2 (i), by Lemma 11.2, A = B = 0 and hence V;(y) = 1,y € H.
Then Proposition 2.13 implies o(v;) C A(T?, H), j = 1,2. Put K = A(T?, H). It
follows from e H = H that ¢ induces an automorphism & on the factor group Z2/H
by the formula £[y] = [sy], y € [y]. By Theorems 1.9.1 and 1.9.2, K =~ (Z2?/H)*.
It follows from what has been said that the restriction of the automorphism § to the
subgroup K is an automorphism of the subgroup K and this restriction coincides with
the automorphism adjoint to &. Since H = Z2, it follows from this that Z2/ H is a finite
group. Therefore K is also a finite group. Hence the group K contains no subgroup
topologically isomorphic to the circle group T. Let £] and &, be independent random
variables with values in the group K and distributions v;. Applying Theorem 10.3 to
the random variables £’ and to the group K we find that v; € I'(K). By Proposition 3.6,
I'(K) = D(K). Hence v; are degenerate distributions, and u; are also degenerate
distributions. Statement (Ia) is proved in case 2, and hence it is completely proved.

To prove (Ib) and (Ila) we need the following statement.

(B) Puty = vy * vo. Theny € T'(T?).

As has been shown in the proof of Theorem 10.3, it follows from equation 10.11 (i)
that the function P(y) = ¢1(y) + ¢2(y) satisfies equation

A3Pu) =0, uheZ

Hence P(y) = P(m,n) is a polynomial on Z? of degree < 2. Since P(y) > 0,
P(—y) = P(y),y € Z2, and P(0) = 0, it follows from Remark 5.12 that

P(m,n) = c1im? + 2¢1omn + coon? = (Cy,y), y=(m,n)e 7?2,

where C = (C; 1)1'2, =1 is a symmetric positive semidefinite matrix. Hence state-
ment (B) follows from 2.7 (b) and 2.7 (¢).
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Assume that AqA, = —1 and Ay + A, # 0. Apply («). Since matrices A and
B satisfy equation 11.2 (i), by Lemma 11.2 equation 11.2 (1) has nonzero solutions
and any nonzero solution of equation 11.2 (i) has the properties det A = det B = 0
and Ker A N Z? = {0}. It follows from this that ajjas, # 0. We have (4y,y) =
(Jaiim £ Jaxpn)?, y = (m,n). Assume for definiteness that (4y, y) = (Jaj1im +
Vaxn)?. Applying («), (8) and Lemma 11.4 we get (Cy, y) = q(y/a11/azm+n)?,
y € H, where ¢ > 0. Taking into account that H 2= Z?2, this representation also holds
true for y € Z2. It follows from Ker A N Z? = {0} that \/a1;/ay; is an irrational
number. Put y = vy * vy. Then P (m,n) = exp{—q(y/ai1/azam + n)?}.

Consider a Gaussian distribution N on the group R with the characteristic function
Z/\\’(s) = exp{—gs?}. Let r: Z? — R be the homomorphism given by 7(m,n) =
Vai1/azm + n. Denote by p = 7: R — T2 the adjoint homomorphism. It follows
from Proposition 2.10 and 2.7 (b) that y = p(N). Since /ai11/a»» is an irrational
number, t is a monomorphism. We conclude from 1.13 (a) and 1.13 (b) that the image
p(R) is dense in T2. Thus the distribution y is concentrated on a one-parameter
subgroup V = p(R) C T2 such that V is dense in T?2. Since y = ju1 * ji1 * io * 2,
Proposition 2.2 implies that the distributions p; can be replaced by their shifts u} such
that

Yy = Wy K LY %y kL,

and ,u} are concentrated on V. Taking into account that the image 7(Z?) is dense
in R, we deduce from 1.13 (b) that p is a monomorphism. By Corollary 2.5, N =
Ny * Ny % Ny* Ny, where N; = p~! ([L;). Applying Theorem 2.18 we get N; € I'(R).
This implies that 1 = p(N;) € T'(T?) and hence y1; € T(T?). Statement (Ib) is
proved.

Assume now that either Ay = A, = —land§ # —l or Ay = 1, A, = —1.
Apply (o). Since the matrices A and B satisfy equation 11.2 (i), by Lemma 11.2
equation 11.2 (i) has nonzero solutions, and any solution of equation 11.2 (i) has the
properties A = B,det A = 0, and M = Ker A N Z? # {0}. It follows from A = B,
(), and (B) that

y(y) = exp{—2(4y,y)}, ye€H. (11.31)

Taking into account that H = Z?2, representation (11.31) also holds true for y € Z2.
Therefore $(y) = 1 for y € M and hence, by Proposition 2.13, o(y) C A(T?, M).
Put K = A(T?,M). By Proposition 2.2, distributions ; can be replaced by their
shifts /L} such that U(M}) C K. Itis obvious that K =~ T. As is easily seen, M = Z
and there exists a subgroup M’ C Z? such that Z?> = M x M’. Since A = B, we have
A + Ae = 0. This implies that (M) C M and s~ '(M) C M. Hence e(M) = M.
Therefore the restriction of the automorphism ¢ to the subgroup M is an automorphism
of the subgroup M and the automorphism & induces some automorphism & on the factor
group Z?/M by the formula &[y] = [ey], y € [y]. It follows from A(/ + &) = 0
that y + ey € M for y € Z2. Therefore [y + ey] = 0 for y € Z?, and hence
é]y] = —[y]. Taking into account that £ is the adjoint automorphism of the restriction
of the automorphism § to K, we see that the restriction of the automorphism § to K
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coincides with —7. It follows from Corollary 8.6 that u; = Ex; * y * m;, where
Xj € T2,y € I'(K), 7; are signed measures on I, where F is the subgroup of K
generated by the element of order 2 and 7y * my = E(y,1). Statement (Ila) is proved
in case 2 and hence it is completely proved.

We now prove statement (IIb). Assume that either § = —/ or A;A, = 1 and
A1+ Ay < —2. By Lemma 11.2 there exist solutions of equation 11.2 (i) such that
det A = det B > 0. Observe that I — & ¢ Aut(Z?). Let v; be a Gaussian distribution
on the group T2 with characteristic function d;(y) = exp{—¢;(y)}, j = 1,2, where
01(y) = (Ay,y), p2(y) = (By,y). It is obvious that the characteristic functions
D; () satisfy equation (10.23). Set G = A(T?2, H). It follows from I — & ¢ Aut(Z?)
that H # Z? and hence G # {0}. Take 0 < r < 1 and consider the distribution
w1 =rE,1) + (1 —r)mg and the signed measure 7, = (1/r)Eq 1+ (1 —1/r)mg.
By Theorem 1.9.1, H = A(Z?, G), and hence the characteristic function 77 (y) is of
the form

o () 1 ifyeH,
m =
GV =00 ity ¢ H.
It follows from this that the characteristic functions 7;()) are of the form
R 1 ifyeH, ., 1 ifyeH,
mi(y) = . Ta(y) = .
r ifydH, 1/r ify & H.

We will verify that the functions 77, () satisfy equation (10.23). It follows frome(H) =
H that 71 (u)71 (V)72 (u)2(ev) = 1 for all u,v € Z?, and hence the right-hand
side of equation (10.23) is equal to 1. Suppose that there exist u, v € Z? such that
A1(u + v)2(u + ev) # 1. This means that either u + v € H, u + sv & H or
u+vée H,u+ ev e H. For each of these cases we get that (/ — g)v & H, contrary
to the definition of H. Thus the left-hand side of equation (10.23) is also equal to 1.
Hence the functions 7; () satisfy equation (10.23).

Set g; (y) = (V; (y))kfrj (¥). The functions g;(y) also satisfy equation (10.23).
Take k so large that

Z gi(m,n) < 1.

(m.n)EZ2
(m,n)#0

Since det A = det B > 0, we always can do it. This implies that

pi(z,w)=1+ Z gi(m,n)zmw" >0, (z,w)e T2

(m.n)eZ2
(m,n)#0

Also it is obvious that
pj(z,w)ydmy2(z, w) = 1.
T2

Let u; be the distributions on T2 with the densities p; (z, w) with respect to the Haar
distribution m2. Itis obvious that /1;(y) = g;(y) and 1; & I'(T?). Let & and &, be
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independent random variables with values in the group T2 and distributions ;. Since
the characteristic functions fi; () satisfy equation (10.23), by Lemma 10.1 the linear
forms Ly = & + & and L, = & + §&; are independent. Statement (IIb) is proved.
The theorem is completely proved. O

Remark 11.6. Assume that A;A, = —1, A; + A, # 0. By Lemma 11.2 there exist
nonzero solutions A and B of equation 11.2 (i). Let 11 and p, be Gaussian distributions
on the group T2 with the characteristic functions

f1(y) = exp{—(Ay. )}, fQ2(y) =exp{—(By.y)}. y = (m.n)eZ>

Obviously, the characteristic functions fi; () satisfy equation (10.23). By Lemma 10.1
it follows from this that if the conditions of statement (Ib) are satisfied there exist non-
degenerate Gaussian distributions 1 and @, concentrated on shifts of a one-parameter
subgroup V' of T2 such that V' is dense in T2, and if &; and &, are independent ran-
dom variables with values in T2 and distributions z¢; and ji,, then the linear forms
L1 =& +& and L, = & + 8§, are independent.

Assume that either Ay = A = —land§ # —[ or A; = 1, A, = —1. By
Lemma 11.2 there exist nonzero solutions A and B of equation 11.2(i). Put K =
A(T?, M), where M = Ker AN Z? # {0}. Then K = T and the restriction of the
automorphism & to the subgroup K coincides with the automorphism —/. Let y be a
Gaussian distribution on the group T2 with the characteristic function

P(y) =exp{—(Ay.y)}, y = (m.n)eZ>

Then the characteristic functions y;(y) = y(y), j = 1,2, satisfy equation (10.23).
Let F be the subgroup of K generated by the element of order 2. Take 0 < r < 1
and consider the distribution 71 = rE( ;) + (1 — r)mp and the signed measure
mp = (1/r)Eq,1 + (1 —1/r)mp. Itis easy to see that w1 * mp = E(y 1), and the
characteristic functions 77, (y) satisfy equation (10.23). Set u; = y *7;, j = 1,2.
It is clear that for a given matrix A we can choose a number r in such a manner
that u; are distributions. The characteristic functions of the distributions p; also
satisfy equation (10.23). Taking into account Lemma 10.1, it follows from this that
if the conditions of statement (Ila) are satisfied there exist non-Gaussian distributions
pu; of the form u; = y * m; which have the following property: If & and &, are
independent random variables with values in T2 and distributions p;, then the linear
forms L1 = &; + & and L, = &; + §&; are independent.

From what has been said it follows that statements (Ib), (Ila) in Theorem 11.5 may
not be strengthened. Namely, the following statement is valid.

Let § € Aut(T?) be such a topological automorphism of the group T2 as in one of
the cases (Ib) or (Ila). Then there exist independent random variables §; with values
in T2 and distributions w; which are possible by Theorem 11.5 in the corresponding
case and such that the linear forms L, = &, + &, and L, = &; + 6&; are independent.
Thus the description of the classes of distributions which are characterized by the
independence of the linear forms L; = & + & and L, = &; + 6&; in cases (Ib) and
(ITa) is sharp.
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Remark 11.7. As has been shown in the proof of statement (Ib) of Theorem 11.5, the
distributions pt; and w, are concentrated on shifts of a one-parameter subgroup V' of
the form V = p(R). Using the representation for the matrix A obtained in the proof
of Lemma 11.2 (see 2A, 2B) it is not difficult to verify that §(V) = V. We will prove
this statement for the case 2A (i). The other cases can be considered similarly. Put
to = (bt; —c¢)/(a — d), where t; is defined by (11.25). Then the matrix A is of the

form
_ nh t
A_U(to 1), o> 0.

Since det A = 0, we have 17 = #;. We recall that p = 7, where 7: Z? +— R
is defined by t(m,n) = tom + n. We will find p. Let ps = (z,w) and hence
(ps,(m,n)) = z™w", s € R, (m,n) € Z?. On the other hand (ps, (m,n)) =
(S,‘L'(I’I’l,l’l)) — (S,l()m +n) — eis(t()m-‘rn) — eistomeisn' Thus z"w" = eist()meisn
for all (m,n) € Z?. Hence ps = (e'5%0,¢'). It follows from this that §(ps) =
(eisttoate) pislobtd)y 1f we verify that (toa + c)/(toh + d) = to, then the inclusion
3(p(R) C R will be proved. We have
bti —c¢  abt; —dc +ac —ac

— 42 _ — _
[o(lob+d)—lob+lod—bll+da_d = 7 —d = tpa + c.

Thus 8(p(R) C R, and hence §(p(R) = R. Moreover it is easy to see that p~18p(s) =
(tob 4+ d)s.

We see that if conditions (Ib) are satisfied, then the assertion that the distributions
w; are Gaussian can be done directly from the Skitovich-Darmois theorem.

12 Random variables with values in the groups Rx T and X, x T

Denote by X either the group R x T or the group £, x T. Letaj, B;, j = 1,2,
be topological automorphisms of X. Assume that £; and &, are independent random
variables with values in X and distributions p¢; and p, with non-vanishing characteristic
functions. Consider the linear forms L; = o1& + 2§ and L, = 1§ + 262 and
suppose that L; and L, are independent. In this section we describe the possible
distributions ;.

12.1 Notation. Let X = Rx T. Denoteby x = (¢,z),t € R,z € T, elements of the
group X. We have Y = R x Z. To avoid introducing new notation we will assume that
Y =RxZ. Denoteby y = (s,n),s € R,n € Z, elements of Y. For convenience we
also assume that the real line R, the circle group T, and the group Z(2) are embedded in
the natural way in the group X . It is easy to verify that every topological automorphism
& € Aut(R x Z) is defined by a matrix (& 2, ), where a,b € R, a # 0, and & operates
on R x Z as follows:

e(s,n) = (as + bn,xn), (s,n) e RxZ.
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Then the adjoint automorphism § = & € Aut(R x T) is of the form
8(t,2) = (at,e'?z%Y), (1,z) e RxT.

We identify § and & with the corresponding matrix (& 2, ).

Let & and & be independent random variables with values in a group X and
distributions w; and u,. Let o, B, j = 1,2, be topological automorphisms of X. As
noted at the beginning of the proof of Theorem 10.11, the study of possible distributions
w; provided that the linear forms L; = o1& + o262 and Ly = B1&1 + B2 are
independent is reduced to the case when Ly = & + & and L, = & + 6&,, where
8 € Aut(X).

In what follows we need two lemmas.

Lemma 12.2. Lete = (‘(’) _bl) wherea # 0. Let A = (aij)ij=1 and B = (b;; 1'2,j=1

be symmetric positive semidefinite matrices. If either a > 0 ora = —1l and b # 0,
then all nonzero solutions of the equation
(i) A+Be=0

are of the form

.. 0 0
(ii) A—B—U(O 1), o >0.

Ifa <0, a # —1, then all nonzero solutions of equation (i) are of the form

(i) B=o (b/(al+ 1y b/("f 1)) ., A=-Be, 0>0,1>b%/(a+1)>

Proof. First note that equation (i) has a nonzero solution if and only if the following
system of equations and inequalities has a nonzero solution:

b11 >0, by >0, (12.1)
br1bay — b}, > 0, (12.2)
b11b — b1 = biza, (12.3)
biia <O, (12.4)
b12b —byy <0, (12.5)
bria(biab — byz) — (b12a)* > 0. (12.6)

Leta > 0. We conclude from (12.1) and (12.4) that b;; = 0. Then we obtain from
(12.2) that b1, = 0. Obviously, all nonzero solutions of equation (i) can be represented
in the form (ii).

Leta = —1 and b # 0. We get from (12.3) that b;; = 0. As noted above, all
nonzero solutions of equation (i) can be represented in the form (ii).

Note that if @ < 0, then dete > 0. It follows from (i) that inequalities (12.2) and
(12.6) are equivalent. Let a < 0, a # —1. We obtain from (12.3) that

b12 = bllb/(a + 1) (127)
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Substituting (12.7) into (12.2) we find that
bi1bay — b3 b*/(a + 1)* > 0. (12.8)

Asnoted above, if b1; = 0, then all nonzero solutions of equation (i) can be represented
in the form (ii). Let b1; = o > 0. Then (12.8) is equivalent to the inequality

bas —b11b%/(a + 1) > 0. (12.9)
Substituting (12.7) into (12.5) we find that
bas —b11b?/(a + 1) > 0. (12.10)
Putt = by5/b11. Then inequalities (12.9) and (12.10) become
t=>b%/(a+ 1?2 t=b%/(a+1). (12.11)

Obviously, if a < 0, a # —1, then system of inequalities (12.11) is equivalent to the
inequality
t > b%/(a + 1)%.

It follows from this that all nonzero solutions of equation (i) can be represented in the
form (iii). O

Lemma 12.3. Let Y be an arbitrary Abelian group, & be an automorphism of the
group Y. Assume that normalized functions f;(y) do notvanish and satisfy the equation

@) N +v)falu +ev) = fi(w) /i(v) () f2(ev), u, veY.

Then every function f;(y) satisfies the equation

i) fiu+v)filu—v)= sz(u)fj(v)fj(—v), ueE—10)yY,vey.

Proof. Let p and g be arbitrary elements of the group Y. Puttingu = p —q,v = ¢
in equation (i) we obtain

Si(p) falp + (e = D)q) = filp —q@) f1(q) f2(p — @) f2(eq), p.qeY. (12.12)

Let & be an arbitrary element of the group Y. Substituting p + & for p and g + h for
q into equation (12.12) we infer that

Si(p +h) fa(p + (e = 1)q + h)

(12.13)
= filp —q) filg + h) f2(p — q) fa(eq + €h), p,q,heY.
Dividing equation (12.13) by equation (12.12) we find
Silp+h) fa(p +(e—1)qg+¢eh)  filg + h)f2(eq + eh)
p.q,heY.

f1(p) f2(p + (e — I)q) B fi@) foaleq)
(12.14)
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Let k be an arbitrary element of the group Y. Substituting p + (¢ — I)k for p and
q — k for ¢ into equation (12.14) we have

Silp +h+ (e = D)k) fo(p + (e = I)q + &h)
Si(p + (e = Dk) fa(p + (e = 1)q)

_ i@+ h—k) fr(eq + eh — £k) b hkeY (12.15)
filg—k) faleq—ek) = T '
Dividing equation (12.15) by equation (12.14) we find
fip) filp + 1+ (e - Dk)
Filp+h) fi(p + (e = Dk) (1216

_ SJilg +h=k) /1(9) f2(2q) fa(eq + eh — ek)
filg —k) fi(g + h) f2(eq + €h) fo(eq — €k)’

The right-hand side of equation (12.16) does not depend on p. Hence the left-hand
side of equation (12.16) takes the same value for p = —h and for p = 0. We obtain

LD file=DE) _ filh + (e = DE)
fih+ =Dk~ filh) fi(e =Dk’

It follows from this that
filte=Dk+h) fi((e—Dk—h) = fZ((e=D)k) fr(h) fi(=h), h.k €Y. (12.18)

Puttingu = (¢—1)k, v = hinequation (12.18) we get that the function f; () satisfies
equation (ii).
Set v/ = gv. Then equation (i) becomes

filu+ 7)) folu+0) = fiw) fi(e7) o) o(0), uee—DY, veY.

Since (67! — I)Y = (¢ — I)Y, the reasoning given above shows that the function
f2(y) also satisfies equation (ii). O

p.q.hkeY.

hk €Y. (12.17)

Theorem 12.4. Let X = R x T, § € Aut(X). Let &1 and &, be independent random
variables with values in X and distributions 1 and [, with the non-vanishing char-
acteristic functions. Suppose that linear forms L1 = &, + & and L, = & + 8&; are
independent. Then the following statements hold:

(a) If§ = (g ’f ) where a > 0, then [u; are degenerate distributions.

b) Ifs = (g 11’ ), where a < 0, then either y; are degenerate distributions or jt; =
Ex; x v, where y; € T'(X), o(y;) = K, K is a subgroup of X topologically
isomorphic to R.

(¢c) Ifeither$ = (g b ) wherea > 0, or§ = (_01 b ), where b # 0, then either |1
are degenerate distributions or jij = Ey; * y x 7;, where x; € X, y € I'(X),
o(y) =T, n; are signed measures on Z(2) such that my * my = Eg,1).
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(d) Ifs = (‘5 _bl ), wherea < 0,a # —1, theneither uj = y;*m;, wherey; € I'(X),
o(y;) = X, n; are signed measures on Z(2) such that wy * wp = E(o,1), or it
are the same as in (b).

(e) If 86 = —1, then either |1; are the same as in () or (u; are the same as in (d).

Proof. Pute = 8, L = Ker(s— 1), H = (¢—1)Y. By Lemma 10.1 the independence

of Ly and L, is equivalent to the fact that the characteristic functions [i;(y) satisfy

equation 10.1 (i) which takes the form (10.23). Two cases are possible: L # {0} and
= {0}.

1. L # {0}. Theneither§ = (&%) ors = (§ 4, ). PutK = A(X, L). Itis obvious
that the restrictions of the characterlstlc functions fi1(y) and ft2(y) to the subgroup
L satisfy equation (11.28). Reasoning as in case 1 of Theorem 11.5 we conclude that
the distributions p; can be replaced by their shifts u} in such a way that the supports
a(,u}) C K, j = 1,2. Moreover, the restriction of the automorphism § to the subgroup
K is an automorphism of the subgroup K. Taking into account Corollary 10.2 we can
assume from the beginning that the random variables &; take values in the subgroup K.

We will first prove statements (a) and (b). Let § = (&2). It is obvious that in
the case when § = I, uu; are degenerate distributions. Let § = (%), b # 0. Then

= {(5,0) : s € R}, and hence K = T. It is clear that the restriction of the
automorphism § to the subgroup T coincides with the identity automorphism /. Thus
we have independent random variables £ and &, with values in T and distributions jt;
and p, such that the linear forms L; = &) + & and L, = &; + &, are independent. It
follows from this that p; are degenerate distributions.

Let § = (4%), where a # 1. It is easy to verify that L = {(;2n.n) :

n € Z}. This implies that K = {(z, e”abfl) : t € R}, ie., the subgroup K is
topologically isomorphic to R. Consider the monomorphism 7: R — X of the
form t¢t = (¢, €" ath) and the independent random variables § = v 1(§). Since
3(t, e”ub*l) = (at, e"‘”aLl) we get T718(&,) = a&,. Thus we have the independent
random variables &; ) taking values in the group R such that the linear forms Ly = £1+&
and Lz = E 1+ aéz are independent. By the Skitovich—-Darmois theorem the random
variables £, 7 have Gaussian distributions, and hence £; also have Gaussian distributions,
ie., u; € I'(X).

Obviously, if a > 0, then u; are degenerate distributions. If a < 0, then there
exist independent random variables £; with values in K and nondegenerate Gaussian
distributions p; such that the linear forms Ly = & + & and L, = & + 6§, are
independent. Statements (a) and (b) are proved.

Let§ = ((1) _bl). Then L = {(s5,0) : s € R}, and hence K = T. Obviously, the
restriction of the automorphism § to the subgroup T coincides with the automorphism
—1I. By Corollary 8.6, uj = Ex; xy *x m;, where x; € X,y € I'(X),0(y) =T
m; are signed measures on Z(2) such that y * w5 = E(g,1). Statement (c) in the case
where @ = 1 is proved.

2. We now consider the case that L = {0}. Then § = (g _bl), where a # 1. We
have H = (I —¢)Y = Y® = RxZ@®. Put G = H*. Since the characteristic



126 IV The Skitovich-Darmois theorem for locally compact Abelian groups (special case)

functions ft; () satisfy equation (10.23), it follows from Lemma 12.3 that every char-
acteristic function [, () satisfies equation 12.3 (ii) on the subgroup Y @ Therefore by
Lemma 9.2 these restrictions are the characteristic functions of Gaussian distributions
in the sense of Bernstein on the group G. Since H = R x Z, Theorem 1.7.1 implies
that G =~ R x T. The group G contains no subgroup topologically isomorphic to the
two-dimensional torus T?2. Therefore, applying Lemma 9.7 to the group G we obtain
that the restrictions of the characteristic functions ji;(y) to the subgroup H are the
characteristic functions of Gaussian distributions. It follows from Remark 5.12 that
a continuous function ¢(y) on the group R x Z satisfying equation 2.16 (ii) is of the
form ¢(y) = exp{—(Cy, y)}, where C is a symmetric positive semidefinite matrix.
Hence we obtain the following representation for the restrictions of the characteristic
functions [i; () to the subgroup H

f1(y) = mi(y)expi—(A4y, y)},  Qa(y) = ma(y)exp{—(By,y)}, u, veH,

where m;(y) is a character of the subgroup H, and A, B are symmetric positive
semidefinite matrices. By Theorem 1.9.2 there exist elements x; € X such that
m;(y) = (x;,y),y € H. Put p,} = p; * E_x,. Taking into account Corollary 10.2,
we can assume from the beginning that the following representations hold:

f1(y) = exp{—(Ay, y)}, f2(y) = exp{—(By,y)}, y € H. (12.19)

Consider the restriction of equation (10.23) to the subgroup H and substitute the
expressions (12.19) for f1;(y) in (10.23). We obtain that

(u,(A+ Be)v) =0, u,veH. (12.20)

Since H = R x Z, it follows from (12.20) that the matrices A and B satisfy equa-
tion 12.2 (i).
Put
Li(y) =/l y ey,

and verify that the functions /;(y) are characters of the group Y. Since i;(y) =
|ij(»)|, y € H, we have [;(y) = 1, y € H. The functions /;(y) satisfy equa-
tion (10.23). By Lemma 12.3 every function /; () satisfies equation 12.3 (ii) which
takes the form

Liu+v)lju—v)y=1, ueH vey. (12.21)

Substituting u = (s/2,0), v = (s/2,n) into (12.21) we find that
Li(s,m)lj(0,—n) =1, seR, ne”Z.
Multiplying this equation by /; (0, n), we arrive at
li(s,n) =1;(0,n), seR neZ. (12.22)

In view of (12.22) it follows from equation (10.23) for the functions /; (y) that the
functions /; () satisfy the equation

[1(0,m 4+ n)l,(0,m —n) = 1,(0,m)l1(0,n)2(0,m)l»(0,—n), m,neZ. (12.23)
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Taking into account equation (12.23) it is easy to verify by induction that the functions
1;(0, n) are characters of the group Z. Hence /;(y) are characters of the group Y. By
the Pontryagin duality theorem there exist elements x; € X such that

li(y)=(xj.y), yeY. (12.24)

Now we will find representations for the modules | i, (y)|. To this aim, put ¢, (y) =
—In|i;(y)]. We conclude from (10.23) that the functions ¢;(y) satisfy equation
10.9 (i). By Lemma 10.9 the function ¢; (y) satisfies equation 10.9 (ii). Since (I —
e)Y = Y@ it follows from equation 10.9 (ii) that the function ¢; () satisfies equation
(8.13).

The solution of equation (8.13) on the group R x Z was obtained in the proof of
Theorem 8.5, and it was based on the representation of solutions of equation (8.13) on
the group Z. Below we solve equation (8.13) in a different way.

Since the function ¢; (y) satisfies equation (8.13), the function ¢;(y) satisfies the
equation

Apor(y) =0, hyeY®, (12.25)

i.e., the restriction of the function ¢; () to the subgroup ¥ ? is a polynomial of degree
< 2. It follows from (12.19) that

01(y) = (4y.y). @2(y) =(By.y), yeY®. (12.26)

Put { = (0,1) € Y. Represent ¥ as the union ¥ = Y® U {¢ + Y@}, Consider
the function ¢;(y) = ¢1(¢ + y), y € Y. Obviously, the function ¢; (y) also satisfies
equation (8.13). Thus its restriction to the subgroup ¥ ? is a polynomial of degree
< 2. By Theorem 5.5 the function ¢;(y) can be represented in the form 5.5 (i), i.e.,

G1(0) =20, +&1() +g, yer®, (12.27)

where g, (u, v) is a 2-additive function, g;(y) is an additive function and gy = const.
Obviously, the function g; can be extended from the subgroup Y@ to Y retaining its
properties. Since ¢1(y) = ¢1(—y), y € Y, we have

01(0) =01(=C—y) =1({ =20 —y) = @1(=20 — y)
=22(-20 -y, 20 —y) + g1(=2L = y) + go (12.28)
= g2(0.7) + 4820, y) + 48280 — g1(y) —281(8) + go. y € Y@,

We deduce from (12.27) and (12.28) that
g1(y) =282(3.0), yev®. (12.29)
Taking into account (12.29) we get

o1(y) = (A1y,y) +ec1, ye(0,1)+YP, (12.30)
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where A is a symmetric matrix, c; € R. Set w = v in equation (8.13) and rewrite the
resulting equation in the form

o1(u 4+ 4v) =201 (u 4+ 3v) + 201 (u +v) — 1 () =0, u,vey.

Putting hereu € Y@, v € (0, 1) + Y@ and using representations (12.26) and (12.30)
we find

(A= ADu,v) +2((A— ADv,v), ueYPD ve(©1)+YP.
It follows from this that A; = A. Thus
@1(y) = (Ay.y) +c1. ye 0.1 +Y?. (12.31)
Arguing as above we obtain the representation
02(0) = (By.y) + 2 ye (0.1 +Y®. (1232)

Substitute u, v € (0, 1) + Y @ in 10.9 (i). Combining representations (12.26), (12.31),
and (12.32), we conclude that c; = —c;,. Set ¢c; = —c, = 2k. Thus the functions
|f1;(y)| are of the form

L1 ()] = exp{—(Ay,y) + k(1 = (=1)"}, y =(s,n) €Y,
l2(y)| = exp{—(By,y) —«(1 = (=1))"}, y=(s.n) €Y.

Taking into account (12.24), we finally obtain

a1(y) = (x1.y)exp{—(Ay,y) + k(1 = (=1)"}, y=(s.n)eY,  (12.33)
A2(y) = (x2, y)expi—(By,y) —«(1 = (=1))"}, y=(s,n) €Y.  (12.34)

As has been shown above, the matrices 4 and B satisfy equation 12.2 (i). Let either
§=1(825), wherea > 0,a # 1,0or§ = (7' 2 ), where b # 0. By Lemma 12.2
matrices A and B are of the form 12.2 (ii). Let y be a Gaussian distribution on the
group X with the characteristic function $(y) = exp{—on?}, y = (s,n) € Y. Since
{y €Y :p(y) =1} = Rand A(X,R) = T, it follows from Proposition 2.13 that
o(y) = T. Taking into account 2.7 (b) and 2.7 (c), the desired representations for the
distributions u; follow from (12.33), (12.34), and Lemma 8.3. Since the case a = 1
has been already studied earlier, statement (c) is completely proved.

Let § = (‘3 _bl), where a < 0, a # —1. By Lemma 12.2 matrices A and B
are of the form 12.2 (iii). Let y; be Gaussian distributions on the group X with the

characteristic functions

71(y) = (x1,y)exp{—(Ay, y)},  72(y) = (x2,y) exp{—(By.y)}, y €Y.

Taking into account 2.7 (b) and 2.7 (c), we deduce from (12.33) and Lemma 8.3 that
w1 =y *m. Ifo>0andt > bh%/(a + 1)?, then det A > 0. Therefore o(y;) = X.
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Arguing as above we obtain from (12.34) and Lemma 8.3 the desired representation
for the distribution ;.
Ifo >0andt = b?/(a + 1)?,then A = —aB and det A = det B = 0. Consider

M = Ker A. We have M = {(—ailn,n) cneZ}. Put K =A(X,M). Itis easy to

see K = {(t, e”abﬁ) :t € R}. Obviously, the subgroup K is topologically isomorphic
to the group R. By Proposition 2.13 the inclusions o (y;) C A(X, M), j = 1,2, are
valid. Since y € I'(X), we have o(y) = K. It follows from this that in (12.33) and
(12.34) k = 0. In the opposite case one of the distributions w; is a signed measure
rather than a measure. Hence j1; = Ey; * y;. Statement (d) is proved.

Let § = —I. Then A = B and the desired representations for y; follow from
(12.33), (12.34), and Lemma 8.3. Statement (e) is proved. O

Remark 12.5. It should be noted that statements (b)—(e) in Theorem 12.4 may not be
strengthened. Namely, the following statement is valid.

Let § € Aut(X) be such a topological automorphism of the group X as in one of
cases (b)—(e). Then there exist independent random variables &; with values in X and
distributions w; which are possible by Theorem 12.4 in the corresponding case and
such that the linear forms L, = & 4+ & and L, = & 4 6&; are independent. Thus the
description of the classes of distributions which are characterized by the independence
of the linear forms L; = &; 4+ & and L, = & + §&; in cases (b)—(e) is sharp.

Now we come to the study of distributions on the group X = ¥, x T which are
characterized by the independence of linear forms.

12.6 Notation. Leta = (ag,ai,...,ay,...)beafixed butarbitrary infinite sequence
of integers, where each of a,, is greater than 1, let £, be the a-adic solenoid (see 1.2 (g)).
The character group X7 is topologically isomorphic to the subgroup of Q of the form
Hg, where Hy = {2~ n =0,1,...;m € Z} (see 1.10(e)). Let X = T x T.
Then Y = X* =~ H, x Z. To avoid introducing new notation we will assume that
Y = Hy xZ. Denote by x = (g,2), g € X4,z € T, elements of the group X and
by y = (r,n),r € Hg, n € Z, elements of the group Y. For convenience we also
suppose that the a-adic solenoid X, the circle group T, and the group Z(2) C T are
embedded in the natural way in the group X, and the group H, is embedded in the
natural way in the group Y.

Every automorphism a € Aut(H,) is of the forma = f, fq_l, where f,, f; €
Aut(H,), i.e., a operates in H, as multiplication by the rational number g (1.14 (d)).
Obviously, £ € H,. We identify a with the rational number Z. In view of 1.13(d),

a=fp fq_1 € Aut(X,). We also identify the automorphism a with the rational number
g € H,.

It is easy to show that every automorphism ¢ € Aut(H, x Z) is defined by a matrix
(& 2,). where a € Aut(Hy,), b € H,, and ¢ operates on H, x Z as follows:

e(r,n) = (ar +bn,£n) (r,n) e Hy x Z.
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Then the adjoint automorphism & = § € Aut(XZ, x T) is of the form

8(g.z) = (ag.(g.b)z*"), (g.2) € Zax T.

We identify § and & with the corresponding matrix (& 2, ).

Let &; and &, be independent random variables with values in a group X and
distributions w1 and u,. Let o, B, j = 1,2, be topological automorphisms of X. As
noted at the beginning of the proof of Theorem 10.11, the study of possible distributions
w; provided that the linear forms L; = 1§ + a2és and Lo = &1 + Br§, are
independent is reduced to the case when Ly = & + & and L, = & + 6, where

§ € Aut(X).

12.7. Let X = 3, x T,Y = H, x Z. Denote by ¢ the natural embedding ¢: ¥ +
R x Z, «(r,n) = (r,n). Let t = 7 be the adjoint homomorphism 7: R x T — X.
Put g; = 7(t, 1), gs € Zq. Then ©(t,z) = (g;.,z). Obviously, (g;,7) = e''", t € R,
r € H,. Since ((Y) = Rx Z and ¢ is a monomorphism, in view of 1.13(b) t is a
monomorphism and 7(R x T) = X.

Lemma 12.8. Leta be arational number, andlet t: RX'T — X be the homomorphism
defined in 12.7. Let K = {(t,e''%) : t € R} be the subgroup of R x T. Then
T(K) = 3,.

Proof. Put L = A(Y,7(K)). Since t(K) = {(g/.e''®) : t € R}, we have L =
{(r,n) €Y :r +an = 0}. Obviously, L = Z. Let (r9,n9) be a generator of the
subgroup L. Then L = {k(r¢,no) : k € Z}. Consider the homomorphism 7 : ¥ >
H, of the form 7 (r,n) = rng — nro. It is easy to see that Kerm = L. Hence
Y/L = n(Y). We have H, =~ Hé”") C n(Y) C H,. Since H, is a torsion-free
group of rank 1, it follows from this that 7 (Y) =~ H, (see 1.3). Hence Y/L =~ H,.
By Theorem 1.9.2, (t(K))* = Y/L = H,. Applying the Pontryagin duality theorem
we conclude that r(_K) ~ 3¥,. O

Theorem 12.9. Let X = X, x T, § € Aut(X). Let & and & be independent
random variables with values in X and distributions [ and [, with non-vanishing
characteristic functions. Suppose that linear forms L1 = &, + & and L, = &, + §&;
are independent. Then the following statements hold:

(a) If§ = (g 1{ ), where a > 0, then ; are degenerate distributions.

(b) If§ = (8 ll’), where a < 0, then either |1 are degenerate distributions or |L; =
Ex; x yj, where y; € T'(X), o(y;) = K, K is a subgroup of X topologically
isomorphic to the group ¥,.

(c) Ifeither§ = (& %)), wherea > 0, or§ = (' ), where b # 0, then either p;
are degenerate distributions or w; = Ex; x y * 7j, where x; € X, y € I'(X),
o(y) =T, nj are signed measures on Z(2) such that w1 * wy = Eg,1).

@) Ifs = (3 _bl ), wherea < 0,a # —1, theneither j = y;*m;, wherey; € I'(X),
o(y;) = X, n; are signed measures on Z(2) such that mwy * wp = E(q,1), or i,
are the same as in (b).
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(e) If § = —1I then u; are the same as in (c) or |; are the same as in (d).

Proof. Put ¢ = . By Lemma 10.1 the independence of L; and L, is equivalent to
the fact that the characteristic functions ft; () satisfy equation 10.1 (i) which takes the
form (10.23). Put v; = pu; * fi;. It follows from 2.7 (c) and 2.7 (d) that D;(y) =
|j(»)|> > 0, y € Y, and the characteristic functions ¥;(y) also satisfy equation
(10.23). Note that the restriction of the automorphism ¢ to the subgroup H, is an
automorphism of the subgroup H,. Consider the restriction of equation (10.23) for
characteristic functions D; () to the subgroup H,. Since H; =~ X, and the group X,
contains no subgroup topologically isomorphic to the circle group T, by Lemma 10.1
and Theorem 10.3, D;(r, 0) are the characteristic functions of Gaussian distributions
on the group X,. Since 9;(y) > 0, y € Y, we have

D (r,0) = exp{—arz}, r € Hg, (12.35)

where 0 > 0. Let ¢, 7 and g; be the same as in 12.7. Taking into account inequal-
ity 2.7 (g) it follows from (12.35) that the characteristic functions v;(r,n), j = 1,2,
are uniformly continuous on the subgroup ¢(Y') in the topology induced on ¢(Y) by
the topology of the group R x Z. Since the subgroup ¢(Y) is dense in R x Z in
the topology of R x Z, the characteristic functions ¥; (r,n) can be extended by con-
tinuity to some continuous functions g;(s,n) on the group R x Z. Obviously, the
functions g; (s, n) are positive definite. By the Bochner theorem there exist distribu-
tions A; on the group R x T such that 5&_; (s,n) = g;(s,n), j = 1,2. It follows
from Proposition 2.10 that v; = 7(A;). Hence the distributions v; are concentrated
on the Borel subgroup B = 7(R x T). We verify that B is a characteristic subgroup
of the group X. Let § = (0 il) € Aut(X) and x = (gs,z) € B. Then we have
§x = 8(gs.2) = (ags,(g:,b)z*Y) = (gas, e z*1) € B, i.e., the subgroup B is
invariant with respect to every automorphism § € Aut(X). By the automorphism
§ we define a mapping §: R x T +— R x T as §(t,z) = v~ '8t(t,z). Obviously,
8 € Aut(R x T). Since

§(t,2) = v 18t(t,2) = 71881, 2) = 7 (Qar, €'z F) = (a1, €™z,

the automorphism § can be also identified with the matrix (g fl
to the automorphism 6.
Since the distributions v; are concentrated on the Borel subgroup B and v; =
Wj * fij, by Proposition 2.2 the distributions w; can be replaced by the shifts p,; in
such a way that the distributions /L} are concentrated on the subgroup B. Taking into
account Corollary 10.2, we can assume from the beginning that the distributions
are concentrated on the subgroup B. Since 7 is a one-to-one continuous mapping, by
the Suslin theorem, images of Borel sets under the mapping t are also Borel sets.
Consider the 1ndependent random variables E § =t —lg; takmg values in the group
R x T. Since '8¢, = 8&,, the linear forms L1 = & + & and L, = & + &, are
independent. Let fi; be the distributions of the random variables E ;. Since ;= t(ft;)),
statements (a)—(e) result from statements (a)—(e) of Theorem 12.4 and Lemma 12.8.
O

) which corresponds
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Remark 12.10. Let &; and &, be independent random variables with values in a group
X and distributions 141 and 1, with non-vanishing characteristic functions. Let;, B;,
Jj = 1,2, be topological automorphisms of X. Suppose that the linear forms L; =
ar1&1+ a6 and Ly, = B1&; + 26, are independent. As noted in Remark 10.5, we can
replace the random variables £; by their shifts & J/ in such a way that their distributions
/,L; are supported in the connected component of zero of the group X. Furthermore,
by Corollary 10.2 the linear forms L = o1&} + o2&} and L), = B1&] + B2£) remain
independent. Therefore, without restricting the generality, it suffices to study the
possible distributions p; assuming that the group X is connected.

One of the main characteristics of a connected locally compact Abelian group X is
its dimension. If X is a group of dimension 1, then X is topologically isomorphic to
one of the groups R, ¥4, and T.

The description of distributions p; which are characterized by the independence of
the linear forms L; and L, in the case when X = R is given by the Skitovich—Darmois
theorem. Since the group X, contains no subgroup topologically isomorphic to the
circle group T, for the group X = 3, thisdescription is given by Theorem 10.3. In both
cases the corresponding distributions are Gaussian. Since Aut(T) = {%1}, for the
group X = T the description of possible distributions 1; follows from Corollary 8.6.

Suppose that a group X is of dimension 2. If the group X contains no subgroup
topologically isomorphic to the circle group T, then distributions u; which are charac-
terized by the independence of the linear forms L and L, are Gaussian (Theorem 10.3).
Let X be a connected locally compact Abelian group of dimension 2 and assume that the
group X contains a subgroup K topologically isomorphic to the circle group T. Then
by Theorem 1.17.1 the subgroup K is a topological direct factor of X,i.e., X = G x K,
where G is a connected locally compact Abelian group of dimension one. Hence three
cases are possible: X =~ T2, X =~ Rx T, and X = X, x T. The description
of possible distributions ; for the two-dimensional torus X = T? is contained in
Theorem 11.5 and for the groups X = R x T and X = ¥, x T is contained in Theo-
rems 12.4 and 12.9 correspondingly. Thus we have the description of distributions ft;
of independent random variables §; taking values in connected groups of dimensions
1 and 2 and having non-vanishing characteristic functions which are characterized by
independence of the linear forms L; = a1&; + az& and Ly, = 8161 + B26s.



Chapter V

The Skitovich-Darmois theorem for locally compact
Abelian groups (the general case)

Let X be a second countable locally compact Abelian group, §;, j = 1,2,...,n,n > 2,
be independent random variables with values in X and distributions ;. Consider the
linear forms L; = a1&; + -+ + a,&, and Ly, = B1& + -+ + Bn&n, where the
coefficients «;, B, are topological automorphisms of X. In this chapter we continue
to study some group analogues of the Skitovich-Darmois theorem. In contrast with
Chapter IV we do not assume that the characteristic functions fi;(y) do not vanish.
Let a number n of independent random variables be fixed. We focus our attention on
the following problem: for which groups X does the independence of the linear forms
Ly and L, imply that all distributions u; € I'(X) * I(X)? We solve this problem
for different classes of groups: finite, discrete, compact totally disconnected, compact
connected. We consider the case of two random variables, three random variables, and
n > 4 random variables. It turns out that these cases differ from each other.

13 The number of random variables n = 2

Let X be a second countable locally compact Abelian group, Y be its character group,
&1 and &, be independent random variables with values in X and distributions w1 and
Ha. Let Ly = o1& 4+ 0262 and L, = B1&; + B2£2, where the coefficients o, B; €
Aut(X). In this section we prove that if X is a discrete group, then the independence
of the linear forms L; and L, implies that uy, uo € I(X). We describe compact
totally disconnected groups X for which the independence of L; and L, implies that
M1, U2 € 1(X). We also prove that for an arbitrary compact connected group X there
exist automorphisms «;, 8; € Aut(X) and independent random variables &; and &,
with values in X and distributions w1, 2 ¢ I'(X) % I1(X) such that the linear forms
L, and L, are independent.
First we study the case when X is a finite group.

Theorem 13.1. Let X be a finite group, &1 and &, be independent random variables
with values in X and distributions pu1 and p». Let o, B, j = 1,2, be automorphisms
of X. If the linear forms L1 = o1& + a8 and Ly = B1E1 + P& are independent,
then 1, ua € 1(X).

Proof. We note that if y is the distribution of a random variable & with values in a group
X and @ € Aut(X), then by Proposition 2.10 the characteristic function of the random
variable a£ is equal to fi(&y). Taking into account the definition of the idempotent
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distribution (see 2.14) it follows from this that 4 € I(X) if an only if a(u) € I(X).
Therefore putting {; = «;&; we reduce the proof of the theorem to the case when
Ly =& +&and L, = 6,§1 + 8282, 8; € Aut(X). We also note that the linear forms
L, and L, are independent if and only if the linear forms L; and e, are independent.

Thus in proving the theorem we may assume that L, = £, +£& and L, = &, +6£,
where § € Aut(X). Pute = 6. By Lemma 10.1 if L and L, are independent, then the
characteristic functions /i;(y) satisfy equation 10.1 (i) which takes the form (10.23).
Set f(v) = i1(y), g(¥) = fi2(y) and rewrite equation (10.23). We get

fu+v)glu+ev) = flugu)f(v)g(ev), u,vey. (13.1)

Put v; = u; * ji;. We conclude from 2.7 (¢) and 2.7 (d) that D, (y) = |1; (»)|* > 0,
y € Y. Itis obvious that the characteristic functions D;(y) satisfy equation (10.23).
Hence they also satisty equation (13.1). If we prove that v; € I(X), then 2.7 (b)
and 2.7 (e) imply that u; € I(X). Thus we can solve equation (13.1) assuming that
F(»)=0,8(y) =20, f(=y) = f(), g(=y) = g(y). We will prove that in this case
f(y) = g(y) = mg(y), where K is a subgroup of X. The statement of the theorem
follows from this. Set 8 = I —¢. Two cases are possible: Ker 8 = {0}, Ker 8 # {0}.

1. Ker 8 = {0}. Since Y is a finite group, we have 8 € Aut(Y). Substituting
v = —u into (13.1) we get

g(Bu) = f2(w)ghu)g(eu). u €Y. (13.2)
In view of f(y) < 1and g(y) < 1 it follows from equation (13.2) that
g(Bu) <g(u), uey. (13.3)

The automorphism group Aut(Y) is finite because Y is a finite group. Hence
B" =1 (13.4)

for some natural n. We assume that n in (13.4) is the smallest one. We deduce from
(13.3) that

gw) =g(B"u) <--- < g(Bu) <g(u), ueY.
Therefore,
g) =g(Bu) =---=g(f"'u), uev.
Thus the function g(y) takes a constant value on each of the orbits

Oy = {u,Bu,...,p " tul.

This value generally depends on u.
Substitute ¥ = —ev in (13.1). We get

f(Bv) = f(ev)g*(ev) f(v), ve€Y. (13.5)

Arguing as above we find from (13.5) that the function f(y) also takes a constant value
on each of the orbits O,,.
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Itis obvious that the group Y can be represented as a union of disjoint orbits. Denote
by N the union of orbits where g(y) > 0, and represent Y as the union Y = N U N’,
where N’ = {y € Y : g(y) = 0}. It follows from (13.2) that

1= f?(u)g(su), u e N. (13.6)

This implies that g(ey) = 1 for all y € N. It means in particular that e(N) C N.
Since ¢ is a one-to-one mapping and N is a finite set, we have ¢(N) = N. Hence
g(y) = 1forall y € N. Taking into account that g(y) = O forall y € N’, we get

1 ifyeN,

13.7
0 ifyeN’ (13.9)

g(y) =

By Proposition 2.13, N is a subgroup of Y. Set K = A(X, N). By Theorem 1.9.1,
N = A(Y, K). In view of 2.16 (i) it follows from (13.7) that g(y) = g (y), and by
2.7 (b) that up, = mg.

It also follows from (13.6) that f(y) = 1 forall y € N. We will verify that
if y € N/, then f(y) = 0. Assume that v € N’. It follows from ¢(N’) = N’
that ev € N’, and hence g(¢v) = 0. Then (13.5) implies that f(Bv) = 0. Since
f() = f(Bv), we have f(v) = 0. Thus we have proved that f(y) = mig(y). In
case | the theorem is proved.

2. Ker B # {0}, i.e., there exists an element yy € Y, yo # 0 such that eyg = yy.
Put L =Kerf ={y € Y : ey = y}. Obviously, that (L) = L.

Consider the restriction of equation (13.1) to L. We get

Ju+v)gu+v) = fu)gw) f(v)gw), wuvelL. (13.8)

Substituting v = —u into (13.8) we find

1= f2(u)g*(u), uecl.

It follows from this that f(y) = g(y) = 1forall y € L. Put K = A(X,L).
By Proposition 2.13 the functions f(y) and g(y) are L-invariant and the inclusions
o(uj) C K, j = 1,2, hold. We note that by Theorems 1.9.1 and 1.9.2, K* =~ Y/L.
Since the functions f(y) and g(y) are L-invariant, they induce some functions (]
and g([y]) on the factor group ¥/ L, namely f([y]) = f(¥), &([y]) = g(»), y € [y]-
In view of ¢(L) = L the automorphism ¢ also induces some automorphism & on the
factor group Y /L by the formula £[y] = [ey], y € [v]. Therefore we can consider
equation (13.1) on the factor group Y /L. The induced homomorphism B can also
satisfy the condition Ker B # {0}. Repeating this procedure in a finite number of steps
we get the induced homomorphism ,3 which is an automorphism. Then case 1 yields
that f ([y]) and g([y]) are the characteristic functions of some Haar distributions m,
where K is a subgroup of X. Returning to the original characteristic functions f(y)
and g(y), we obtain the required statement. It should be noted that if "y = 0 for
some m and for all y € Y, then it means that ;1 and u, are degenerate distributions.

O
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The proof of Theorem 13.1 implies directly the following

Corollary 13.2. Let X be a finite group, &1 and &, be independent random variables
with values in X and distributions 1 and (5. Let § € Aut(X). If the linear forms
Ly =&+ & and L, = & + 8%, are independent, then 1; = mg * Ex;, where K is
a subgroup of the group X and x; € X, j = 1,2. Moreover §(A(Y,K)) = A(Y, K).

Using Theorem 13.1 we can prove the following statement.

Theorem 13.3. Let X = R x G, where m > 1 and G is a finite group. Assume
that &1 and &, are independent random variables with values in X and distributions
m1 and po. Let af, B, j = 1,2, be topological automorphisms of X. If the linear
forms Ly = o1& + axé; and Ly, = B1&1 + B2&; are independent, then [y, iy €
I'X) * I(X).

Proof. We will only consider the case m = 1, i.e., X = R x G. The case when
m > 1 can be considered similarly. We have Y =~ R x H, where H = G*. To avoid
introducing new notation we will assume that Y = R x H. Denote by y = (s, h),
s € R, h € H, elements of the group Y. Set f(y) = a1(»), g(y) = a2(y).
The subgroups R and H are characteristic subgroups of the group Y because R is
the connected component of zero of Y and H consists of all compact elements of Y.
Therefore every automorphism « € Aut(Y) is of the form a (s, k) = (as, ah).

Arguing as in the proof of Theorem 13.1, we reduce the proof of the theorem to
solving equation (13.1) which in our notation takes the form

f(s+s h+h)g(s+es',h+eh')y= f(s.h)g(s,h) f(s',h)g(es’ eh’), (13.9)

(s,h),(s’,h') € Y. Putting h = h' = 0 in (13.9) and taking into account Lemma 10.1
we find by the Skitovich—-Darmois theorem

f(s5,0) = exp{—o15% + it1s}, g(s,0) = exp{—025> + itas}, (13.10)

whereo; > 0,1, € R, j =1,2.
Putting s = s’ = 0 in (13.9) we obtain the functional equation

FO,h+1)g(0,h +eh’) = £(0,h)g(0,h) £(0,h)g(0,eh’), h, h' e H. (13.11)

We conclude from Lemma 10.1 and Corollary 13.2 that the solutions of equation (13.11)
are of the form

JO.h) =mg(h)(g1.h). g(0.h) =mg(h)(g2.h). heH, (13.12)

where K is a subgroup of the group G and g1, g2 € G. Set E = A(H, K). Consider

the shifts 1, = pj*x E_g, andput f'(y) = 21(»), g'(y) = 15(y). Inview of 2.14 (i)
and 2.7 (c) it follows from (13.12) that

1 ifhekE
"(0,h) = ¢'(0,h) = ' 13.13
FOm=gOm=1 (13.13)
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Obviously, the characteristic functions f/(y) and g’(y) satisfy equation (13.9). Put
B = H/E. We have Y/E =~ R x B. By Theorem 1.9.2, K* =~ B, and hence
(Rx K)* = Y/E. By Proposition 2.13 we deduce from (13.13) that the characteristic
functions f’(y) and g’(y) are E-invariant. By Corollary 13.2 we have ¢(E) = E.
Hence we can pass from equation (13.9) for the functions f'(y) and g’(y) on the
group Y to the induced equation on the factor group Y/ E putting f([y]) = f'(»),
gy = &), £[y] = [ey]. It follows from ¢(E) = E that £ € Aut(Y/E). It
means that we pass from consideration of the random variables ; with values in the
group R x G to consideration of random variables taking values in the group R x K.
Obviously, we have

tbeB: f(0.b)=1}=1{be B:§(0,b) =1} = {0 (13.14)

Put A = {b € B : éb = b}. As has been proved in case 2 of Theorem 13.1 it
follows from (13.11) that f(0,b) = g(0,b) = 1 forall b € A. In view of (13.14) it
means that A = {0}. This implies that

I —¢e Aut(Y/E). (13.15)
Moreover,
- 1 ifb=0
0,b) = g(0,b) = ’ 13.16
f(0,b) =g(0,D) 0 ifh 0. ( )

Consider equation (13.9) for the functions f (s,b) and g(s,b) on the factor group
Y/E =R x B.

Fls+5.b+b)g(s+és'.b+8b)

~ ~ (13.17)
= f(s.b)8(s.b) (5, )& (55", 8b), (s.b),(s".b) € R x B.

We note that

f(5,0) = f(s5,0), &(s,0) = g(s,0). (13.18)
Putting s = 0, ' = 01in (13.17) we get

F(s' . b)g(8s',b) = £(0,)3(0,b) f(s',0)3(85',0), s €R, b €B. (13.19)

We conclude from (13.16) that the right-hand side of equation (13.19) is equal to zero
for all b # 0. Hence f(s’,b)g(és’,b) = O for all s’ € R. By Proposition 2.20 it
follows from (13.10) and (13.18) that f (s, b) and g(s, b) are entire functions in s for
every fixed b € B. Therefore either f(s,b) = 0or g(s,b) =0ins € Rforallb # 0.
Hence the right-hand side of equation (13.17) is equal to zero for all b # 0. Take an
arbitrary element by € B, by # 0 and find b and b’ from the system of equations

b+b"=0,
b+ &b’ = by.



138 V The Skitovich-Darmois theorem for locally compact Abelian groups (general case)

In view of (13.15) this system of equations has a unique solution. Substituting the
found b, b’, and s’ = 0 into (13.17) and taking into account (13.10), we obtain that
g(s,bg) = Oforalls € R. By (13.10) and (13.18) it follows from this that

—0,5% + it ifb =0,
§ls.p) = (PO H IS
0 if b # 0.
Returning to the original function g(s, ), we find
—0ps% + it Jh) ifheE,
g(s, h) = {SXPIT028” Fitasi(ga k) il h € (13.20)
0 ifh ¢ E.

We also obtain a similar representation for the function f(s, ). Let y; be a Gaussian
distribution on the group X with the characteristic function

7,(v) = exp{—0js® +it;sig;.h), (s,h) €Y, j =12

We deduce from (13.20) and 2.14 (i) that g(s, h) = P2(s, h)ig (s, h). Then 2.7 (b)
implies that (tp = y» * mg. Arguing as above we also prove that u; = y; xmg. [

Corollary 13.4. Let X = R™ x G, wherem > 1 and G is a finite group. Let &1 and &,
be independent random variables with values in X and distributions (1 and ji,. Let
8 € Aut(X). If the linear forms L1 = & + & and L, = &, + 6&; are independent,
then uj = yj * mp x Ex,, wherey; € I'*(R™), F is a subgroup of the group G, and
x;eX, j=12

Now consider the case when X is a discrete group. First we prove a statement which

can be regarded as a group analogue of the Skitovich—Darmois theorem for discrete
torsion-free groups.

Theorem 13.5. Let X be a discrete torsion-free group, &;, j = 1,2,...,n, n > 2,
be independent random variables with values in X and distributions ;. Let o, B; €
Aut(X). If the linear forms L1 = a1&1 + - + apéy and Ly = B1&1 + -+ + Buén
are independent, then all u; are degenerate distributions.

Proof. Taking into consideration new independent random variables {; = o;§; we
reduce the proof of the theorem to the case when L; = & 4+ --- + &, and
Ly = 6161 + -+ + 6,&,, where §; € Aut(X). By Lemma 10.1 if L; and L, are
independent, then the characteristic functions fi;(y) satisfy equation 10.1 (i) which
takes the form (10.2).

First we prove that the characteristic functions fi;(y) do not vanish. Put v; =
w; * fi;. We conclude from 2.7 (c) and 2.7 (d) that D;(y) = |i;(»)|* > 0,y € Y.
Obviously, the characteristic functions 7; () also satisfy equation (10.2). Set

Ajz{yEYiij(y)>0}, AzmAj,

B={yev:[[0Gy >0} C= 6 j (B).

j=1 7
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It is easy to see that A + C C A. Indeed, letu € A, v € C. Thenv = gjtj, where
ti € B,j =12,...,n. Itresults from equation (10.2) thatu + v = u + Sjtj € Aj,
Jj=12,....n Thereforeu +v € (\j_; 4 = A. Put(m)C ={y €Y :y = y1 +
“+++Ym, y; € C}. Thentheinclusion A+ C C A implies that A+ J5_, (m)C C A.
Hence A + | J;,—,(m)C = A because 0 € C.

Since X is a discrete torsion-free group, by Theorems 1.6.1 and 1.6.2, Y is a
compact connected group. It follows from the connectedness of the group Y that
Y = {Uy_,(m)C because C is an open set containing the zero of the group Y. This
implies that A = Y, i.e., the characteristic functions ¥;(y) > 0 forall y € Y. Hence
aj(y),j =1,2,...,n,do not vanish.

Put ¢;(y) = —In \7()1\) It results from (10.2) that the functions ¢; (y) satisty the
equation

Z(pj(u—l—gjv) :ngj(u)—i—Z(pj(Sjv), u,vev. (13.21)
=1 =1

Jj=1

Integrating equation (13.21) over the group Y with respect to the Haar distribution
dmy (u) and using that the Haar distribution my is Y -invariant, we find

n
> 9iGv) =0, vey. (13.22)
=1
It follows from this that all functions ¢;(y) = 0 on Y. This implies that the char-
acteristic functions f)j (y)=1onY,j=1,2,...,n. Thus we have proved that all
v; = Eo. Hence u; € D(X), j =1,2,...,n. O

Corollary 13.6. Let Y be a compact connected group and &;, B i€ Aut(Y), j =
1,2,....n,n > 2. Let 1;(y) be characteristic functions on the group Y satisfying
equation 10.1 (i). Then j1;(y) are of the form

ai(y)=(x;,y), xjeX, j=12,...,n.

Remark 13.7. We proved in Theorem 13.5 that the characteristic functions [i;(y) do
not vanish. In the course of the proof we used only the connectedness of the group Y.
This implies in particular that if ¥ = R™ and characteristic functions [i;(y) on the
group Y satisfy equation 10.1 (i), then /i;(y) do not vanish. Taking into account this
remark we see that the Ghurye—Olkin theorem ([54]) results from Lemma 10.1 and
Theorem 10.3.

Theorem 13.5 allows us to prove the following general statement.

Proposition 13.8. Ler X = R™ x G, where m > 0, and the group G contains a
compact open subgroup. Let &, j = 1,2,...,n, n > 2, be independent random
variables with values in X and distributions |v;. Let a;, B; € Aut(X). If the linear
forms Ly = o114+ an&y and Ly = B1E1+ -+ -+ Bu€y are independent. Then the
randomvariables §; can be replaced by their shifts § j/ in such away that all distributions
/,L} are supported in R™ x K, where K is a compact subgroup of the group X.
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Proof. Obviously, we can assume without loss of generality that L1 = &, +---+&, and
Ly, =816 +---+ 8,6y, where §; € Aut(X). Note that by = bg. By Theorem 1.11.2
we have cy = L x M, where L = R, and M is a connected compact group. Since by
Theorem 1.9.3, A(G, M) = bg, we conclude that A(X, M) = R™ x bg = R™ x by.

Putv; = pu; * ii;. By Lemma 10.1 it follows from the independence of L, and L,
that the characteristic functions (i, (y) satisfy equation 10.1 (i) which takes the form
(10.2). We find from 2.7 (c) and 2.7 (d) that ¥;(y) = |/lj(y)|2 >0,y €Y. Itis
clear that the characteristic functions b;(y) also satisfy equation (10.2). Note that M
is a characteristic subgroup of the group Y. Hence we can consider the restriction of
equation (10.2) to the subgroup M. By Corollary 13.6, ;(y) = 1 for y € M. By
Proposition 2.13, o(v;) C A(X,M) = R™ x by. It follows from Proposition 2.2
that the distributions ; can be replaced by their shifts M} in such a manner that
o(,u}) C R™ x bx. It should be noted that R™ x by is a characteristic subgroup and by
Corollary 10.2 the linear forms L = o1&} + -+ &, and L), = p1&] +--- + Ba§,
are independent.

Thus we may prove the proposition assuming that G consists of compact elements.
Then by Theorem 1.9.3, the group H = G * is totally disconnected. By Theorem 1.12.1
every neighbourhood of zero of the group H contains a compact open subgroup. De-
note by N this subgroup and choose it in such a way that all characteristic functions
Dj(y) > Ofory € N. Applying Theorem 1.12.1 again and taking into account the con-
tinuity of automorphisms § ; we get that there exists a compact open subgroup F' C N
such that SJ(F) CN,j=12..,n Setgj(y) =—Indj(y), y € H. Since
the characteristic functions ¥; () satisfy equation (10.2), the functions ¢; (y) satisfy
equation (13.21) foru € N,v € F.

Integrating equation (13.21) over the group N with respect to the Haar distribution
dmy (1) and using that the Haar distribution my is N-invariant, we find that the
functions ¢; (y) satisfy equation (13.22) on the subgroup F'. Hence all characteristic
functions 7, (Sj v) =1lon F. Put B = ﬂj:l 8;(\F). Then B is an open subgroup
of H, and all characteristic functions »;(y) = 1 on B.

Put K = A(G, B) and note that A(X, B) = R™ x K, where K is a compact
group by Theorem 1.9.4. By Proposition 2.13, o(v;) C R™ x K. It follows from
Proposition 2.2 that the distributions p; can be replaced by their shifts p,;- in such a
manner that all a(,u}) C R™ x K. It should be noted that generally speaking the
subgroup R™ x K does not need to be characteristic. O

The following statement follows directly from the proof of Proposition 13.8.

Lemma 13.9. Let X be a discrete torsion group, §;, j = 1,2,...,n, n > 2, be
independent random variables with values in X and distributions |1; such that all
characteristic functions {1j(y) > 0. Let §; € Aut(X). If the linear forms L, =
14+ -+ & and Ly = 61& + -+ + 64§, are independent, then all characteristic
functions [i;(y) = 1 on an open subgroup B C Y.

Lemma 13.10. Let K be a compact subgroup of a group X and o be a continuous
endomorphism of the group X. Then the following statements are equivalent:
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() ifay € A(Y,K), then y € A(Y, K);

(i) ¢(K) D K.
Proof. Let us assume that (i) is true. Suppose that y € A(Y, «(K)). Then (ax, y) =1
for all x € K. Hence (x,axy) = 1 forall x € K, ie., @y € A(Y, K), and in view
of (i), y € A(Y, K). Therefore A(Y,x(K)) C A(Y, K). By Theorem 1.9.1 it follows

from this that (ii) holds.
Let us assume that (ii) is true. We conclude from (ii) that

A(Y, K) D A(Y, a(K)). (13.23)

Supposethatay € A(Y, K). Then (x,&y) = 1forallx € K. By1.13(a), (ax,y) =1
forall x € K, ie., y € A(Y,a(K)). Hence (13.23) implies that y € A(Y, K). The
equivalence of (i) and (ii) is proved. Ll

Lemma 13.11. Let G be a closed subgroup of a group X and § € Aut(X). Then the
following statements are equivalent:

(@) 8(G) = G;

(i) 6(A(Y,G)) = A(Y,G).
Proof. In view of Theorem 1.9.1 and 1.13 (a) it suffices to show that (i) implies (ii).

Let us assume that (i) is true and let y € A(Y, G). Then (§x, y) = 1 forall x € G and
hence (x,6y) = 1forall x € G, ie.,§y € A(Y,G). Thus

§(A(Y.G)) C A(Y,G). (13.24)

We note that the equality 87 1(G) = G follows from (i). As has been shown above
§Y(A(Y,G)) C A(Y,G). It follows from this that A(Y,G) C §(A(Y,G)). Taking
into account (13.24), we get (ii). O

Corollary 13.12. A closed subgroup G of a group X is characteristic if and only if its
annihilator A(Y, G) is a characteristic subgroup of the group Y .

Lemma 13.13. Let &; and &, be independent identically distributed random variables
with values in a group X and distribution mg, where K is a compact subgroup of X.
Let § € Aut(X). Then the following statements are equivalent:

(i) the linear forms L1 = &1 + & and L, = & + §&, are independent;
@) (I —8)(K) D K.

Proof. Pute = 8, B=1—¢ H=AY.K), f(y) =mg(y). Let us assume that (i) is
true. By Lemma 10.1 if L, and L, are independent, then the characteristic functions
of the random variables £; satisfy equation 10.1 (i) which takes the form

fu+v)fu+ev) = f2u) f(v) f(ev), u,vel. (13.25)

Substituting v = —u into equation (13.25) we obtain

f(Bu) = f3u) f(eu), uey. (13.26)
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It follows from (13.26) that if By € H, then y € H. Therefore by Lemma 13.10, (ii)
holds.

Let us assume that (ii) is true. We will verify that the function f(y) = g (y)
satisfies equation (13.25). If u,v € H and ev € H, then both sides of equation (13.25)
are equal to 1. If u,v € H and sv ¢ H, then both sides of equation (13.25) are equal
to zero. If eitheru € H, v ¢ H oru ¢ H, v € H, then both sides of equation
(13.25) are equal to zero. If u,v ¢ H, then the right-hand side of equation (13.25)
is equal to zero. If the left-hand side of equation (13.25) is not equal to zero we have
U+ v,u + ev € H. It follows from this that v € H. But in view of Lemma 13.10,
(i) implies that assertion 13.10 (i) holds for @ = . Hence v € H. The contradiction
obtained shows that the left-hand side of equation (13.25) is also equal to zero. Thus
the function f(y) satisfies equation (13.25). By Lemma 10.1 the linear forms L; and
L, are independent. The equivalence of (i) and (ii) is proved. Ll

Remark 13.14. We note that when § = —I, Lemma 13.13 yields the description of
idempotent distributions m g which are Gaussian distributions in the sense of Bernstein
on the group X. Namely, K must be a Corwin group (see Proposition 7.4).

We also note that if K is a finite group, then (ii) is equivalent to (I — §)(K) = K.
On the other hand, if K is a compact group, then in general, the independence of the
linear forms L and L, does not imply the equality (I — §)(K) = K. Indeed, let G
be an arbitrary compact group. Consider the direct product

oo
X= P G,
j=—00
where all G; = G. Put
o0
K= P G;,
j=0 "

and let § € Aut(X) be an automorphism of the form

o0

8(8/) 7200 = (8j+1)72 o (€)7o € X.
It is obvious that (ii) is true, whereas K is a proper subgroup of (I — §)(K).

Lemma 13.15. Let &; and &, be independent random variables with values in a group
X and distributions 1 = mg, and L, = mg,, where K| and K, are finite subgroups
of X. Let § € Aut(X). If the linear forms L1 = & + & and L, = & + 6& are
independent, then K1 = K, = K and §(K) = K.

Proof. Pute = 5, 8 = I —e, f(») = ik, (v), g(») = mx,(v), Hy = A(Y. K),
j = 1,2. Weuse representation 2.14 (i). By Lemma 10.1 if L and L, are independent,
then the characteristic functions f(y) and g(y) satisfy equation 10.1 (i) which take the
form (13.1). Substituting ¥ = —¢v into (13.1) we get (13.5). We conclude from equa-
tion (13.5) thatif Bv € H;,thenv € H;. Hence by Lemma 13.10, (I —6)(K;) D K;.
Taking into account that subgroup K is finite, we get (I —§)(K;) = K;. This implies
that §(K7) C K;. Since § € Aut(X) and K is a finite group, we have §(K;) = K;.
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By Lemma 13.11 it follows from this that e(H;) = H;. Consider the restriction of
equation (13.1) to the subgroup H;. We have

g(u +¢ev) =g(u)g(ev), u,v e Hy.

This implies that g(y) = 1 forall y € Hy, i.e., Hy C H>.

Substituting v = —u into equation (13.1) we obtain (13.2). Arguing as above and
considering equation (13.2) instead of equation (13.5), we prove that H, C H;. Hence
H, = H,. It follows from this by Theorem 1.9.1 that K; = K, = K. Ll

Remark 13.16. In general Lemma 13.15 is false if K; and K, are compact but not
finite groups. To show this consider the following example. Let X be the same group
as in Remark 13.14. Put H = G*. By Theorem 1.7.2,

[o.¢]
Y= P H,

j=—o00
where H; = H. Let § € Aut(X) be an automorphism of the form
8(8/)72—00 = (8j-2)720or  (g)72_0 € X.
Put ¢ = §. Then
6132 o = (114203 ee (B2 € 7.

j:—oo j=—00" j=—oo

It is easy to see that
Ker(/ —¢) = {0}. (13.27)

Consider the subgroups

Ki=P G;, K= P Gj.
J#1 J#2

It is obvious that K; # K5 and H; = A(Y, K;), j = 1,2. We will check that the
characteristic functions f(y) = mk, (y) and g(y) = ik, (y) satisfy equation (13.1).
It suffices to verify that equation (13.1) is satisfied for all v # 0, v # 0. Since
H; N Hy = {0}, the right-hand side of equation (13.1) is equal to zero for all u # 0,
v # 0. Then the left-hand side of equation (13.1) is also equal to zero. In the opposite
case we have u +v € Hy, u +ev € H,. It follows from this that (I —e&)v € Hy X H».
But it is possible only if (I — &)v = 0. In view of (13.27) this implies that v = 0,
contrary to the assumption. Thus the characteristic functions f(y) and g(y) satisfy
equation (13.1). By Lemma 10.1 if & and &, are independent random variables with
values in X and distributions mg, and mg,, then the linear forms L; = §; + &, and
L, = & + 8&; are independent.

Theorem 13.17. Let X be a discrete group, &1 and &, be independent random variables
with values in X and distributions |t and [u,. Let o, Bj, j = 1,2, be automorphisms
of X. If the linear forms L1 = a1&1 + a2&; and L, = B1&1 + P26 are independent,
then M1, U2 € I(X)
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Proof. Reasoning as in the proof of Theorem 13.1, we reduce the proof of the theorem to
thecasewhen L1 = §;+&yand Ly = £1+8&,, where§ € Aut(X). Set f(y) = 11(y),
g(y) = ft2(y). By Lemma 10.1 if L and L, are independent, then the characteristic
functions /i () satisfy equation 10.1 (i) which takes the form (13.1), where ¢ = §. Put
v; = pu; * i;. It follows from 2.7 (c) and 2.7 (d) that D; (y) = |f1;(»)|* > 0,y € Y.
Obviously, the characteristic functions ¥; () also satisfy equation (13.1). If we prove
that v; € I(X), then 2.7 (b) and 2.7 (e) imply that u; € I(X). Thus we can solve
equation (13.1) assuming that f(y) > 0, g(y) > 0, f(—=y) = f(¥), g(=y) = g(»)-
We will prove that in this case f(y) = g(y) = mg(y), where K is a finite subgroup
of the group X. The statement of the theorem follows from this.

Since X is a discrete group, by is a subgroup of X consisting of elements of finite
order. Taking into account that by is a characteristic subgroup of X and applying
Proposition 13.8 we can assume from the beginning that X is a torsion group.

Put Ef = {y €Y : f(y) = 1}, Eg = {y € Y : g(y) = 1}. Then by
Proposition 2.13, o(u1) C A(X,Ef) = F, 0(u2) C A(X, Eg) = G. In view of
Lemma 13.9 there exists an open subgroup B of the group Y such that B C Ef N E,.
Set S = A(X, B). Then F and G are subgroups of S. Since B is an open subgroup, by
Theorem 1.9.4, S is a compact group. Taking into account that X is a discrete group,
S is a finite group. Hence F and G are also finite groups.

Note now that for all natural n the functions f”(y) and g"(y) also satisfy equa-
tion (13.1), i.e.,

ffu+v)g"(u+ev) = f"w)g" W) f"(v)g"(ev), u,vey. (13.28)
Obviously, there exist the limits

1 ifye Eyp,
0 ify¢Ey,

Since by Theorem 1.9.1, Ef = A(Y, F) and E, = A(Y, G), it follows from 2.14 (i)
that

1 ifyeE,,

SOy = lim f"(y) = 0 ify&E,.

g(y) = lim g"(y) = {

1 ifyeEy,
0 ify ¢ Ey.

1 ify € Eg.

i =
F(y) 0 ify¢E,.

mg(y) = {

Hence _
mr(y) = f(y), mg(y) =g).

Let ¢; and ¢, be independent random variables with values in X and distributions
A1 = mp and Ay = mg. We deduce from (13.28) that the characteristic functions
f(y) and g(y) also satisfy equation (13.1). By Lemma 10.1 this implies that the linear
forms Ly = {1 + {; and L, = {1 + 8¢, are independent. Note that the conditions of
Lemma 13.15 are fulfilled. It follows from Lemma 13.15 that F = G and §(G) = G.

Let us return to the original random variables &; and & and to the linear forms
Ly =& +&and L, = § + 6&. Since o(u;) C G, the random variables §; take
values in the finite group G. Since §(G) = G, the conditions of Corollary 13.2 are
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fulfilled. By Corollary 13.2, uj = mg * Eg;, where K is a subgroup of the group G,
andg; € G,j =1,2. O

Corollary 13.18. Let X be adiscrete group, &1 and &, be independent random variables
with values in X and distributions 1 and pip. Let § € Aut(X). If the linear forms
Ly =& + & and Ly = &1 + 88, are independent, then juj = mg * Ex;, where K
is a finite subgroup of the group X and x; € X, j = 1,2. Moreover S(A(Y, K)) =
A(Y, K).

Remark 13.19. Theorem 13.17 implies an analogue of Theorem 13.3 for groups of
the form X = R™ x G, where m > 1 and G is a discrete group. The proof is the same
as the proof of Theorem 13.3, but instead of Corollary 13.2 we use Corollary 13.18.

Now consider the case when X is a compact totally disconnected group. We need
some lemmas.

Lemma 13.20. Let X be a compact group. Assume that there exist an automorphism
8 € Aut(X) and an element y € Y such that the following conditions are satisfied:
(i) Ker(I —8) = {0}:
(i) (I —8)Y N{0,£7, 25} = {0}
(iii) 67 # 7.
Then for every n > 2 there exist independent identically distributed random variables

&, J =12,....n withvalues in X and distribution u & I'(X) * 1(X) such that the
linear forms Ly =&, 4+ ---+ &, and L, = & + --- + §,-1 + 8&, are independent.

Proof. Consider on the group X the function

p(x) =1+ (1/2)Re(x, y).

Then p(x) > 0, x € X, and

/ p()dmy (x) = 1.
X

Denote by u the distribution on X with density p(x) with respect to the Haar distri-
bution my. It is obvious that u & I'(X) * I(X). Let&;, j = 1,2,...,n,n > 2, be
independent identically distributed random variables &;, j = 1,2,...,n,n > 2, with
values in X and distribution p. Put f(y) = ft(y). We will verify that the linear forms
Ly=%§++8&and Ly = & + -+ §,—1 + J&, are independent. By Lemma 10.1
it suffices to show that the characteristic functions of the random variables &; satisfy
equation 10.1 (i) which takes the form

"+ o) fu+ev) = ") 7 w) f(ev), u,vey, (13.29)
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where & = §. Leta(y) = % if 2y #£ 0and a(y) = % if 2y = 0. It is easily seen that

1 ify =0,
S() = qa@y) ify =%y, (13.30)
0 if y ¢ {0, £7}.

Obviously, it suffices to show that equation (13.29) is satisfied for all u # 0, v # 0.
We conclude from (i) and (iii) that ¢y # +3. Hence (13.30) implies that the right-
hand side of equation (13.29) is equal to zero for all v # 0. If the left-hand side of
equation (13.29) is not equal to zero, this implies that u + v,u + ev € {0, £y}. It
follows from this that (I — e)v € {0, £y, £2y}. Taking into account (ii), we obtain
that (I — g)v = 0. But then (i) implies that v = 0. The contradiction obtained proves
that the left-hand side of equation (13.29) is also equal to zero. O

Lemma 13.21. Let p be a prime number and X = Ago. Then for every n > 2 there
exist an automorphism § € Aut(X) and independent identically distributed random
variables &;, j = 1,2,...,n, with values in X and distribution . & 1(X) such that
the linear forms L1 = &1+ ---+ &, and Lo, = & +--- + &,—1 + 6§, are independent.

Proof. We will assume that elements of the group X are bilateral sequences of the form
X = (Xk)fe_oo» *k € Ap. Consider § € Aut(X) of the form

SR —oo = (k1% —oo-

We have A7 =~ Z(p>). Then by Theorem 1.7.2, ¥ = (Z(p>))¥o*. Denote by
Y = k)je_oo» Yk € Z(p™), elements of the group Y. Then

SO oo = k4152

Put y = (yi)ge_.o» Where yr = 0 for all k # 0, and yp is an arbitrary nonzero
element of the group Z(p°°). We will show that the automorphism § and the element
y satisfy the conditions of Lemma 13.20. ~

Take y = (Vi)pe_o € Ker(I —§). Then §y = y. It follows from this that
Yk+1 = Yk.k € Z. Since yi # Oonly fora finite number of indices k, we have y; = 0,
k € Z. Thus 13.20(i) is fulfilled. Note thatif y = (yx)72_, € (I —=08)Y,y # 0,
then at least two elements yi, and yy, are different from zero. This implies 13.20 (ii).
Obviously, 13.20 (iii) is also fulfilled. Since the group X is totally disconnected, by
Proposition 3.6, I'(X) = D(X). Hence I'(X) * I(X) = I(X), and the statement of
the lemma follows from Lemma 13.20. O

Lemma 13.22. Let p be a prime number and
o0 k
X = PIZ(p Y, km <kmyr1, m=1,2,....
m=

Then for every n > 2 there exist an automorphism § € Aut(X) and independent
identically distributed random variables §;, j = 1,2,...,n, with values in X and
distribution € 1(X) such that the linear forms Ly = & + - + &, and L, =
&1+ -+ &i—1 + 8§, are independent.
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Proof. Denote elements of the group X by t = (t,)5r—,, where t,,, € Z( pkm). Let
J = i and 7;; be the epimorphism 7;; : Z(p*i) — Z(p*i) defined by

mii(t;) =t (mod p*i), 1, € Z(p*).

Note that 7, m+1 © Tm+1,m+2 = Tm,m+2-
Define a homomorphism 6: X > X by the formula §(¢)5—; = (Sm)—;, Where

Im+m 1tm+1 + 7 otman if mis odd,
B T (13.31)
Im + Tmm+1tm+1 if m is even.

It is obvious that the homomorphism § is continuous. We will show that § is a monomor-
phism. Assume that §(¢,,)5—, = 0. Take two sequential numbers m and m 4 1 with
m odd. We have

Im + Tmomt1tm+1 + Tmmt2tmyz = 0, (13.32)

tmt1 + Tmit,my2tmi2 = 0. (13.33)

Apply 7, m+1 to equality (13.33). We obtain

Tmm+1tm+1 + Tmm+2tm+2 = 0. (13.34)

Subtracting (13.34) from (13.32) we get t,, = 0 (m = 1,3,5,...). Then it follows
from (13.33) that t,,41 = 0(m = 1,3,5,...). Thus all ¢,, = 0.

We will verify that § is an epimorphism. For this purpose we will prove that for any
s = (Sm)5—, € X the equation §¢ = s has a solution. It suffices to show the existence
of the solution of the system of equations

tm + Tmm+1tm+1 + Tmm+2tm+2 = Sm, (13.35)

In+1 + Tmt1,m+2Im+2 = Sm+1 (13.36)

for any odd m. Apply 7, m+1 to equality (13.36). We obtain

Tmm+1tm+1 + Tmm+2tm+2 = Tm,m+15Sm+1- (13.37)

Subtracting (13.37) from (13.35) we get that t,, = Sy — Tm m+15m+1 and find in such
a way all t,,,, where m is odd, and then we find from (13.36) all t,,, where m is even.
Thus we have proved that § € Aut(X).

By Theorem 1.7.2,

o0
Y ~ P* Z(pFm),
m=1

where k, < kpm+1, m = 1,2,.... We will denote elements of the group Y by
I = (lm)5—,, where [, € Z(p*m) and I,, = 0 for all but a finite set of indices.
Let y = (ym)o—; € Y be an element such that y; # 0 and y,, = 0 form > 1.
We will prove that the automorphism § and the element j satisfy the conditions of
Lemma 13.20.
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Let j > i. Itis easy to see that the homomorphism 7;; : Z(p*i) > Z(p*7) is
defined by
Tijt = phiTkin, e zZ(pF).

A direct verification shows that the homomorphism § is of the form & Un)g—q =
(hm)yr—y, where

ll ifm = 1,
hm = { Tm—1.mlm—1 + Im if m is even, (13.38)
ﬁm—z,mlm—z + ﬁm—l,mlm—l + 1, ifmisodd, m # 1.

We conclude from (13.31) that / —4 is an epimorphism. Then by Theorem 1.13 (b), / -5
is a monomorphism, i.e., 13.20 (i) is fulfilled. It follows from (13.38) that 13.20 (ii) is
true. Obviously, 13.20 (iii) is also fulfilled. Since the group X is totally disconnected,
by Proposition 3.6, I'(X) = D(X). Hence I'(X) * I(X) = I(X), and the statement
of the lemma follows from Lemma 13.20. O

Remark 13.23. Let G be a closed subgroup of a group X. Let «;, B; € Aut(G) and
assume that the automorphisms «;, 8; can be extended to some topological automor-
phisms &;, B; of the group X. Assume that there exist independent random variables
&; with values in G and distributions u; & I'(G) * I(G) such that the linear forms
Ly =aé1 4+ +ayépand Ly = B1§1 + -+ + Bré, are independent. Obviously,
we can consider &; as independent random variables taking values in the group X.
Furthermore, the linear forms L; = @& + -+ + @x&, and Lo, = B1&1 + -+ + Buén
will be independent and p; & I'(X) * 1(X).

We also note that if G is a topological direct factor of X, then any topological
automorphism § € Aut(G) can be extended to a topological automorphism of the
group X.

Lemma 13.24. Let X be a compact totally disconnected group. Then either the group
X is topologically isomorphic to a group of the form

@ P (A" xGp).

where np is a nonnegative integer and G, is a finite p-primary group, or for some
prime number p there exists a topological direct factor K of the group X such that K
. . . . . Ro

is topologically isomorphic to either the group A,° or the group

o0
) P Z(p™). my<muer. n=12..

Proof. By Theorems 1.6.1 and 1.6.4, Y is a discrete torsion group. We deduce from
Theorem 1.19.1 that Y is a weak direct product of its p-components Y,

Y =P Y, (13.39)
PEP



13 The number of random variables n = 2 149

By Theorem 1.19.2 each p-primary subgroup Y, can be represented as a direct product
Y, = D, xNp, where D, is the maximal divisible subgroup of Y, and N, is a countable
reduced p-primary group. By Theorem 1.19.3 the group D, can be represented in its
turn as a weak direct product of groups each of which is isomorphic to the group
Z(p®). Taking into account that (Z(p*°))* = A,, we conclude from Theorem 1.7.2
that

X=P X,,
DPEP P
where
Xp = A;’ x Gy, n=<Rg, G, = (Np)*. (13.40)

Assume that the group X is not topologically isomorphic to a group of the form (i).
This means that in (13.40) for some p either n = Ry or G, is an infinite group. If
n = Ny, then the group X has a topological direct factor G topologically isomorphic
to the group A;fo. If G, is an infinite group, then the group N, is also infinite. As is
well known every countable infinite p-primary group has a direct factor isomorphic to
the group

o0
P*IZ(pm”), My <Mpr1, n=12,...
n=

([51], Proposition 77.5). It follows from this that the group N, also has such a direct
factor. But then by Theorem 1.7.2 the group G, has a topological direct factor G,
topologically isomorphic to a group of the form (ii). O

Theorem 13.25. Let X be a compact totally disconnected group, & and &, be inde-
pendent random variables with values in X and distributions 1 and p,. Let o, B},
j = 1,2, be topological automorphisms of X. The independence of the linear forms
Ly = a1y + a2és and Ly = B1§1 + B2§2 implies that iy, po € 1(X) if and only if
X is topologically isomorphic to a group of the form 13.24 (i).

Proof. We first prove the necessity. Assume that a group X is not topologically iso-
morphic to a group of the form 13.24 (i). By Lemma 13.24 for some prime number p
the group X has a topological direct factor G such that either G is topologically iso-
morphic to the group A;“ or to a group of the form 13.24 (ii). If G is topologically
isomorphic to the group A?O, then by Lemma 13.21 there exist an automorphism
8 € Aut(G) and independent random variables &; and &, with values in G and distri-
butions w1, w2 & 1(G) such that the linear forms Ly = & + & and L, = & + 6&;
are independent. If G is topologically isomorphic to a group of the form 13.24 (ii),
then by Lemma 13.22 the analogous statement is also true. Since the subgroup G is a
topological direct factor of X, the necessity results from Remark 13.23.

We prove the sufficiency. Assume that a group X is topologically isomorphic to
a group of the form 13.24 (i). By Lemma 10.1 if the linear forms L; and L, are
independent, then the characteristic functions f[1;(y) satisfy equation 10.1 (i). Set
v; = w; * ii;. We conclude from 2.7 (c) and 2.7 (d) that d;(y) = |&;(»)|* > 0,
y € Y. Obviously, the characteristic functions V;(y) also satisfy equation 10.1 (i). If
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we prove that v; € I(X), then 2.7 (b) and 2.7 (e) imply that u; € I(X). Thus we
can solve equation 10.1 (i) assuming that ft;(y) > 0. The sufficiency will be proved
if we show that the functions [i;(y) take only the values O and 1. Indeed, in this
case /ljz.(y) = [j(y),y € Y, j = 1,2. Then it follows from 2.7 (b) and 2.7 (c) that
/L]’-‘Z = pu;,ie, uj € I(X),j =12

Let yo € Y. Taking into account (13.39) we have

n
Yo = ZY/"
j=1

where y; € ij. It is obvious that pfj y; =0,j =1,2,...,n for some natural k;.
Consider the subgroups B; = {y € ¥); : pjkfy = 0}. Thenyg € B = By X--- X By.
Since the group X is topologically isomorphic to a group of the form 13.24 (i), every
subgroup B is finite. Hence the subgroup B is also finite. Obviously, B is a character-
istic subgroup of the group Y. It is clear that for any u, v € Y there exists a subgroup
B of the form above such that u, v € B. Consider the restriction of equation 10.1 (i)
to the subgroup B. By Corollary 2.11 the restriction of the characteristic functions
[ (y) to B are the characteristic functions of some distributions on the factor group
X/A(X, B). Note that by Theorems 1.9.1 and 1.9.2, (X/A(X, B))* =~ B. Taking into
account that the group B is finite, this implies that the factor group X /A (X, B) is also
finite. By Theorem 13.1 the characteristic functions fi;(y) take only values 0 and 1.
The sufficiency is also proved. O

Consider now the case when X is a compact connected group. The following
theorem is valid.

Theorem 13.26. Let X be a compact connected group. Then there exist automorphisms
a;j, B; € Aut(X) and independent random variables &1 and &, with values in the group
X and distributions i1, o ¢ T'(X)*I(X) suchthat the linear forms L1 = a1&1+a26;
and L, = B1&1 + B2 are independent.

Proof. By Theorems 1.6.1 and 1.6.2, Y is a discrete torsion-free group. Two cases
are possible: f, ¢ Aut(X) for some prime number p and f, € Aut(X) for all prime
numbers p.
1. Suppose that
Jp € Aut(X) (13.41)

for some prime number p. We will assume that p in (13.41) is the smallest one. Since
X is a connected group, by Theorem 1.9.6, X ) — X foralln € N. Therefore, if
Jp € Aut(X), then Ker f, # {0}.

Let p = 2. Then Ker f, = {x € X : 2x = 0} # {0}, i.e., the group X contains
elements of order 2. Since cxy = X, by Theorem 7.10 there exist independent random
variables &1 and &, with values in X and distributions (1, uy ¢ I'(X) * 1(X) such that
the linear forms L, = & + & and L, = &; — &, are independent.
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Assume that p > 3. Seta = 1 — p. Since p is the smallest natural number with
property (13.41), we have f_, € Aut(X). Hence f; € Aut(X). By Theorem 1.9.5,
Ker f, = A(X,Y P)). This implies that Y (?) # Y. Take 7 ¢ Y ») and verify that the
automorphism § = f, and the element y satisfy the conditions of Lemma 13.20. We
conclude from 1. 13(d) that fa = f,. Wehave [ — fa = fp Since Y is a torsion-free
group, Ker(/ — fa) = {0}, ie., 13.20(i) is fulfilled. It follows from I — f, = fp
that (I — fa)Y = Y Since p > 3, the numbers 2 and p are relatively prime.
Therefore there exist integers m and n such that 2m + pn = 1. It follows from this
that y = 2my + pny. Hence if j ¢ ¥ P) then 25 ¢ Y P). This implies that 13.20 (ii)
is true. Since Y is a torsion-free group, it is obvious that 13.20 (iii) is fulfilled. In this
case the theorem follows from Lemma 13.20.

2. fp € Aut(X) for all prime numbers p. This means that X is a torsion-free
group. Since X is a connected group, by Theorem 1.11.4 the group X is topologically
isomorphic to a group of the form

E)", a=(2,3,4,...), n <R,.

It is clear that it suffices to prove the theorem for the group X = ¥,. Then ¥ = Q.
We will denote elements of the group Y by r, r € Q.
Let H be a subgroup of Y of the foom H = {#} ~ __.SetG = H* K =

A(G, H®). Tt follows from Theorems 1.9.1 and 1.9.2 that K =~ Z(2). Let A be an
arbitrary non-idempotent distribution on the group G supported in K. It is easy to see
that the characteristic function A (%) is of the form

5 1 ifhe H®
A(h) = ’ 13.42
() {c ifh¢ H®, ( )
where —1 < ¢ < 1. Consider on the group Y the function
A(y) ifyeH,
g(y) = ”) Y (13.43)
0 ify ¢ H.

By Proposition 2.12, g(y) is a positive definite function. By the Bochner theorem
there exists a distribution ;1 € M'(X) such that fi(y) = g(y). It is obvious that
né¢T(X)*I1(X).

Let & and &, be independent identically distributed random variables with values
in X and distribution . We will verify that the linear forms Ly = & +2&, and L, =
2&, — &, are independent. By Lemma 10.1 it suffices to show that the characteristic
functions of the random variables §; satisfy equation 10.1 (i) which takes the form

a4+ 20)aQu —v) = p(w)pRu)au)ia(—v), u,v ey. (13.44)

It follows from (13.42) that if u, v € H, then equation (13.44) is satisfied. It is also
obvious that equation (13.44) holds if either u € H,v ¢ Horv € H,u ¢ H.
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Assume that u, v ¢ H. Then the right-hand side of equation (13.44) is equal to zero.
If the left-hand side of equation (13.44) is not equal to zero, then u + 2v,2u —v € H.
This implies that 5u € H, and hence u € H. The contradiction obtained shows that
equation (13.44) is true for allu,v € Y. O

Remark 13.27. Let X be a compact connected group. Assume that automorphisms
o = fm;,B; = fn; € Aut(X) satisfy the condition

Ollﬁl +Ol2ﬂ2 =0. (1345)

Then there exist independent identically distributed random variables &; and &, with
values in X and nondegenerate Gaussian distribution y such that the linear forms
Ly = o1& + a6 and Ly, = B1&; + B2&; are independent. A natural problem
arises: is it possible to construct automorphisms «;, 8; in Theorem 13.26 satisfying
condition (13.45) and independent identically distributed random variables &; and &,
with values in X and distribution p ¢ I'(X) * I(X) such that the linear forms L =
o1& + a6 and Ly, = B1€1 + B2£; are independent?

In case 2 this has already been done in the proof of Theorem 13.26.

Consider case 1. Let f, ¢ Aut(X) for some prime number p, where p > 3.
Assume that £ and &, are independent identically distributed random variables with
values in X and distribution p. Consider the linear forms L, = & + aé; and L, =
a&1—§&;,wherea = p—1. We will show that there exists adistribution & ¢ I'(X )1 (X)
such that the linear forms L and L, are independent. Setg = a®+ 1. By Lemma 10.1
the independence of L, and L, is equivalent to the fact that the characteristic functions
of the random variables £; satisfy equation 10.1 (i) which takes the form

A+ av)i(au —v) = p(u)p(au) (av)pp(—v), u,v €Y. (13.46)

If f, ¢ Aut(X), we reason as in case 1 of the proof of Theorem 13.26. Take
7 ¢ Y@, Let 11 be the distribution on the group X with density p(x) = 1 + Re(x, J)
with respect to the Haar distribution my. It is clear that u & I'(X) % I(X). We
verify that the characteristic function j1(y) satisfies equation (13.46). It is obvious that
equation (13.46) holdsif eitheru = Oorv = 0. Letu # Oandv # 0. Sinceay # —7,
the right-hand side of equation (13.46) is equal to zero for all v # 0. If the left-hand
side of equation (13.46) is not equal to zero, this implies that u +av,au—v € {0, £y}.
It follows from this that
qu € {0, £y, +(a £ 1)y}. (13.47)

By the condition &7 ¢ Y@ . Taking into account that the numbers a + 1 and ¢
are relatively prime and the numbers a — 1 and ¢ are also relatively prime, we have
(@ £ 1)7 ¢ Y@ Therefore it follows from (13.47) that gv = 0. Since Y is a tor-
sion-free group, v = 0. The contradiction obtained proves that the left-hand side of
equation (13.46) is also equal to zero.

If f; € Aut(X), we follow the scheme of the proof of Theorem 13.26 in case 2.
Namely, let yo be an arbitrary element of the group Y. Since f; € Aut(X), we have
Jq € Aut(Y). Therefore we can consider a subgroup H of the group Y of the form
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H = {qﬂn yo}m,n <z- Let G = H™. Since the numbers ¢ and a are relatively prime,

H # H@. Consider the distribution 7 = y * A € M!(G), where y € T'(G),
A e MY(K), K = A(G, H@) and construct the distribution 1 as has already been
done in Theorem 13.26 in case 2.

If we assume that f, ¢ Aut(X) foragroup X, then the answer to the above question,
generally, is negative. Indeed, let X = T. Then Aut(T) = {£/}, and for this reason
the study of arbitrary linear forms L; and L, is reduced to the forms L; = &; 4+ &; and
L, = & —&,. Since the group X contains only one element of order 2, by Theorem 9.9
if &1 and &, are independent identically distributed random variables with values in X
and distribution p such that L; = &; + &, and L, = &; — &, are independent, then
ner(X)x*I(X).

On the other hand, let X = T?2. As follows from Lemma 9.6, there exist indepen-
dent identically distributed random variables &; and &, with values in X and distribution
w ¢ T'(X) * I(X) such that the linear forms L1 = & + & and L, = & — & are
independent.

Remark 13.28. Let X be a compact connected group. Following the scheme of the
proof of Theorem 13.26 we will verify that the statement of Theorem 13.26 is true for
an arbitrary number n > 2 of independent random variables.

Let f5 ¢ Aut(X). Consider the distributions ©; and @, on the circle group T
constructed in Lemma 7.8. We conclude from 2.7 (c) that the parameters a and b in
(7.11) can be chosen in such a way that 1; = 7*®~D_ where 7 € M'(T). Let & be
independent random variables with values in the circle group T and distributions v;,
where vi = - = v, = 7, v, = WUy. It follows from Lemmas 7.8 and 10.1 that
the linear forms Ly = & +---+ &, and L, = & +--- + &,1 — &, are independent.
Next we argue as in the proof of statement (IT) of Theorem 7.10 and get the desired
statement.

If f, ¢ Aut(X) for some prime number p > 3, then the required assertion follows
directly from Lemma 13.20.

Let f, € Aut(X) for all prime numbers p. Arguing as in Theorem 13.26, we
assume that X = X,, wherea = (2, 3,4,...). Let u be a distribution on the group X
with the characteristic function defined by (13.43). Let &; be independent identically
distributed random variables with values in X and distribution p. Arguing as in the
proof of Theorem 13.26 and using Lemma 10.1, we show that the linear forms L; =
€1+ + &1 + & and Ly = 261 + -+ + 2,1 — &, are independent.

14 The number of random variables n > 3

Let X be a second countable locally compact Abelian group, Y be its character group,
§&,j =1,2,...,n,n > 3, be independent random variables with values in X and
distributions ;. Let L1 = 11 + -+ + a§, and Ly = B1&1 + -+ + Br&,, where
the coefficients «;, B; € Aut(X). It turns out that in contrast to the case n = 2 the
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classes of groups for which the Skitovich—-Darmois theorem is true are very poor. We
study group analogues of the Skitovich—-Darmois theorem for finite, compact totally
disconnected, discrete torsion and compact groups. First we study the case when X is
a finite group. We need some lemmas.

Lemma 14.1. Let X be a group of the form
i) Z@2™)x---xZ2™), where0<my <--- <my,

let aj,B; € Aut(X), j = 1,2,...,n, n > 2, and let §; be independent random
variables with values in X and distributions ;. If the linear forms L1 = a1, +
c+anéyand Ly = Br1§1 + -+ + Bnéy are independent, then all |1; are degenerate
distributions.

Proof. Arguing as in the proof of Theorem 10.3, we reduce the proof of the lemma
to the case when L; = & + --- + &, and Ly = 61& + -+ + 8,&,, where §; €
Aut(X). ByLemma 10.1if L and L, are independent, then the characteristic functions
[j(y) satisfy equation 10.1 (i) which takes the form (10.2). Put v; = pu; * ji;. We
conclude from 2.7 (c) and 2.7 (d) that D;(y) = |4;(»)|*> > 0, y € Y. Obviously,
the characteristic functions ¥; () also satisfy equation (10.2). In view of 2.7 (b) and
2.7 (e) the lemma will be proved if we show that all v; € D(X). Therefore, we can
assume from the beginning that all /i;(y) > 0, y € Y. We will prove that in this case
aiy)y=1,j=12,...,n

By Theorem 1.7.1, Y = X. Let € be an arbitrary automorphism of the group Y.
Put H; = Y@" Hn Y@),i = 1,2,...,1. Since for any natural k the subgroups ¥ )
and Y are characteristic, the subgroups H; are also characteristic. This implies that

e(Hi—1\H;) = H;_1\H;. (14.1)

It follows from (14.1) thatif u,v € H;_1\H;,thenu +ev € H;,i = 1,2,...,1. It
is easy to see that H; =~ Z(2). Hence ¢y = y, y € H;. The restriction of equation
(10.2) to the subgroup H; takes the form

H/lj(u—i—v): l_[/lj(u)l_[/lj(v), u,v € Hj. (14.2)
j=1 j=1 =1

Put .
O =T]ao), yer
j=1

We deduce from (14.2) that the restriction of the function f(y) to the subgroup H;
is a character of the group H;. Taking into account that f(y) > 0, we get that
f(y) =1,y € Hy. Hence 1j(y) =1, y € H;, j = 1,2,...,n. Substituting
u,v € H;_1\ Hj into equation (10.2) and taking into account that u + gj v € Hj forall
Sj, we obtain that i;(y) = 1,y € Hj_;, j = 1,2,...,n. Repeating this procedure,
weprove that i;(y) =1, y € Yoy, j = 1,2,....n.
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Let us prove now that fi;(y) = 1,y € Y, j = 1,2,...,n. We will prove this
by induction on m;. For m; = 1 we have X = Z(2). Then Y =~ Z(2) and hence
Y = Y(3). As has been noted above, if y € Y(3), then f1;(y) =1, j = 1,2,...,n.
Thus for m; = 1 the statement is true.

Since f1;(y) = 1,y € Y, j = 1,2,...,n, by Proposition 2.13 the functions
f;(y) take constant values on each coset y + Y(2). Hence they induce some charac-
teristic functions g; ([y]) on the factor group Y/ Y5 by the formula g; ([y]) = /i, (y),
¥ € [y]. Since Y(y) is a characteristic subgroup of the group Y, the automorphisms
§ ; also induce some automorphisms &; on the factor group Y/Y(3) by the formula
gily] = [Sj ¥], ¥ € [y]. It means that we can consider equation (10.2) on the factor
group Y /Y (). Taking into account that

Y/Yo = ZQ2™ ) x.. xZ@2™™h),

by the induction hypothesis g; ([y]) = 1, j = 1,2,... ,n, forall [y] € Y/Y(2). Hence
L) =LyeY,j=12...n. .

Corollary 14.2. Let Y be a group of the form 14.1 (i) and &j,Bj e Aut(Y), j =
1,2,....,n,n > 2. Let 1;(y) be characteristic functions on the group Y satisfying
equation 10.1 (i). Then [1;(y) are of form

Ai(y)=(x;,y), xjeX, j=12,...,n.

Lemma 14.3. Let X = Z(3), o;,B; € Aut(X), j = 1,2,...,n, n > 2. Let §
be independent random variables with values in X and distributions ;. If the linear
forms L1 = a &1+ -4 ané&pand Ly = B1E1+- - -+ Bn&n are independent, then either
all u; are degenerate distributions or wj, = |Lj, = my for at least two distributions
Wj, and [ij,, and the remaining (i; are arbitrary distributions.

Proof. Note that Aut(X) = {Z1}. Obviously, we can assume without loss of general-
itythat Ly = &1 +---+&,and L, = & +-- -+ &, —---—§&,. Consider new independent
random variables 7y = & + --- + &, and 9 = &,,41 + -+ + &,. By the condition
of the lemma the linear forms L; = 1y + n2 and L, = n; — 1, are independent.
Denote by A; the distribution of the random variables 1;. We conclude from (2.1) that
AL = 1 k% Uy A2 = m+1 * -+ % Up. Since cx = {0}, by Theorem 7.10 either
A1, Ay € D(X) orA; = A, =my. If A, A, € D(X), then all M € D(X) It follows
directly from 2.7 (c) and 2.14 (i) that if X = Z(3) and 7| * 7w, = my, then 7; = my
at least for one distribution 77;. Hence if Ay = A, = my, then u;, = u;, = my at
least for two distributions u;, and u;,, and the remaining p; are arbitrary distributions.

O

Lemma 14.4. Let X = Z(5), o, B; € Aut(X), j = 1,2,3. Let §; be independent
random variables with values in X and distributions ;. If the linear forms L =
o1& + @26 + azé3 and Ly = B1&1 + B2&2 + B3&3 are independent, then either all
Wu; are degenerate distributions or w;, = my for at least one distribution [, .
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Proof. Note that Y =~ Z(5). Arguing as in the proof of Theorem 10.3, we reduce the
proof of the lemma to the case when L = & + & + &3 and Ly = §1&; + 826, + 8363,
where §; € Aut(X).

First assume that not all automorphisms §; are different. Let for definiteness 6, =
83 = 6. Consider the random variables &; and & = & + &;. Then the linear forms
Ly =& +&and L, = §1&; + 6§ are independent. By (2.1) the random variable £ has
the distribution &t = p, * p3. It follows from Theorem 13.1 that either p; and p are
degenerate distributions and then all t; are degenerate distributions, or 1 = p = my.

Assume now that all automorphisms §; are different. Obviously, every automor-
phism § € Aut(X) is of the form §x = kx, k = 1,2,3,4, x € X. Since the
linear forms L; and L, are independent if and only if the linear forms L; and 8L,
are independent, it is easy to see that we can assume without loss of generality that
Ly = & + 28 + 3&. Set f(y) = 1(y), g(y) = f2(y), h(y) = ft3(y). By
Lemma 10.1 if L; and L, are independent, then the characteristic functions /i;(y)
satisfy equation 10.1 (i) which takes the form

fu+v)gw+2v)h(u+3v) = fw)gw)h(u) f(v)gRv)h(3v), u,v,eY. (14.3)

We note that the group X contains no subgroup topologically isomorphic to the
circle group T. Therefore, if the characteristic functions /;(y) do not vanish, then by
Theorem 10.3 all u; are degenerate distributions.

Suppose that only one characteristic function /i (y) vanishes. We note that for any
u € Y,u # 0, and any automorphism ¢ € Aut(Y') there exists an element v € Y such
that u + ev = 0. Assume for definiteness that f(y) vanishes and g(y) and /#(y) do not
vanish. Let f(ug) = 0. Substitute u = ugy, v = —uy into equation (14.3). Then the
right-hand side of equation (14.3) is equal to zero, whereas the left-hand side is not.
The contradiction obtained shows that at least two characteristic functions vanish.

Assume that only two characteristic functions, say for definiteness f(y) and g(y)
vanish. Then they have common zeros. Indeed, in the opposite case we have f(ug) =
gQup) =0, f(Qup) # 0, g(up) # 0 for some 1y € Y. Hence for u = 3ug, v = 4uy
the right-hand side of equation (14.3) is equal to zero, whereas the left-hand side is
not. Thus f(y) and g(y) have common zeros. Let f(up) = g(up) = 0. Substituting
U = ug, v = 2ug into (14.3) we get f(3ug) = 0, i.e,, u; = my. Substituting
u = 3ug, v = 2uy into (14.3) we get g(2ug) = 0, i.e., u = my. The other cases,
where either f(y) and i(y) vanish or g(y) and /(y) vanish can be considered similarly.

Assume now that all three characteristic functions f(y), g(»), and A(y) vanish.
We first consider the case when, at a certain point ug € Y,

Sf(uo) = g(uo) = h(ug) = 0. (14.4)

Putting u = ug, v = 2ug in (14.3) we obtain f(3ug)h(2ug) = 0. This implies that
either u; = my or w3 = my.

If (14.4) is not true, then the following three cases are possible:

1. f(uo) = g(uo) = h(2uo) = 0, h(ug) # 0 at a certain point ug € Y. Putting
u = 2ug, v = 3ug in (14.3) we get g(3up) = 0, i.e., U = my.
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2. f(ug) = gQRug) = h(ug) = 0, g(up) # 0 at a certain point uy € Y.
Substituting u = 2ug, v = ug into (14.3) we obtain f(3ug) = 0, i.e., u; = my.
Putting u = ug, v = 4ug in (14.3) we get h(3ug) = 0, i.e., Uz = my.

3. fQuo) = g(ug) = h(ug) = 0, f(ug) # 0 at a certain point uy € Y.
Substituting ¥ = 4ug, v = 2uy into (14.3) we obtain g(3ug) = 0,i.e., up = my. 0O

Remark 14.5. It should be noted that Lemma 14.4 may not be strengthened. To put
it in another way: it is not true that u;, = u;, = mx for at least two distributions p,
and 1;,. To prove this take ug € Y, ug # 0, and consider the distributions p; = my,
p2(fx}) = (1/5)(1 + Re(x,up)), x € X, and uz = pz. Then f1;(y) = 0 for
Y € {2u9,3uo}, j = 2,3. Itis easy to check that the characteristic functions [, (y)
satisfy equation (14.3). Hence by Lemma 10.1 if §; are independent random variables
with values in X and distributions p;, then the linear forms L = & + & + £3 and
L, = &, + 2, + 3&; are independent.

Lemma 14.6. For each of the groups X = (Z(k))?, where k > 2, X = Z(2k — 1),
where k > 4, and X = Z(3) x Z(5), and for every n > 3 there exist automorphisms
o, € Aut(X) and independent identically distributed random variables §;, j =
1,2,...,n, with values in X and distribution u ¢ 1(X) such that the linear forms
Li=&+4+--4+&and Ly, =& +---+ &2 + a&—1 + B, are independent.

Proof. We note that Y =~ X. Let X = (Z(k))?, where k > 2. Denote by (p,q),
p.q € Z(k), elements of the groups X and Y. Set y = (0,1) € Y. Let u be
the distribution on the group X such as in Lemma 13.20. Then the characteristic
function f(y) = fi(y) is defined by (13.30). It is obvious that u ¢ I(X). Let &;,
j =1,2,...,n,n > 3, be independent identically distributed random variables with
values in X and distribution . Let automorphisms ¢, 8 € Aut(X) be of the form

a(p.q) =(p,p+q), B(p.q)=1(q.p), p.qc€”Zk). (14.5)

Then
a(p.q) =(p+q.9), Bp.q9) =(q.p) p.qecZk). (14.6)
We verify that the linear forms L = &1 +---+&,and Ly, = &+ 4+ &+ a1 +

BE&, areindependent. By Lemma 10.1 it suffices to show that the characteristic functions
of the random variables &; satisfy equation 10.1 (i) which takes the form

72+ v) f(u+ @v) f(u + Po)
= @) "2 @) @) f(Bv). uvey.
Obviously, equation (14.7) is satisfied if either v = 0 or v = 0. Let u # 0 and
v # 0. Since 87 # =+, the right-hand side of equation (14.7) is equal to zero. If the

left-hand side of equation (14.7) is not equal to zero, then as follows from (13.30) we
have u + v, u + @v, u + Bv € {0, £5}. We conclude from this that

(14.7)

@— I)v € {0, £7, £27} (14.8)
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and

@ — B)v € {0, £7, £27}. (14.9)

Letv = (p,q). Then (& — I)v = (¢,0). Hence (14.8) implies that ¢ = 0. On the
other hand, (& — B)v = (p,q — p). Therefore, (14.9) yields that p = 0, and hence
v = 0 contrary to the assumption. Thus the left-hand side of equation (14.7) is also
equal to zero. We get that the characteristic function f(y) satisfies equation (14.7).
So, for the group X = (Z(k))?, k > 2, the lemma is proved.

Leteither X = Z(2k — 1), where k > 4or X = Z(3) x Z(5). f X = Z(2k — 1),
where k > 4, then denote by y an element of order 2k — 1 in Y. If X = Z(3) x Z(5),
then denote by y an element of order 15 in Y. Let u be the distribution on the group X
such as in Lemma 13.20. Then the characteristic function f(y) = [i(y) is defined
by (13.30). Obviously, u ¢ I(X). Let&;, j = 1,2,...,n, n > 3, be independent
identically distributed random variables with values in X and distribution p. Let
automorphisms «, § € Aut(X) be of the forma = f5, 8 = —1.

We check that the linear forms Ly = & +---+ &, and L, =& +---+ &, +
2&,-1 — &, are independent. By Lemma 10.1 it suffices to show that the characteristic
functions of the random variables §; satisfy equation 10.1 (i) which takes the form

P2 u4v) fu+20) fu—v) = ") f2() fQu) f(—v), u,v eY. (14.10)

Obviously, equation (14.10) holds if eitheru = O or v = 0. Letu # O and v # 0.
Since 2y # =£7, the right-hand side of equation (14.10) is equal to zero. If the left-
hand side of equation (14.10) is not equal to zero, then as follows from (13.30), we
have

utv, u+22vef{0, £y} (14.11)

This implies that
v,2v € {0, £7, £271. (14.12)
We conclude from (14.12) that v = %j. Taking into account that u 4+ v € {0, £y},
we have the following possibilities: ¥ = y, v = —y; u = 2y, v = =y, u = —y,
v=y;u =-2y,v =Y. Ineach of these cases we have u — v ¢ {0, =7}, contrary to

(14.11). Thus the left-hand side of equation (14.10) is also equal to zero. We get that the
characteristic function f(y) satisfies equation (14.10). For the groups X = Z(2k—1),
where k > 4, and X = Z(3) x Z(5) the lemma is also proved. O

Theorem 14.7. Let X be a finite group, G be a group of the form 14.1(i). Then the
following statements hold:

(I) Leta;,B; € Aut(X), j = 1,2,3, and let §; be independent random variables
with values in X and distributions [vj. Assume that the linear forms L =
a1&1 +a2ba +az§z and Ly = B1&1 + B262 + B3bs are independent. If X = G,
then all ju; are degenerate distributions. If X = Z(3) x G, then either all ju;
are degenerate distributions or |uj, * Ex, = @, ¥ Ex, = mz@), x; € X, for
at least two distributions ;, and [uj,. If X = Z(5) x G, then either all |i;
are degenerate distributions or j, * Ex, = mz), x1 € X, for at least one
distribution 1}, .
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(1) If a group X is not isomorphic to any of the groups mentioned in (1), then for
every n > 3 there exist automorphisms o, ,Bj € Aut(X), j =1,2,...,n, and
independent identically distributed random variables &§; with values in X and
distribution (¢ 1(X) such that the linear forms L1 = a1&1 + -+ + &, and
Ly = B1&1 + -+ + Bu&y are independent.

Proof. (). If X = G, then the statement of the theorem follows from Lemma 14.1.

Let X = Z(3) x G. By Theorem 1.7.1, Y = L x H, where L =~ Z(3), H =~ G.
By Lemma 10.1 if the linear forms L; and L, are independent, then the characteristic
functions /1;(y) satisfy equation 10.1 (i). Put v; = u; * fi;. It follows from 2.7 (c)
and 2.7 (d) that D;(y) = |&;(»)|> > 0, y € Y. Obviously, the characteristic func-
tions ¥; () also satisfy equation 10.1 (i). Since H is the 2-component of the group Y,
the subgroup H is characteristic. Consider the restriction of equation 10.1 (i) to H.
Applying Corollary 14.2 we get that ;(y) = 1 for all y € H. By Proposition 2.13
the inclusions o (v;) C A(X, H) = Z(3), j = 1,2, 3 hold. It follows from Proposi-
tion 2.2 that the distributions 4; can be replaced by their shifts ;/; in such a manner
that a(u}) C Z(3). Let éj’ be independent random variables with values in X and
distributions . By Corollary 10.2 the linear forms L} = a1§] + @285 + 363 and
LY, = B1§] + B2&) + B3, are independent. Since Z(3) is a characteristic subgroup of
the group X, we can suppose that «;, 8; € Aut(Z(3)) and El’. take values in the group
Z(3). Then the statement of the theorem follows from Lemma 14.3.

For the group X = Z(5) x G we reason similarly using Lemma 14.4 instead of
Lemma 14.3.

(IT). Assume now that a group X is not isomorphic to any of the groups mentioned
in (I). By Theorem 1.19.1 we can represent the group X as a direct product of its

p-components X, i.e.,
m

X=P X,

By Theorem 1.19.4 each of the groups X),; is isomorphic to a finite direct product of
groups of the form (Z(p jm))km for different m. It follows from this that if a group X
is not isomorphic to any of the groups mentioned in (I), then the group X has a direct
factor isomorphic to one of the groups mentioned in Lemma 14.6. Then the statement
of the theorem follows from Lemma 14.6 and Remark 13.23. O

Remark 14.8. The proof of Theorem 14.7 in the case when X = Z(3) x G is based
on Lemma 14.3. Lemma 14.3 is valid for an arbitrary number n > 2 of independent
random variables. Therefore the statement of Theorem 14.7 in the case when X =
Z(3) x G is also valid for an arbitrary number n > 2 of independent random variables.

Let us study now the case when X is a compact totally disconnected group.

Lemma 14.9. Let either X = Ay or X = Ay x G, where G is a group of the
form 14.1(1). Let a;,B; € Aut(X), j = 1,2,...,n, n > 2, and let §; be inde-
pendent random variables with values in X and distributions |1;. If the linear forms
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Ly =ai&1 + -+ anéyand Ly = B1§1 + -+ + Bré&, are independent, then all
are degenerate distributions.

Proof. By Lemma 10.1 it follows from the independence of the linear forms L, and
L, that the characteristic functions fi; (y) satisfy equation 10.1 (i). Put v; = pu; * fi;.
We conclude from 2.7 (c) and 2.7 (d) that D;(y) = |/i;(y)|*> > 0, y € Y. Obviously,
the characteristic functions D;(y) also satisfy equation 10.1 (i). The lemma will be
proved if we show that all v; € D(X). Therefore we can assume from the beginning
that f1;(y) >0,y €Y.

1. Let X = A,. We have Y = Z(2°) and Y(om) = Z(2™). Note that the natural
embeddings hold

Y2y C - CYomy C---CY, (14.13)
and
o0
Y = Yo (14.14)
m=1

Each of the subgroups Y (,m) is characteristic. Consider the restriction of equation 10.1(i)
to the subgroup Y(om). By Lemma 14.1, fi;(y) = 1,y € Yom), j =1,2,...,n. We
deduce from (14.13) and (14.14) that fi;(y) = 1, y € Y, j = 1,2,...,n. The
statement of the lemma follows from 2.7 (b).

2. Let X = A, xG, where G isagroup of the form 14.1 (i). By Theorem 1.7.1,Y =
H x L, where H =~ Z(2°®), L =~ G. It follows from G@"") = {0} that L@"") = {0}
and hence H = Y @"")_ This implies that H is a characteristic subgroup of the group
Y. Consider the restriction of equation 10.1 (i) to the subgroup H . As has been proved
incase 1, i;(y) = 1,y € H, j = 1,2,...,n, By Proposition 2.13 we conclude
from this that the inclusions o (u;) C A(X,H) = G, j = 1,2,...,n. hold. Since
H is a characteristic subgroup of the group Y and G = A(X, H), by Lemma 13.11,
G is a characteristic subgroup of the group X. Therefore «;, 8; can be considered as
automorphisms of the group G. We have independent random variables £; with values
in the group G and distributions p; such that linear forms L; = o1& + -+ + axé,
and Ly = B1&1 + -+ + Bné&, are independent. The required statement follows from
Lemma 14.1. O

Corollary 14.10. Let either Y = Z(p>) or Y = Z(p*°) x H, where H is a group
of the form 14.1(i). Let &;,pB; € Aut(Y), j = 1,2,...,n, n > 2, and let [i;(y) be
characteristic functions on the group Y satisfying equation 10.1 (i). Then [1;(y) are
of the form

Ri(y)=(xj.y), x;€X, j=12,....n.

Lemma 14.11. Let G be a compact subgroup of a group X, o;,B; € Aut(X),
J = 1,2,....,n, n > 2, and assume that the restrictions of automorphisms o, B I
to G are topological automorphisms of the group G. Let g;(y) be continuous normal-
ized positive definite functions on the annihilator A(Y, G). Assume that the following
conditions are satisfied:
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(i) the functions g;(y) satisfy equation 10.1 (i);
(ii) the characteristic functions w;(y) = mg(y), j = 1,2,...,n, satisfy equa-
tion 10.1 i) when y € Y.
Let ;€ ML(X), J = 1,2,...,n, and the characteristic functions 1;(y), y € Y,
be of the form
gy ify € A(Y.G),
0 ify ¢ A(Y.G).

Then [1j(y) also satisfy equation 10.1 (i).

i (y) =

Proof. Set L = A(Y,G). By Lemma 13.11 the restrictions of automorphisms &,
,3 i to L are topological automorphisms of the group L because the restrictions of
automorphisms «;, B; to G are topological automorphisms of the group G. If u, v € L,
then in view of (i), equation 10.1 (i) holds. We also note that the characteristic function
mg(y) is of the form 2.14 (i). Therefore, if eitheru € L,v ¢ Loru ¢ L,v € L,
then both sides of equation 10.1 (i) are equal to zero. If u, v ¢ L, then the right-hand
side of equation 10.1 (i) is equal to zero. If the left-hand side of equation 10.1 (i) is not
equal to zero, then &¢;u + Bjv € L, j = 1,2,...,n, contrary to (ii). O

Lemma 14.12. For each of the groups X = A% and X = Ap, where p is a prime
number, p > 3, and for every n > 3 there exist automorphisms a, B € Aut(X) and
independent identically distributed random variables §;, j = 1,2,...,n, with values
in X and distribution . ¢ 1(X) such that the linear forms Ly = &1 + --- + &, and
Ly =& + -+ &+ afy—1 + BE, are independent.

Proof. Let X = A%. Set G = X@ . Then G is a characteristic subgroup of the group
X. By Theorem 1.7.1, Y = (Z(2*))?, and by Theorem 1.9.5, L = A(Y, G) = Y(y).
Obviously, Y2y = (Z(2))?. The subgroup L can be considered as the character group
of the group K = (Z(2))?. Denote by (a,b), a,b € A,, elements of the group X,
and by (p,q), p,q € Z(2°°), elements of the group Y. We will also denote by (a, b),
a,b € Z(2), elements of the group K, and by (p,q), p.q € Z(2), elements of the
group L. Let automorphisms «, 8 € Aut(X) be of the form

ala,b) =(a,a+b), Pa,b)=(b,a), a,bel,.
Then

a(p.q)=(p+q.9). B(p.9)=(q.p). p.qeZ2™). (14.15)

Let automorphisms o, f; € Aut(K) be defined by (14.5). We note that (14.6) and
(14.15) imply that the restrictions of automorphisms & and B to the subgroup L coincide
with the automorphisms &; and 1. By Lemma 14.6 there exist independent identically
distributed random variables ¢;, j = 1,2,...,n, n > 3, with values in the group
K and distribution v ¢ [I(K) such that the linear forms L1 = ¢; + --- + {, and
L, =0+ -+ {2 + @18y—1 + B1y, are independent. Then by Lemma 10.1 the
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characteristic functions of the random variables ¢; satisfy equation 10.1 (i) which takes
the form (14.7).

The characteristic function mig(y), y € Y, is of the form 2.14 (i). We will verify
that the characteristic function 7 (y) also satisfies equation (14.7). Since L is a
characteristic subgroup of the group Y, if u, v € L, then both sides of equation (14.7)
are equal to 1, and if eitheru € L,v ¢ Loru ¢ L, v € L, then both sides of
equation (14.7) are equal to zero. Ifu, v ¢ L, then the right-hand side of equation (14.7)
is equal to zero. If the left-hand side of equation (14.7) is not equal to zero, then
u+v, u+a&v, u+PBv € L. Thisimplies that (k—B)v € L. Sincea—f € Aut(Y), we
have v € L. The contradiction obtained shows that the left-hand side of equation (14.7)
is also equal to zero.

Consider on the group Y the function

v(y) ifyelL,

TO=3"" ity el

By Proposition 2.12 f(y) is a positive definite function. Hence by the Bochner theorem
there exists a distribution © € M!(X) such that i(y) = f(»). Let§;, j = 1,2,...,n,
n > 3, be independent identically distributed random variables with values in X and
distribution ©. By Lemma 14.11 the characteristic functions [i;(y) = A(y), j =
1,2,...,n,satisfy equation 10.1 (i) which takes the form (14.7). Then by Lemma 10.1
the linear forms Ly =& + -+ &, and Lo =& + - + &, + afy—1 + BE, are
independent. Obviously, i ¢ I(X). In the case when X = A3 the lemma is proved.

Let X = A,, where p is a prime number, p > 3. We follow the scheme of the
proof of the lemma for the group X = A3. PutG = X (P*)_ Then G is a characteristic
subgroup of the group X. By Theorem 1.7.1, Y = Z(p*°), and by Theorem 1.9.5,
L = A(Y,G) = Y(,2). Itis obvious that ¥(,2) = Z(p?). The subgroup L can
be considered as the character group of the group K = Z(p?). By Lemma 14.6
there exist independent identically distributed random variables ¢;, j = 1,2,...,n,
n > 3, with values in the group K and distribution v ¢ [I(K) such that the linear
forms Ly =¢ +--+8,and L, =& + -+ + {—2 + 28n—1 — , are independent.
Then by Lemma 10.1 the characteristic functions of the random variables {; satisfy
equation 10.1 (i) on the group L which takes the form (14.10).

The verification that the characteristic function 71 () also satisfies equation (14.10)
and the final part of the proof of the lemma proceed analogously to the case of the group
X = Al O

Theorem 14.13. Let X be a compact totally disconnected group, G be a group of the
form 14.1 (i). Denote by K one of the groups G, A,, and A, X G. Then the following
statements hold:

(D) Let aj, B; € Aut(X), j = 1,2,3, and let &; be independent random variables
with values in X and distributions [v;. Assume that the linear forms L, =

a1§1 + 262 +azéz and Ly = P1§1 + 262 + B3§3 are independent. If X = K,
then all ju; are degenerate distributions. If X = Z(3) x K, then either all ju;
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are degenerate distributions or j, * Ex, = pj, ¥ Ex, = mz@), x; € X, at
least for two distributions w;, and pj,. If X = Z(5) x K, then either all j;
are degenerate distributions or jj, * Ex, = mz), x1 € X, at least for one

distribution i}, .

(I) If a group X is not topologically isomorphic to any of the groups mentioned
in (1), then for every n > 3 there exist automorphisms a;, ; € Aut(X), j =
1,2,...,n, and independent identically distributed random variables &; with
values in X and distribution p ¢ 1(X) such that the linear forms L1 = a1&1 +
s+ ap€y and Ly = B161 + - -+ + Brén are independent.

Proof. (1). In the case when X = K the assertion follows from Lemmas 14.1 and 14.9.
If either X = Z(3) x K or X = Z(5) x K, then the proof of the theorem proceeds
in the same way as the proof of Theorem 14.7 in case (I). We also use Corollary 14.10
along with Corollary 14.2.

(IT). Assume that the group X is not topologically isomorphic to the groups men-
tioned in (I). If the group X contains a topological direct factor topologically isomorphic
to either the group A?O, where p is a prime number, p > 3, or a group of the form
13.24 (i1), then the statement of the theorem follows from Lemmas 13.21, 13.22, and
Remark 13.23.

So, we assume that the group X contains no topological direct factor topologically
isomorphic to either the group A;fo, where p is a prime number, p > 3, or a group of
the form 13.24 (ii). By Lemma 13.24 in this case the group X is of the form 13.24 (i). It
follows from representation 13.24 (i) that if the group X is not topologically isomorphic
to the groups mentioned in (I), then X contains as a topological direct factor a subgroup
M such that either M =~ A% or M = A, where p is a prime number, p > 3, or M is
topologically isomorphic to one of the groups mentioned in Lemma 14.6. In this case
the statement of the theorem follows from Lemmas 14.12, 14.6, and Remark 13.23.

O

Now consider the case when X is a discrete group. Since we assume that all
considering groups are second countable, for the discrete groups it means that these
groups are countable. We will not specify it.

Lemma 14.14. Let X be a discrete reduced 2-primary group such that all its Ulm—
Kaplansky invariants are equal to either O or 1. Leto;, B; € Aut(X), j =1,2,...,n,
n > 2, and assume that §; are independent random variables with values in X and
distributions ;. Ifthe linearforms Ly = o1&+ -+an€yand Ly = Br&1+- -+ Bnén
are independent, then all ; are degenerate distributions.

Proof. Arguing as in the proof of Theorem 10.3, we reduce the proof of the lemma
to the case when L; = & + -+ + &, and Ly = 61& + -+ + 8,&,, where §; €
Aut(X). ByLemma 10.1if L and L, are independent, then the characteristic functions
[j(y) satisfy equation 10.1 (i) which takes the form (10.2). Putv; = u; * fi;. We
conclude from 2.7 (¢c) and 2.7 (d) that D;(y) = |;(¥)|*> > 0, y € Y. Obviously, the
characteristic functions ¥; () also satisfy equation (10.2). The lemma will be proved
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if we show that all v; € D(X). Therefore we may assume from the beginning that
Ai()=0,yeY,j=1.2,...,n.

1. First consider the case when X is either a finite group or an infinite group which
is a weak direct product of cyclic groups. Put X! = (°2, X@"), Then X! = {0}. It
follows from 1.20 that the Ulm sequence of the group X in this case consists of one
element Xo = X/X! = X. We note that the number of cyclic direct factors of order 2"
in the decomposition of the Ulm factor X coincides with the (n — 1)th Ulm—Kaplansky
invariant. Therefore, if X is a finite group, then X is isomorphic to a group of the form
14.1 (i). The assertion of the lemma in this case is proved in Lemma 14.1. If X is an
infinite group, then X is isomorphic to a group of the form

oo
*

P’ Z(Q2"). mj <mjer. j =12 (14.16)
=

By Theorem 1.7.2,
o0
Y = _PlAj, Ang(Z’”f).
j=

We prove that 1;(y) =1,y €Y, j =1,2,...,n. Put

0o
B,= P Aj, H,':Y(z)ﬂB,'.
j=it1

It is easy to see that H; = Y N Y@ 1D Since for every natural k the sub-
groups Y ) and (k) are characteristic, the subgroups H; are also characteristic. By
Lemma 13.9 there exists an open subgroup B C Y such that all the characteristic
functions [i;(y) = 1, y € B. Taking into account that the subgroups B; form a base
of neighbourhoods of zero, we may assume without loss of generality that B = By,
for some ky.

First we check that i;(y) =1,y € Y(3), j = 1,2,...,n. Consider the restriction
of equation (10.2) to the subgroup Y(z). Since Hy, C By,, all the characteristic
functions fi;(y) = 1, y € Hy,. We note that e(H;—y \ H;) = H;—; \ H; holds
for any automorphism ¢ € Aut(Y) and any natural i. We conclude from this that if
u,v € Hi_1 \ H;, thenu + ev € H;. Substituting u, v € Hy,— \ Hy, into equation
(10.2) we get

1=

J

[Na~E]

n ~
1/lj(u) jlz’lﬂj(Sjv), u,v € Hyy—1 \ Hi,- 14.17)

It follows from (14.17) that all characteristic functions ft;(y) = 1, y € Hy,—1.
Arguing as above after ko steps we obtain that i;(y) = 1,y € Hy = Y(2), j =
1,2,...,n.

Since all the characteristic functions fi;(y) = 1, y € Y(z), by Corollary 2.13
every characteristic function [i; () takes a constant value on each coset y + Y,y and
induces a characteristic function g;([y]) on the factor group Y /Y() by the formula
gi([y]D) = i4;(y), y € [y]. On the other hand, since Y(7) is a characteristic subgroup
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of the group Y, every automorphism § i induces a topological automorphism ¢; on the
factor group Y/ Y(5) by the formula¢;[y] = [6;y], y € [y]. Therefore we may consider
equation (10.2) on the factor group Y/ Y(,). We have

P g+l = P gi(ul) P giesloD, [l [o] € ¥/ Y.
j=1 j=1 j=1

The factor group Y/ Y 5y is of the same form as the group Y, i.e., Y/ Yy is a direct
product of groups each of which is isomorphic to the group Z(2%), and all [; are
different. Hence as has been proved above, g;([y]) = 1, [y] € (Y/Y2)(2), /] =
1,2,...,n. Returning to the original characteristic functions /i;(y), we obtain that
all the characteristic functions /i;(y) = 1, y € Y(4). Arguing as above we show that
aj(y) =1,y € Yomy, j = 1,2,...,n, for all m. Since the subgroups Y ko) and
By, generate the group Y, by Proposition 2.13, /lj () =1,y €Y, ie, uj = Ey,
j=12,...,n.
2. We now consider the general case. Put

X0 = X, x! = F% X(2”)’ xo+l — (XO')I, XP — ﬂ X°.
n=1 o<p

if p is a limit ordinal number. Let t be the least ordinal number for which X* =
{0}. By Theorem 1.20.1, 7 is a countable ordinal number, and each of the groups
X, = X9/X° %1 is a weak direct product of cyclic groups, moreover the group X,
contains elements of arbitrarily large order if 0 4+ 1 < 7. Since the number of cyclic
direct factors of order 2" in the decomposition X, coincides with the wo + n — 1)th
Ulm-Kaplansky invariant, the Ulm factors X, are of the form

o0
Xg = PTZQ"00). moj <mg i ifo+1<t (14.18)
=

If the ordinal number t — 1 exists, the group X,_; is isomorphic to either a group of
the form 14.1 (i) or a group of the form (14.16).

Set L = A(Y,X!). Obviously, X! is a characteristic subgroup of the group X.
By Corollary 13.12, L is a characteristic subgroup of the group Y. By Theorem 1.9.1,
X! = A(X, L), and hence by Theorem 1.9.2, L = (X,)*. Consider the restriction
of equation (10.2) to the subgroup L. Since the group X is of the form (14.18), as
has been proved in case 1 fi;(y) =1,y € L, j = 1,2,...,n. By Proposition 2.13,
o(u;) C A(X,L) = X'. Obviously, X* is a characteristic subgroup of the group X
for all k < r. Assume that the inclusions o (p;) C X*, j =1,2,...,n,k < p, have
already been proved. Two cases are possible: the ordinal number p — 1 exists and p is a
limit ordinal number. In the first case we argue as above, replacing X by X*~!. Then
we prove that all o(u;) C X”. In the second case X* = (s, X?, and then also all
o(uj) C XP. Henceo(pu;) C X* ={0},ie.,u; = Eo, j =1,2,....n. O

Lemma 14.15. Let either X = Z(2%°) or X = Z(2°°) x G, where G is a discrete
reduced 2-primary group such that all its Ulm—Kaplansky invariants are equal either O
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or 1. Letaj, Bj e Aut(X), j = 1,2,...,n, n > 2, and let &; be independent
random variables with values in X and distributions jv;. If the linear forms L1 =
a1y + -+ anp and Ly = B1&1 + -+ + Brén are independent, then all w; are
degenerate distributions.

Proof. By Lemma 10.1 it follows from the independence of the linear forms L; and
L, that the characteristic functions [i;(y) satisfy equation 10.1 (i). Put v; = u; * fi;.
By 2.7(c) and 2.7(d), b;(y) = |f1;(»)|*> = 0, y € Y. Obviously, the characteristic
functions V; () also satisfy equation 10.1 (i). The lemma will be proved if we show
that all v; € D(X). Therefore we can assume from the beginning that /i;(y) > 0,
yeY. _

1. Let X = Z(2*®°), then Y =~ A,. Put ¥; = Y@ It follows from the definition
of the topology in the group A that all sets ¥; form a base of neighbourhoods of zero.
By Lemma 13.9 there exists an open subgroup B of the group Y such that i, (y) = 1,
y € B, j =1,2,...,n. We may assume without loss of generality that B = Y},
for some kg. By Proposition 2.13, o(u;) C A(X,Yy,) = Xakoy = Z(2%0). Since
X (2koy 1s a characteristic subgroup of the group X, the statement of the lemma follows
from Lemma 14.1.

2. Let X = Z(2*°) x G, where G is a discrete reduced 2-primary group such that
all its Ulm—Kaplansky invariants are equal to either O or 1. Set H = A(Y, Z(2*°)). By
Theorem 1.9.1, A(X, H) = Z(2*°). Since Z(2%°) is the maximal divisible subgroup
of the group X, Z(2*°) is a characteristic subgroup of X. By Corollary 13.12, H is a
characteristic subgroup of the group Y. Consider the restriction of equation 10.1 (i) to
the subgroup H. Since H = G*, we conclude from Lemma 14.14 that /i;(y) = 1,
y € H,j=1.2,...,n Henceby Proposition 2.13 all o(1;) C A(X, H) = Z(2*).
Now the assertion of the lemma follows from case 1. O

Lemmas 14.14 and 14.15 yield directly

Corollary 14.16. Let H be the character group of a discrete reduced 2-primary group
such that all its Ulm—Kaplansky invariants are equal to either O or 1. Let either Y = H
orY =AsorY =Ayx H. Leta;,B; e Aut(Y), j = 1,2,...,n,n > 2, and let
[j(y) be characteristic functions on the group Y satisfying equation 10.1 (i). Then
[j(y) are of the form

ai(y)=(x,y), x;eX, j=12,...,n.

Lemma 14.17. Let X be a discrete reduced 2-primary group such that not all its
Ulm—Kaplansky invariants are equal to either 0 or 1. Then the group X contains
a subgroup M, M = (Z(2%))2, such that any automorphism of M extends to an
automorphism of the group X.

Proof. Let A be an arbitrary p-primary group. As is well known (see ([50], § 33) there
exists a subgroup B of A such that B has the following properties:

(a) B is a weak direct product of cyclic groups;

(b) B is pure in 4;
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(c) A/B is divisible.
Such a subgroup B is called a basic subgroup of A. Denote by B, a weak direct
product of cyclic factors in B of order p”,i.e., B, = P* Z(p") and

0
B =P B,
n=1
Then the decomposition holds
A=B; x-+xB,xC,, n=12,..., (14.19)

where C, is the subgroup of A generated by P?zn+1 B; and A@M ([50], Theorem 32.4).

Pass now to the proof of the lemma. By Theorem 1.20 every Ulm factor of the
group X is a weak direct product of cyclic 2-primary groups. Therefore it follows
from the condition of the lemma that there exists an Ulm factor X, such that X,
has a direct factor L which is isomorphic to the group (Z(2%))? for some natural k.
We have X, = X°/X°T1. Let B be a basic subgroup of the group X°. Then
X°*t1' N B = {0}. Denote by By the image of the subgroup B under the natural
homomorphism 7: X? +— X;. Then By is a basic subgroup of the group X, and
7 is an isomorphism between B and By ([50], §34). Since X, is a weak direct
product of cyclic groups, a basic subgroup of X, is itself. Taking into account that all
basic subgroups of a p-primary group are isomorphic ([50], Theorem 35.2), we have
Xo = By. This implies that X, = B. Hence the subgroup B has a direct factor M
isomorphic to (Z(2¥))2. We have B = M x N, where N is a weak direct product of
cyclic groups, because N is a subgroup of B. We get a decomposition of the group B
into a weak direct product of cyclic groups. Let B, be a weak direct product of cyclic
factors in B of order 2"”. Then M is a direct factor of Br. Applying decomposition
(14.19) to the group X we conclude that M is a direct factor of X°. Hence every
automorphism of the subgroup M extends to an automorphism of the group X ?. By the
Zippin theorem every automorphism of the subgroup X ¢ extends to an automorphism
of the group X ([51], Theorem 77.4). Thus every automorphism of the subgroup M
extends to an automorphism of the group X. O

Lemma 14.18. For each of the groups X = (Z(2%°))? and X = Z(p™), where p is
a prime number, p > 3, and for every n > 3 there exist automorphisms o, § € Aut(X)
and independent identically distributed random variables §;, j = 1,2,...,n, with
values in X and distribution . ¢ 1(X) such that the linear forms Ly = &, +--- + &,
and Lo, = &1 + -+ + &0 + aéy—1 + BE, are independent.

Proof. Let X = (Z(2%°))2. Denote by (a, b),a, b € Z(2*°), elements of the group X .
Let automorphisms «, 8 € Aut(X) be of the form

ala,b) = (a,a +b), PBa,b)=(b,a), a,beZ2%).

Consider the subgroup K = X(z). Obviously, K = (Z(2))?. The subgroup K is
characteristic and the restrictions of the automorphisms « and 8 to K coincide with the
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automorphisms defined by (14.5). By Lemma 14.6 there exist independent identically
distributed random variables &;, j = 1,2,...,n, n > 3, with values in the group
K and distribution & ¢ I(X) such that the linear forms Ly = & + --- + &, and
Ly=%§& + -4+ &2+ a1 + BE, are independent. The statement of the lemma
follows from Remark 13.23.

Let X = Z(p®>), where p is a prime number, p > 3. The scheme of the proof of
the lemma in this case is the same as for the group X = (Z(2*°))?. Set K = X(p2)-
It is obvious that K 2 Z(p?), and the subgroup K is characteristic. By Lemma 14.6
there exist independent identically distributed random variables &;, j = 1,2,...,n,
n > 3, with values in the group K and distribution p ¢ I(X) such that the linear forms
Ly=8&+---+§and Ly = § +---+&p—2+ 28,1 — {, are independent. Obviously,
the automorphisms f> and —/ extend from K to automorphisms of the group X. The
statement of the lemma also follows from Remark 13.23. O

Theorem 14.19. Let X be a discrete torsion group, G be a discrete reduced 2-primary
group such that all its Ulm—Kaplansky invariants are equal to either 0 or 1. Denote by
K one of the groups G, Z(2%°), and Z(2°°) x G. Then the following statements hold:

(D) Let oy, B; € Aut(X), j = 1,2, 3, and assume that §; are independent random
variables with values in X and distributions ;. Assume that the linear forms
Ly = oné1 + b + 3§z and Lo = B1&1 + P26z + P3§3 are independent. If
X = K, then all ju; are degenerate distributions. If X = Z(3) x K, then either
all p; are degenerate distributions or i, * Ex, = i, ¥ Ex, = mz@), x; € X,
at least for two distributions ju;, and |1;,. If X = Z(5) x K, then either all ;
are degenerate distributions or jj, * Ex, = mz), x1 € X, at least for one
distribution i}, .

(I) If a group X is not isomorphic to any of the groups mentioned in (1), then for
every n > 3 there exist automorphisms «;, B; € Aut(X), j = 1,2,...,n, and
independent identically distributed random variables &; with values in X and
distribution (¢ 1(X) such that the linear forms L1 = a1&1 + -+ + a, &, and
Ly = B1&1 + -+ + Bn&y are independent.

Proof. (). If X = K, the statement of the theorem follows from Lemmas 14.14 and
14.15. If either X = Z(3) x K or X = Z(5) x K, then the proof of the theorem is
similar to the proof of case (I) of Theorem 14.7.

(IT). Assume that the group X is not topologically isomorphic to the groups men-
tioned in (I). By Theorem 1.19.1, X is a weak direct product of its p-components
Xp,. By Theorem 1.19.2 each p-primary subgroup X, can be represented as a direct
product X, = D, x N,, where D, is the maximal divisible subgroup of X, and N, is
a countable reduced p-primary group. By Theorem 1.19.3 the group D), is represented
in its turn as a weak direct product of groups each of which is isomorphic to the group
Z(p®). We use the fact that every reduced p-primary group has a cyclic direct factor
([50], §27). Hence the group N, has a direct factor M = Z(p¥) for some natural
k. We conclude from this that if a group X is not isomorphic to any of the groups
mentioned in (I), then the group X has a direct factor isomorphic to either (Z(2°°))?
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or Z(p®°), where p is a prime number, p > 3, or a reduced 2-prime group such that
not all its Ulm—Kaplansky invariants are equal to either O or 1, or one of the groups
mentioned in Lemma 14.6. The statement of the theorem follows from Lemmas 14.18,
14.17, 14.6 and Remark 13.23. O

Now we discuss the case when X is either a compact group or a discrete torsion
group and the number of independent random variables n > 4. We need the following.

Lemma 14.20. Assume that a group X contains a compact subgroup F with the
following properties:

(@) F % Z(3);

(b) there exists an automorphism § € Aut(F) that extends to a topological automor-
phism of the group X;

(¢c) I — 6 is an epimorphism of the subgroup F.

Then for everyn > 4 there exist automorphisms o, B; € Aut(X), j =1,2,...,n,
and independent random variables §; with values in X and distributions jv; ¢ I'(X) *
1(X) such that the linear forms L1 = a1&1 + -+ oy and Ly = B1&1+ -+ Bnén
are independent.

Proof. In view of Remark 13.23 in the proof of the lemma we can assume from the
beginning that X = F. Then it follows from (a) and (c) that Y 2¢ Z(3) and Y % Z(2).
Hence we can take nonzero elements yy, yo € Y suchthat {yy,—y1}N{y2, —y2} = 0.
Consider on the group X the functions

pj(x) =1+ (1/2) Re(x, y;).
Then pj(x) >0, x € X, and
[pj(x)dmx(x) =1, j=1,2.
X

Denote by A; the distribution on the group X with density p;(x) with respect to the
Haar distribution my. Let a(y;) = % it 2y; # 0 and a(y;) = % if 2y; = 0. Itis
easily seen that the characteristic functions of the distributions A; have the form:

1 ify =0,
Aj(y) = qaly;) ify ==yj, (14.20)
0 if y {0, +y;}.

Let &; be independent random variables with values in X and distributions f;,
where (11 = 3 = A1, h2o = M4 = Ag, and pu;, j > 5 are arbitrary distributions
on X such that u; ¢ I'(X) * I(X). Assume that §; = 6, = [, 63 = 84 = §, and
d; € Aut(X) are arbitrary automorphisms. It is obvious that all u; ¢ I'(X) * I(X).



170 V The Skitovich-Darmois theorem for locally compact Abelian groups (general case)

We will show that the characteristic functions /i;(y) satisfy equation 10.1 (i) which
takes the form

il(u + v)iz(u + v)il(u + Sv)iz(u + §v) 1_[ i (u+ gjv)
= ) (14.21)
= 1301 (A1 Gv)A3 @) A2 ()42 Gv) [T a0 [T i Giv),

J=5 J=5

u,v € Y. Then by Lemma 10.1 it follows from this that the linear forms L, =
&1+--+& and Ly = 8;1& + --- + §,&, are independent, and the lemma will be
proved.

Obviously, equation (14.21) is true if either v = 0 or v = 0. We will show that
equation (14.21) holds for all u # 0 and v # 0. So, assume that u # 0 and v # 0.
Then we conclude from (14.20) that the right-hand side of equation (14.21) is equal
to zero. We will verify that the left-hand side of equation (14.21) is also equal to
zero. Assume that )Atl(u + v)iz(u +v)A (u+ Sv)iz(u + 8v) 0. This implies that
u+v,u+8vef{0,y,—yi} N{0,y,—y>2} = {0}. Hence

u+v=0, (14.22)

u+d6v =0.
It follows from (14.22) that (I — g)v = 0. Since I — § is an epimorphism of the
group X, by 1.13(b), I — § is a monomorphism of the group Y. Hence the equality
(I — &)v = 0 implies that v = 0, contrary to the assumption. Thus the left-hand side
of equation (14.21) is also equal to zero for u # 0 and v # 0. So, the characteristic
functions [, (y) satisfy equation (14.21). O

Proposition 14.21. Let X be a compact group, G be a group of the form 14.1 (i).
Denote by K one of the groups G, Ay, and Ay X G. Ifthe group X is not topologically
isomorphic to either K or Z(3) x K, then for every n > 4 there exist automorphisms
aj,B; € Aut(X), j = 1,2,....n, and independent random variables &§; with values
in X and distributions ; ¢ I'(X) * I(X) such that the linear forms L1 = o1& +
<o oy and Ly = B1&1 + -+ + Buéy are independent.

Proof. Consider the connected component of zero cy of the group X and assume that
cx # {0}. By Theorem 1.9.6, (cx)® = cx. Hence the subgroup F = cy and the
automorphism —/ satisfy the conditions of Lemma 14.20. In this case the proposition
follows from Lemma 14.20.

If cx = {0}, then X is a totally disconnected group. We apply Theorem 14.13
and conclude that the proposition holds for all groups X except X = Z(5) x K. Let
X = Z(5) x K. Notice that the subgroup F = Z(5) and the automorphism —/ satisfy
the conditions of Lemma 14.20, and thus the proposition follows. O
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Proposition 14.22. Let X be a discrete torsion group, G be a discrete reduced 2-
primary group such that all its Ulm—Kaplansky invariants are equal to either 0 or 1.
Denote by K one of the groups G, Z(2*°), and Z (2*°) x G.

If the group X is not isomorphic to either K or Z(3) x K, then for every n > 4
there exist automorphisms o, B; € Aut(X), j = 1,2,...,n, and independent random
variables &; with values in X and distributions ju; ¢ 1(X) such that the linear forms
Li=oa1&1+ -+ anépand Ly = B1E1 + -+ - + Bnéy are independent.

Proof. We apply Theorem 14.19. It follows from Theorem 14.19 that the proposition
holds for all groups X except X = Z(5) x K. Let X = Z(5) x K. Notice that the
subgroup F = Z(5) and the automorphism —/ satisfy the conditions of Lemma 14.20,
and thus the proposition follows. O

At the end of this section we will prove the following statement.

Theorem 14.23. Let
i) X=R"xA,xZQ2*®)x D,

where D is a discrete group such that its torsion part bp is a reduced 2-primary
group such that all its Ulm—Kaplansky invariants are equal to either 0 or 1. Let
i, Bj € Aut(X), j =1,2,...,n,n > 2, and let §; be independent random variables
with values in X and distributions ;. If the linear forms L1 = o1& + -+ + axéy
and Ly = B1§1 + -+ + Bn&, are independent, then all u; € I'(X).

Proof. By Lemma 10.1, if the linear forms L; and L, are independent, then the char-
acteristic functions (i (y) satisfy equation 10.1 (i). Put v; = u; * fi;. It follows from
2.7(c) and 2.7 (d) that D;(y) = |4;(»)]>* >0,y € Y, j = 1,2,...,n. Obviously,
the characteristic functions ¥; () also satisfy equation 10.1 (i). The group X has no
subgroup topologically isomorphic to the circle group T. Hence if we prove that
v; € I'(X), then applying Theorem 4.6, we get that u; € I'(X). Therefore we can
assume from the beginning that the characteristic functions /i;(y) > 0.

It is easy to see that by = A, x Z(2°°) x bp and R™ x by is a characteristic
subgroup. Taking into account Proposition 13.8 we can assume that D is a torsion
group.

Obviously that Y =~ R™ x Z(2%°) x A, X L, where L = D*. We will assume
that Y = R™ x Z(2*°) x A, x L. Note that the subgroup Z(2°°) x D of X is
closed and characteristic, because it consists of all elements of finite order of the
group X. By Corollary 13.12 its annihilator A(Y,Z(2*°) x D) = R" x Z(2*°) is a
characteristic subgroup of the group Y. Hence Z(2°°) is also a characteristic subgroup
of the group Y. Consider the restriction of equation 10.1 (i) to the subgroup Z (2°°). It
follows from Corollary 14.10 that fi;(y) = 1, y € Z(2°°). Thus by Proposition 2.13
allo(uj) C A(X,Z(2%°)) = K, where

K = R™ x Z(2®®) x bp. (14.23)
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Since Z(2%°) is a characteristic subgroup of the group Y, by Corollary 13.12 K is a
characteristic subgroup of the group X. Therefore we can prove the theorem assuming
that the group X is of the form (14.23). Hence ¥ = R™ x A, x L. We will assume
that Y = R™ x A, x L. The subgroup by = A, X L is characteristic. Consider
the restriction of equation 10.1 (i) to the subgroup A, x L. By Corollary 14.16 all
characteristic functions [i;(y) = 1, y € A, x L. Thus by Proposition 2.13 we have
the inclusions o () C A(X, Ay x L) =R™, j =1,2,...,n. Since R™ = cx, R™
is a characteristic subgroup of the group X. The proof of the theorem is reduced to
the proof for the group X = R™. Hence the theorem follows from the Ghurye—Olkin
theorem (see Remark 13.7). O

15 Random variables with values in the a-adic solenoid X,

Let X be a compact connected group. According to Theorem 13.26 there exist indepen-
dent random variables &; and &, with values in X and distributions w1, iy ¢ I'(X) *
I(X) and automorphisms o, B; € Aut(X) suchthatthelinearforms L; = a1§14+a26>
and L, = B1&1 + B2£; are independent. The aim of this section is to study the follow-
ing problem: Let & and &, be independent random variables with values in the a-adic
solenoid X = ¥, and distributions ¢ and w,. Let o, B; € Aut(X) and assume that
the linear forms L; = o1& + o2&, and Ly = f1&; + P&, are independent. What
can one say about the distributions wq and @, ? It turns out that the answer depends on
both the form of the a-adic solenoid X, and the topological automorphisms «;, ;.
We need some lemmas.

Lemma 15.1. Let Y be an arbitrary Abelian group, let ¢ € Z, q # 0, and let a(y)
and b(y) be functions on Y satisfying the equation

1) au+v)b(u+qv) =aw)b(m)a(v)b(qv), u,v ey,
and the conditions
(i) a(=y)=a(y), b(-y)=0>b(y), yeVt.

Sets = 1 —q. If for a certain yo € Y9 the inequality a(yo)b(yo) # 0 holds, then
there exists a subgroup M C Y such that a(y)b(y) #0, y € M.

Proof. Puttingu = —qy,v = y and thenu = y, v = —y in 15.1 (i) and taking into
account 15.1 (ii) we get

a(sy) = a(qy)b*(qy)a(y). y €Y, (15.1)
b(sy) = a*(»)b(»)b(gy). y €Y. (15.2)

By the condition of the lemma yy = sz¢, zo € Y. Substituting z, for y into (15.1) and
(15.2) we conclude that

a(zo) # 0. a(qzo) # 0.  b(z0) # 0. b(gzo) # 0. (15.3)
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Putting u = zg, v = kzg and then u = gz¢, v = kzo, k € Z, in equation 15.1 (i)
we obtain

a((k + 1)z0))b((kq + 1)zo) = a(20))b(z0)a(kzo)b(kqzo), (15.4)
a((q + k)z0))b((k + 1)qz0) = a(qz0))b(qzo)a(kzo)b(kqzo). (15.5)
Taking into account (15.3), it follows by induction from (15.4), (15.5) thata(kzy) # O,
b(kqzo) # 0,k € Z. The subgroup M = {kqzo}rez is the required one. O

Lemma 15.2. Let M be an arbitrary Abelian group, a(y) and b(y) be functions on
M satisfying equation 15.1 (i), conditions 15.1 (ii), and the conditions

i) 0<a(y)<1, 0<b(y)=<1, a(0)=>b(0)=1.
Put s = 1 — q. Then on the subgroup M 9 the following representation holds:

(i) a(y) =exp{—g1(»)}. b(y) = exp{—ga2(¥)},
where @;(y) > 0 and each of the functions ¢;(y) satisfies equation 2.16 (ii).
Proof. Set ¢1(y) = —Ina(y), ¢2(y) = —Inb(y). It follows from 15.1 (i) that
©1(u +v)+ @2(u + qv) = A(u) + B(v), u,veM, (15.6)
where A(u) = ¢1(u) + ¢2(u), B(v) = ¢1(v) + ¢2(qV).
We use the finite difference method to solve equation (15.6). Let k be an arbitrary

element of Y. Substitute ¥ — gk for u and v + k for v in equation (15.6) and subtract
equation (15.6) from the resulting equation. We get

e1(u+v+sk)—pi(u+v) =A_jkA) + A B(v), u,v.keM. (157)
Putting v = 0 in (15.7) and subtracting the resulting equation from (15.7) we obtain

e1(u +v+sk)—o1(u+v)—i1(u + sk) + ¢1(u)

15.8
= ArB(v) — ArB(0), u,v,keM. (15.8)

Put v = sk in (15.8). We get
Apr(w) = di(k), u.k €M, (15.9)

where d1 () is a function on M. Applying the operator Ay to both sides of (15.9) we
find
Ap1(u) =0, ukeM. (15.10)

We conclude from (15.10) that the function ¢; () satisfies the equation

Alpr(u) =0, u,leM®. (15.11)
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Taking into account (i) we get ¢1(y) > 0. By Lemma 10.10 it follows from (15.11)
that the function ¢; (y) satisfies equation 2.16 (ii). The desired representation for the
function ¢4 (y) is proved.

For the function ¢,(y) we argue as above. Let k be an arbitrary element of Y.
Substitute u — k for u and v + k for v in equation (15.6) and subtract equation (15.6)
from the resulting equation. We get

©2(u + qv —sk) —po(u + qv) = A_A(u) + A B(v), u,v,ke M. (15.12)
Putting v = 0in (15.12) and subtracting the resulting equation from (15.12) we obtain

@2(u + qu — sk) — p2(u + qv) — @2 (u — sk) + @2(u)

15.13
= ArB(v) — ArB(0), u,v,keM. ( )

Substitute k = gt, v = —st,t € M, in (15.13). We get
A2 02(u) = do(t), u.t €M, (15.14)

where d,(y) is a function on M. Applying the operator A_g,; to both sides of (15.14)
we find

A3 p2(u) =0, ut € M. (15.15)

We conclude from (15.15) that the function ¢, (v) satisfies the equation
Alpy(w) =0, u,le MCD, (15.16)

Taking into account (i) we get ¢>(y) > 0. By Lemma 10.10 it follows from (15.16)
that the function @, (y) satisfies equation 2.16 (ii). The desired representation for the
function ¢, () is also proved. O

Corollary 15.3. Assume that the conditions of Lemma 15.2 are satisfied, and let M be
a subgroup of Q. Then the following representations hold:

() a(y)=e ", b(y)=e2 6,20, 0,>0, y e MED,

Lemma 154. Let X = X,, and let K be a compact subgroup of X such that its
annihilator A(Y,K) % Z. Let u € MY (X) and v = pu * fi. If v = y * mg, where
y e I'(X), then p € I'(X) * I(X).

Proof. Let p: X — X /K be the natural homomorphism. Put L = A(Y, K) and use
representation 2.14 (i) for the characteristic function 77ig (y). Since by Theorem 1.9.2,
(X/K)* =~ L, it follows from Corollary 2.11 that the restriction of the characteristic
function D(y) to L is the characteristic function of the Gaussian distribution p(v) on the
factor group X/ K. We conclude from L 2£ Z that X/K 2 T. Itis clear that the factor
group X /K contains no subgroup topologically isomorphic to the circle group T. We
have p(v) = p(u) * p(it). Applying Theorem 4.6 to the factor group X /K we get
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p(n) € I'(X/K). Hence the restriction of the characteristic function fi(y) to L is the
characteristic function of a Gaussian distribution. Thus we have the representation

([xo], y) exp{—o(y)} ify € L,

) (15.17)
0 ify ¢ L,

ay) =

where [xo] € X/K,and ¢(y) = oy2, 0 > 0. The function ¢(y) extends in the natural
way from L to Y. Denote by ¢(y) the extended function. Take x¢ € [x¢] and consider
a Gaussian distribution A on the group X with the characteristic function

A(y) = (xo0,y) exp{—@(y)}, yeVY. (15.18)

We conclude from (15.18) and representation 2.14 (i) for the characteristic function
mg (y) that i(y) = A(y)iig(y). In view of 2.7 (b) and 2.7 (c) we get u = A * mg.
O

Lemma 15.5. Let Y be a subgroup of Q, and let F be a subgroup of Y. Consider
Q as a subgroup of R and assume that the subgroup F is dense in R in the topology
of R, i.e., in the topology induced on F by the standard topology of R. Let g(y) be a
positive definite function on Y such that its restriction to F is a continuous function in
the topology of R. Then the following statements hold:

(a) For any u € Y the restriction of the function g(y) to the coset u + F is a
uniformly continuous function in the topology of R;

(b) for any u € Y there exists the limit

8u y—>0,§1r2u+F g(y)
(c) assumethat g, = 1 forsomeu € Y anddenote by V the subgroup of Y generated
by u and F. Then g(y) is a uniformly continuous function on 'V in the topology
of R.

Proof. Note that by the Bochner theorem inequality 2.7 (g) holds for any normalized
positive definite function g(y). Statement (a) follows from this. Statement (b) follows
directly from (a). To prove (c) we notice that inequality (2.3) is true for any normalized
positive definite function g(y). We conclude from (2.3) that if g, = 1, then g, = 1
for any v € V. Since the factor group V/ F is finite, inequality 2.7 (g) implies that the
restriction of the function g(y) to V' is uniformly continuous. O

15.6 Notation. Let & and & be independent random variables with values in the
group X = X, and distributions u; and p,. Lete;, B; € Aut(X). Consider the linear
forms L; = o1& + o2& and Ly, = B1&1 + P2&2 and assume that Ly and L, are
independent. Taking into consideration new independent random variables {; = o §;
we reduce the study of the problem to the case when L1 = &1+& and L, = §1&1+6265,
where §; € Aut(X). According to 1.14(d), any topological automorphism & of the
group X is of the form

§=folfg !
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for some relatively prime p and g, where f,, f; € Aut(X). Note that for any ¢ €
Aut(X) the linear forms L; and L, are independent if and only if the linear forms L
and 6L, are independent. Hence without loss of generality, we can assume from the
beginning that L; = & + &, L, = p& +q&, where p,q € Z, pg # 0, pg # 1 and
p and q are relatively prime.

Put s = p — g, and decompose |s| into prime factors |s| = slf‘ ...sf’ . Consider
the corresponding homomorphisms fs,, j = 1,2,...,1. Let fsj1 s> Js;, bethe ho-
momorphisms which are topological automorphisms of X. Denote by H the subgroup
of Y of the form

H = {ﬁm,nl EZ}
Sjl ...Sjr
(in the case when if either |s| = 1 or all f;; ¢ Aut(X), we suppose H = Z). Set
G = H*. We fix the notation: f,, H, and G throughout this section.

Now we formulate the main result of this section.

Theorem 15.7. Let X = X,, and let &1 and &, be independent random variables with
values in X and distributions |11 and . Assume that fp, f; € Aut(X), pq # 1,
and p and q are relatively prime. Put s = p — q. Decompose |s| into prime factors
ls| = sf‘ .. .s;cl and consider the corresponding homomorphisms fs;, j = 1,2,...,1.
Ifthe linear forms L1 = §,+&; and L, = p&;+q&, are independent, then the possible
distributions |41 and [, are described in Tables 1 and 2.

Table 1
pq is a composite rqg=-1
number f2 € Aut(X) f2 # Aut(X)
there exist 1, U2 € | 1,2 € I'(X) % | there exist w1, ur ¢
I'(X)*I(X) 1(X) I'(X)*I(X)
Table 2

pq is a prime number

fs; € Aut(X) | £ c Aut(X) foralls; # 2 and f> ¢ Aut(X)

at jleast for one £ d fs € Aut(X)
s5; #2 s is divisible by 4 s is not divisible by 4

there exist . at least one of
Lo i ¢ there exist (1, ux ¢ | atleast one of W e

I(X) % I(X) ') = 1(X) ni e N'(X) = I(X) T(X) % I(X)
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Proof. By Lemma 10.1 the independence of L; and L, is equivalent to the fact that
the characteristic functions /i (y) satisfy equation 10.1 (i) which takes the form

f1(u+ po)ia(u + qv) = f1)a2w)i(pv)i2(qv), u,veY.  (15.19)

We will study the solutions of this equation. Three cases are possible: pq is a composite
number, pq = —1, and pgq is a prime number.

1. pq is a composite number. We prove that in this case there exist independent
random variables &1 and &, with values in X and distributions g1, o & I'(X) % I(X)
such that the linear forms L, and L, are independent. Obviously, without loss of
generality we can assume that the following statementis true: If y = % € Y, m,n € Z,
n # 0, then the factorization of n into prime factors contains only such s; from the
factorization of |s| for which f;, € Aut(X). For this reason sy € H implies that
y € H. There exist two possibilities.

A.|p|l > 1,|q| > 1. Since p and s are relatively prime, and so are ¢ and s, we have
H® # Hand H® # H. Assume that A; € M'(G) and 6(X1) C A(G, H®P),
o(A2) C A(G, H@D). 1t follows from this thatil(y) =1,ye H® and iz(y) =1,
y € H@_ Hence by Proposition 2.13,

)Atl(u + pv) = )Atl(u), )Atz(u + qv) = )Akz(u), u,v € H. (15.20)
Consider the functions g;(y) on the group Y of the form

A;(y) ifyeH,

. (15.21)
0 ify ¢ H.

gy = {

By Proposition 2.12, g; () are positive definite functions on Y. By Bochner’s theorem
there exist distributions p; € M'(X) such that &;(y) = g;(y), j = 1,2. We will
show that the characteristic functions /i;(y) satisfy equation (15.19). We conclude
from (15.20) and (15.21) that if u,v € H, then equation (15.19) is satisfied. Let
u ¢ H. Then the right-hand side of (15.19) is equal to zero. If the left-hand side of
(15.19) is not equal to zero, we have

u+ pv € H,

(15.22)
u+qveH.

It follows from (15.22) that sv € H. Therefore v € H, contrary to the choice of v.
Thus the left-hand side of (15.19) is also equal to zero. Let v ¢ H. If pv,qv € H,
then sv € H. We deduce from this that v € H, contrary to the choice of v. Hence
either pv ¢ H or qu ¢ H. Then the right-hand side of (15.19) is equal to zero. If the
left-hand side of (15.19) is not equal to zero, then (15.22) holds. This implies v € H,
contrary to the choice of v. Hence the left-hand side of (15.19) is also equal to zero.
We checked that the characteristic functions [i;(y) satisfy equation (15.19). If &;
and &, are independent random variables with values in X and distributions j;, then
by Lemma 10.1 the linear forms L and L, are independent. It is clear that A; can be
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chosen in such a way that wuq, uo ¢ I'(X) * I(X). The desired statement in case A is
proved.

B. Either |[p| = 1 or |¢g| = 1. Assume for definiteness that |p| = 1. Without
loss of generality, we suppose p = 1. Let ¢ = g1¢» be a decomposition of g, where
lg;| > 1, j = 1,2. Itis obvious that if f; € Aut(X), then f;,, f4, € Aut(X). Note
that the linear forms L; = & + & and L, = &; + ¢&; are independent if and only
if the linear forms L1 = §; + & and L, = %Sl + ¢2&> are independent. Making

the substitution {; = %51, we reduce the problem to the case when L; = ¢1&; + &3,

Ly = &1 + g25.
Equation 10.1 (i) for the characteristic functions [1; () in this case takes the form

A1(griu +v)fla(u + g2v) = fi(qru) ()1 (v)fta(q2v), u,ve. (1523)

Assume that A; € M'(G) and o(A;) C A(G, HY9/)), j = 1,2. It is obvious that
Ai(y)=1y¢€ H'9/) . Hence by Proposition 2.13,

Ai(qiu +v) = A1(v), Ao+ q2v) = Aa(u) u,v € H. (15.24)

In the same manner as in case A we define the functions g; (y) by formulas (15.21) and
the distributions ; € M!(X). To show that the characteristic functions /i;(y) satisfy
equation (15.23) we reason as in case A. If u,v € H, in view of (15.24) equation
(15.23) holds true. Let u ¢ H. Then the right-hand side of equation (15.23) is equal
to zero. If the left-hand side of (15.23) is not equal to zero, then we have

qiu+v € H,
u+qv € H.

It follows from this thatsu € H,andhenceu € H, contrary to the choice of u. Thus the
left-hand side of (15.23) is also equal to zero. The case v ¢ H is considered similarly.
We checked that the characteristic functions ft; () satisfy equation (15.23). If &; and
&> are independent random variables with values in X and distributions w;, then by
Lemma 10.1 the linear forms L; and L, are independent. Since the distributions A;
can be chosen in such a way that 1, up ¢ I'(X) * I1(X), the desired assertion in case
B is proved. Therefore, the statement of the theorem in case 1 is proved.

2. pq = —1. Assume for definiteness that p = 1. Then ¢ = —1 and L; and
L, have the form L; = & + &, L, = & — &,. It follows from Theorem 7.10, if
f> € Aut(X), then the independence of L; and L, implies that i1, up € T(X)* I(X).
If f> ¢ Aut(X), then there exist independent random variables &; and &, with values
in X and distributions 1, o ¢ I'(X) * I(X) such that the linear forms L; and L,
are independent.

3. pq is a prime number. Assume for definiteness that p = 1 and g is a prime
number, i.e., L1 = & + & and L, = &1 4 ¢&,. Equation 10.1 (i) for the characteristic
functions f1;(y) takes the form

fr(u + v)i2(u + qv) = ()i ()1 (v)i2(qv), u.v €Y. (15.25)
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There exist the following possibilities.

A. Either f;;, ¢ Aut(X) at least for one s; # 2 or f> ¢ Aut(X) and s is divisible
by 4. We will prove that there exist independent random variables &; and &, with
values in the group X and distributions 1, 2 ¢ I'(X) % 1(X) such that L and L,
are independent. Assume that f;; ¢ Aut(X) for some s; # 2. This implies that

Y6/ £ Y. Take yo ¢ Y /) and consider on the group X the function
p(x) = 1+ Re(x, yo).

Then p(x) > 0, x € X, and
[ peordamy =1
X

Let € M'(X) be the distribution with density p(x) with respect to the Haar distri-
bution myx. We have

1 ify =0,
Ay) =13 ify==%yo.
0 ify ¢ {0, £yo}.

Let & and &, be independent identically distributed random variables with values in
X and distribution . We will verify that the characteristic functions of the random
variables &; satisfy equation (15.25) which becomes the form

i+ v)au + qv) = P@))(gv), u,veY. (15.26)

Obviously, it suffices to verify that equation (15.26) holds true when u £ 0, v # 0. In
this case the right-hand side of (15.26) is equal to zero. If the left-hand side of (15.26)
is not equal to zero, then

u+v € {0,%yo},
u +qv € {0, £yo}.

This implies that
sv € {0, £yo, £2y0}. (15.27)

Since the numbers 2 and s; are relatively prime and yo ¢ Y /) we have 2yo ¢ Y /),
but this contradicts (15.27). The contradiction obtained shows that the left-hand side
of (15.25) is also equal to zero.

In the case where f> ¢ Aut(X) and s is divisible by 4 we reason similarly. We take
yo ¢ Y@ and obtain the contradiction with (15.27) because s is divisible by 4.

Hence, the characteristic functions fi;(y) satisfy equation (15.26). Therefore, by
Lemma 10.1, the linear forms L and L, are independent. By the construction 1, t> ¢
I'(X) * I(X). The theorem is proved in case A.

B. f; € Aut(X). We will prove that in this case at least one of the distributions
ni € I'(X) = I(X). Putv; = p; * fi;. We conclude from 2.7 (c) and 2.7 (d) that
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Di(y) = |4;(»)|> > 0, y € Y. Obviously, the characteristic functions D;(y) also
satisfy equation (15.25). Set a(y) = 01(y), b(y) = Da(y). It is clear that the
functions a(y) and b(y) satisfy equation 15.1 (i) and conditions 15.1 (ii). We deduce
from equation 15.1 (i) that the functions a(y) and b(y) satisfy equations (15.1) and
(15.2).

Assume first that a(y)b(y) = 0,y € Y, y # 0. It follows from (15.1) that
a(sy) =0,y €Y,y # 0. Since f; € Aut(X), we conclude thata(y) =0,y € Y,
y # 0. Hence v; = my, so that u; = my. Similarly, (15.2) implies that u, = my.

Assume now that a(yo)b(y¢) # 0 for some yg € Y, yo # 0. Consider two cases:
g >0andg < 0.

(i) ¢ > 0. Since Y® = Y, we can apply Lemma 15.1 and obtain a subgroup
M C Y such that a(y)b(y) # 0, y € M. The restrictions of the characteristic
functions a(y) and b(y) to M satisfy the conditions of Corollary 15.3. Therefore we
have representation 15.3 (i) on M (s9), Substituting representation 15.3 (i) into 15.1 (i)
we get 07 + qo, = 0. This implies that o; = 0, = 0. Thus on the subgroup M %)
the equality a(y) = b(y) = 1is fulfilled. Put £ = {y € Y : a(y) = b(y) = 1}.
Then E is a nonzero subgroup of Y and by Proposition 2.13 the following equalities
hold:

ay+h)=a(y), b(y+h) =b(y), yeY, hekE.

Therefore we can pass from equation 15.1 (i) on the group Y to the induced equation
on the factor group L = Y/ E putting a([y]) = a(y), b([y]) = b(y), y € [y]. We
note that R
{yl e L:a(ly) =b(yD = 1} ={0}. (15.28)
We deduce from (15.2) that f; is a monomorphism on L. Since L is a torsion group,
fs € Aut(L). Taking into account that a([y]) < 1, b([y]) < 1, it follows from (15.1)
that
a(slyD) =a(yD. [vleL. (15.29)

Since L is a torsion group, we have s"[y] = [y] for every [y] € L and some natural n.
Generally, n depends on [y]. Inequality (15.29) implies that

a(ly) =a@s"[yh) <--- <acslyh) <a(yh, [vleL.

Hence the function @ ([y]) takes a constant value on each orbit {[y], s[y],...,s" ! [y]}.
The analogous statement for the function l;([y]) follows from (15.2).

Assume that a([y]o) # O for some [y]o € L, [y]o # 0. It follows from this that
a(s[yle) = a([y]o) # 0 and (15.1) implies that

a(qlylo) = b(glylo) = 1. (15.30)

We conclude from (15.28) and (15.30) that g[y]o = 0. Arguing as above we find from
(15.2) that if b([y]o) # O, [y]o € L, [¥]o # 0, then a([y]o) = b(¢[y]o) = 1. Hence
(15.30) is also fulfilled. Note that any factor group of the group Y contains no more
then one subgroup A = Z(q). In particular, it is true for the factor group L. Let A be
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the subgroup of L generated by the element [y]o. Consider the restriction of equation
15.1 (i) to A. Taking into account that g[y] = O for all [y] € A4, we get

a(u] + )b (u)) = a(uD)b(uha(w)). [ul.[v] € A. (15.31)
Assume that l;([u]o) # 0 for [u]o € A, [u]o # 0. It follows from (15.31) that
a([ulo + [v]) = a(ulo)a(lv]). [v] € A.

Substituting here [v] = (g — 1)[u]o, we obtain a([u]o) = 1. Since ¢ is a prime number,
a([y]) = 1for [y] € A. In the case when b([y]) = 0 for all [y] € A4, [y] # Oitis
obvious that the @([y]) can be an arbitrary function. Thus we have proved that either

) 1 ifplea,

al([y])—{0 )] ¢ A (15.32)
or

~ )1 ify] =0,

b([y])—g0 if [] % 0. (15.33)

Returning from the induced functions a([y]) and 13( [y]) on L to the original functions
a(y) and b(y) on Y, we get that either v; € I(X) or v, € I(X). Hence either
1 € I(X) or up € 1(X).

In the case when a([y]o) = 5([y]0) = 0 forall [y]o € L, [y]o # 0, representation
(15.32) holds for the function a([y]), where A = {0}, and representation (15.33) holds
for the function l;([y]). Obviously, in this case p1, > € 1(X). Case (i), ¢ > 0, is
completely studied.

(ii) ¢ < 0. We conclude from (15.2) that

«(5) () #0
for any natural m. It follows from the proof of Lemma 15.1 that a(y)b(y) # 0 on
the subgroup yoH @. Hence by Corollary 15.3 representation 15.3 (i) holds on the
subgroup yo H @ ®). Let F be the maximal subgroup of Y containing yo H @) on which
representation 15.3 (i) holds.
Since F' % Z, the subgroup F is dense in R in the topology of R. Using 15.3 (i)

we can apply Lemma 15.5 to the functions a(y) and b(y). We conclude that for any
u € Y there exist the limits

= li , by = li b(y).
Gu y—>0,;zr2u+F a(y) " y—)O,;/rBu-‘rF (y)
Note that the functions a,, and b,, by the construction take constant values on each coset
u-+F . Therefore they define some functions ap,,) and by,,) on the factor group L = Y/ F.
Obviously, the functions ar,] and by, satisfy equation 15.1 (i) and conditions 15.1 (ii).
Hence they also satisfy equations (15.1) and (15.2). Since F is the maximal subgroup of
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Y on which representation 15.3 (i) holds, it follows from statement (c) of Lemma 15.5
that

{lul € L :apg = by = 1} = {0}.

The obtained condition is an analogue of (15.28). Taking into account that L is a
torsion group, we deduce from (15.2) that f; € Aut(L). Arguing as in case (i), we
obtain either representation (15.32) for the function a,) or representation (15.33) for
the function by,.

We will prove that if ap,; = O for all [u] ¢ A, thena(y) = Oforall y ¢ fq_l(F).
Indeed, substitute u € F, vy ¢ fq_l(F ) in 15.1 (i). Taking into account 15.3 (i), we
get

a(u + vo)b(u + qug) = e 717929 4 (14)b(quy).

Passing here to the limit as u — —vg, u € F and taking into account that [vo] ¢ A4,
we arrive at

0 = e~%1%6924*% 4 ()b (quo).

Hence a(vo)b(qvg) = 0. It follows from (15.1) that a(svg) = 0. Note that f; €
Aut(F). Indeed, by Corollary 4.7 we conclude from (15.1) that representation 15.3 (i)
holds on the subgroup f,"!(F). Hence f,”'(F) = F because F is the maximal
subgroup for which representation 15.3 (i) is true. This implies that fs(F) = F, so
that fy € Aut(F). We deduce from this that f; is a one-to-one mapping of the set
f; ' (F) onto itself. Hence if a(sv) = 0 forall v ¢ f,'(F), then a(v) = 0 for all
v ¢ fq_1 (F). Thus we obtain from representation (15.32) for the function a,) the
following representation for the function a(y):

e ify e fU(F).

, (15.34)
0 ity ¢S\ (F).

a(y) = §

Arguing as above we deduce that if b, = 0 for all [u] # 0, then b(y) = 0 for all
y ¢ F. In this case representation (15.33) for the function by,,) implies that

e=92Y> ify € F,

. (15.35)
0 ify ¢ F.

b(y) = {

Thus at least one of the distributions v; € I'(X) * I(X). Then by Lemma 15.4 the
corresponding distribution p; € I'(X) * I(X). Case (ii) ¢ < Ois also studied. Case B
is completely studied.

C. fs; € Aut(X) forall 5; # 2, f> ¢ Aut(X) and s is not divisible by 4. We will
prove that in this case at least one of the distributions p; € I'(X) * I(X). Since s is
divisible by 2 and s is not divisible by 4, we have ¢ = 4k — 1, k € Z. Asin case B put
v =, *jij, j =1,2,a(y) = D1(y), b(y) = V2(y). There are two possibilities.

(i) Assume that

a)b(y)=0, yeY® y=£o. (15.36)
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Substituting u = gy, v = y,and thenu = v = y into 15.1 (i) and taking into account
(15.1) and (15.2), we get

a(sy) =a((qg +1)y)b(2qy), ye€Y, (15.37)

b(sy) =a2y)b((¢ +1)y)), yeY. (15.38)
Since s = 2 — 4k, it follows from (15.37) and (15.38) that

a((1—=2k)y) = a2ky)b(gy), y €Y, (15.39)

b((1 =2k)y) =a(y)b(2ky), yeY. (15.40)

Multiplying (15.39) and (15.40), we find

a((1 =2k)y)b((1 —2k)y) = a(ky)b(2ky)a(y)b(qy), y €Y. (15.41)

Since 1 — 2k is a factor of s, we have f1_or € Aut(X). Then (15.41) and (15.36)
yields that a(y)b(y) = 0, y € Y, y # 0. In this case we conclude from (15.1) and
(15.2) that a(y) = b(y) = 0, y € Y@, y £ 0. Then (15.39) and (15.40) imply
that a(y) = b(y) =0,y € Y, y # 0. It means that vy = v, = my, and hence
U1 = U = my. Case (i) is completely studied.

(i) Assume that condition (15.36) does not hold, i.e., a(y¢)b(yo) # O for some
yo € Y@y # 0. If g > 0 we argue as in case B (i), because the equality Y ¢) = Y@
implies that the functions a(y) and b(y) satisfy the conditions of Lemma 15.1.

If ¢ < 0, we follow the scheme of the proof of case B (ii). We also make some
remarks because in contrast to case B (ii), fy ¢ Aut(X). We retain the same notation
as in case B (ii).

In order to prove that there exists a subgroup W 2 Z on which representation
15.3 (i) holds we reason as follows. Assume that on the subgroup M generated by
some element ¢ the inequality a(y)b(y) # 0 is fulfilled (the existence of such a
subgroup follows from Lemma 15.1). Substitute

”zl—lzké’ ”2(1_1—121()5’ ez,

in 15.1 (i). For such u# and v we have u + v, u + qv € M. Hence the left-hand side of
15.1 (i) is not equal to zero, so that

l l
“(1 —2k§>b(1 —2k§) 7 0.
Since fi_or € Aut(X), we obtain that the inequality a(y)b(y) # 0 holds on the
subgroup S = ¢H. It follows from g # —1 that H 2 Z, so that S % Z. Then
we argue as in the proof of case B (ii). We obtain either representation (15.32) for
the function ar,) or representation (15.33) for the function by,). To get the desired
representations, i.e., either (15.34) for the function a(y) or (15.35) for the function
b(y), it suffices to show that if a(sy) = 0 for all y ¢ fq_l(F), then a(y) = 0,
y ¢ fq_l(F), and also if b(sy) = O0forall y ¢ F,thenb(y) =0,y ¢ F.
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We will give the proof only for the function a(y). For the function b(y) we argue
similarly. Take yo ¢ fq_l(F ). Consider the coset yo + F and notice that g[yo] # O.
It follows from f; € Aut(L) that

s[y'] = [yol (15.42)

for some [y’] € L. We note that y’ ¢ fq_l(F) because in the opposite case ¢[y’] = 0,
and taking into account (15.42), we have [y’] = [yo], contrary to the choice of yo. We
conclude from (15.42) that sy’ = yo+h, h € F. Thisimplies thats(y'+4’') € yo+ F
forall i’ € F. Since F 2 Z, the set s(y’ + F) is dense in yg + F in the topology
of R. The function a(y) is uniformly continuous on yy + F in the topology of R and
by the condition a(s(y’ + h’)) = Oforany i’ € F. Hence a(y) =0,y € yo + F,in
particular a(yg) = 0. Case (ii) is completely studied. The desired statement in case C
is proved, hence the statement of the theorem in case 3 is also proved. O

Remark 15.8. It follows from the proof of Theorem 15.7 in cases 3B and 3C that
equation (15.25) always has solutions i, (y) such that one of the distributions p; ¢
I'(X) % I(X). Hence the statements of Theorem 15.7 in cases 3B and 3C may not be
strengthened.

Remark 15.9. Let X be a connected group, &1 and &, be independent random variables
with values in X and distributions p1 and p,. We conclude from Theorems 1.9.6 and
7.10 that the independence of &, + &, and & — &, implies that 1, uy € I'(X) % I1(X)
if and only if the condition

@) /> € Aut(X)

is satisfied. It follows from Theorem 15.7 that the following statements hold true:

() Let X = X,. Then (i) is a necessary condition in order that, for some auto-
morphisms «;, B; € Aut(X), the independence of the linear forms L; = a1&; + a6
and L, = B1&1 + B2& imply that g, uo € T'(X) * I1(X).

(B) Let X = X, and o, B; € Aut(X). Assume that condition (i) is fulfilled. The
only forms L; = o1&; + o2& and L, = 11 + B2£; for which the independence of
L; and L, implies that pq, up €e T(X) x [(X)are Ly =& + & and Ly = & — &.

Generally, statements («) and () are not true for arbitrary compact connected
Abelian groups. To construct the corresponding counterexample for statement («) put
X = X; x Xp, where X; = %4, a1 = (2,2,...), a2 = (3,3,...). Obviously,
the group X is connected and f ¢ Aut(X). Let an automorphism o € Aut(X) be
of the form a(x1, x2) = (—x1,x2), x; € X;. Let & and &, be independent random
variables with values in X and distributions p and p,. We verify that if the linear
forms L; = & + & and L, = &1 + «&; are independent, then pq, up € I'(X) x I(X).

By Lemma 10.1 the linear forms L, and L, are independent if and only if the
characteristic functions fi; () satisfy the equation

a1+ v)ia(u + av) = fi (W) 2 ()1 (v) f2(@v), u,v ey, (15.43)

where @(y1,y2) = (=y1,)2), y; € Y; = XJ-*. Setv; = u; * [t;. It follows from
2.7(c) and 2.7 (d) that D;(y) = |2;(»)|> > 0, y € Y. The characteristic functions
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D; () also satisfy equation (15.43). Consider the restriction of equation (15.43) for the
functions ¥ () to the subgroup Y>. We have

1’)1(1/! + U)ﬁz(u + U) = ﬁl(u)f)z(u)ﬁl (U)ﬁz(v), u,v e Yz. (1544)

Put g(y) = b1(y)v2(y). We conclude from (15.44) that g(y) = 1, y € Y>. Hence
Vj(y) = 1,y € Y, j = 1,2. By Proposition 2.13, o(v;) C A(X,Y2) = X;.
Applying Proposition 2.2 we obtain that the distributions (; can be substituted by
their shifts ,u;- in such a way that o(u}) C X;. The characteristic functions of the
distributions y; also satisfy equation (15.43). Since 4 (y + h) = [i}(y) for all
y € Y, h € Y,, it suffices to solve equation (15.43) assuming that u,v € Y;. But on
the subgroup Y7 equation (15.43) takes the form

A+ 05— v) = 2R @R RAS(—Y)., wveYr. (1545

Note that f, € Aut(X;) and apply Theorem 7.10 to the group X;. We deduce from
(15.45) that /L; € I'(Xy1) * 1(X1). This implies that p; € I'(X) * I(X).

We will obtain a counterexample to statement (f) if in the considerations given
above we take X = X7.



Chapter VI

The Heyde theorem for locally compact Abelian
groups

Let§;, j =1,2,...,n,n > 2, be independent random variables, «;, B; be nonzero
real numbers. Assume that the conditions Bjo; ' + ,Bjaj_l # 0 foralli # j are
satisfied. By the Heyde theorem if the conditional distribution of the linear form
Ly = B1&1+---+ Bnép given Ly = o1&y + - - - + ap &, is symmetric, then all random
variables £; are Gaussian. Let X be a second countable locally compact Abelian
group, §;, j = 1,2,...,n,n > 2, be independent random variables with values in X
and distributions p;. This chapter is devoted to some group analogues of the Heyde
theorem. We consider linear forms of independent random variables taking values
in X, and coefficients of the linear forms are topological automorphisms of X. First
we assume that the characteristic functions of the considered random variables do not
vanish. Then we omit this restriction but suppose that X is either a finite or a discrete

group.

16 The characteristic functions of random variables
do not vanish

Let X be a second countable locally compact Abelian group, Y be its character group.
In this section we describe groups X that have the following property: if «;, f;,
Jj =12,...,n,n > 2, are topological automorphisms of the group X satisfying the
conditions B;o;! & B! € Aut(X) foralli # j,and &), j = 1,2,...,n,n > 2,
are independent random variables with values in X and distributions p; with non-
vanishing characteristic functions, then the symmetry of the conditional distribution
of the linear form L, = 11 + -+ + Bn&y given Ly = a1&1 + -+ + &, implies
that all u; € I'(X). We prove that it holds if and only if X contains no elements of
order 2. Thus if a group X contains elements of order 2, a natural problem arises: to
describe all possible distributions p; of independent random variables £; assuming that
the conditional distribution of the linear form L, given L is symmetric. We solve this
problem for two independent random variables taking values in the two-dimensional
torus T?2.

Lemma 16.1. Let o, ﬁj, Jj=12,....n,n > 2, be topological automorphisms of a
group X. Let §; be independent random variables with values in X and distributions
W;j. The conditional distribution of the linear form Ly, = p1&; + -+ + Bn&, given
Ly = a1&1 + -+ + a,§, is symmetric if and only if the characteristic functions f1; ()
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satisfy the equation

n n
@ []aj@u+pv) =[] @u—pBv). wver.
Jj=1 Jj=1

Proof. Taking into account that fi;(y) = E[(§;, y)], and the random variables £; are
independent, we have

@) < []ElE. &u + Bjv)] = [ ] ElE, au — Bjv],
j=1 Jj=1

= E:H(Ej,&ju +5jv)] = E[H(‘?j’&ju —51'0)]’
j=1 j=1

_ n n 5 n n 5 16.1
= E[[16a0 65| =E[[[6.an 6. -Fn]
j=1 j=1 j=1 j=1

= E:l_[(aji-'pu) l_[(ﬁjéj,v)] = E[ [T@&.w ]88 v)],
1 j=1 Jj=1 Jj=1

< E[(L1,u)(La,v)] =E[(L1,u)(—=L>,v)], u,vey.

Let (2,2, P) be a probabilistic space, where the random variables §; are defined.
Equality (16.1) is equivalent to the statement that the random variables (L, L,) and
(L1, —L>) are identically distributed, i.e.,

PlweQ:Li(w)e A, Ly(w)e B}=P{weQ:Li(w) € A, Lr(w) € —B}

for all A, B € B(X). In view of 2.21 the equality obtained is equivalent to the
symmetry of the conditional distribution of L, given L. O

Equation (i) is called the Heyde functional equation.

Theorem 16.2. Let X be a group containing no elements of order 2, aj, B;, ] =
1,2,...,n,n > 2, be topological automorphisms of X such that fio; " + ,Bjoej_l €
Aut(X) for all i # j. Let & be independent random variables taking values in
the group X and having distributions u; with non-vanishing characteristic functions.
If the conditional distribution of the linear form L, = f1&1 + -+ + Bné, given
Ly = o1& + - + anéy, is symmetric, then all ju; € T'(X).

Proof. We can put {; = «;&; and reduce the proof of the theorem to the case when
Ly=&+--+& and Ly = 6;1& + --- + 6464, §; € Aut(X). The conditions
Biay ' & Bja; ! € Aut(X) forall i # j are transformed into the conditions 6; + §; €
Aut(X) foralli # j. By Lemma 16.1 the symmetry of the conditional distribution
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of Ly = 6161 + -+ 4+ 6,6, given Ly = & + --- + &, implies that the characteristic
functions [1; () satisfy equation 16.1 (i) which takes the form

l_[ iy (u+8v) = 1_[ [ —8v), uvev. (16.2)
j=1

Jj=1

Setv; = u; * ji;. It follows from 2.7 (¢) and 2.7 (d) that D, (y) = |/, (»)|*> > 0,
y € Y. Obviously, the characteristic functions ¥, (y) also satisfy equation (16.2). Put

¢j(y) = —InD;(y). We conclude from (16.2) that the functions ¢;(y) satisfy the
equation
n ~ ~
Z[wj(u—l-(?jv)—(pj(u—(?jv)] =0, u,vey. (16.3)
i=1

We use the finite difference method to solve equation (16.3). Let k1 be an arbitrary
element of the group Y. Set h; = K k1, then hy — 6,k1 = 0. Substitute u + h; for
u and v + k for v in equation (16.3). Subtracting equation (16.3) from the resulting
equation we obtain

n—1

ZAIU(/JJ(M—FS v)_ZAth‘/’J(“ 81))—0 u,v ey, (16.4)
j=1 j=1

where [y ; = hy + 8k = (0 + 8k, j = 12,00, L jun = hy = §iky =
(8 5 ki1, j =1,2,...,n—1. Let kp be an arbltrary element of the group Y. Put
hy = 8,, 1k>. Then h2 - 5n 1k2 = 0. Substitute u + h, for u and v + k, for v in
equation (16.4). Subtracting equation (16.4) from the resulting equation we obtain

n—2

ZAlszllj(p](u+5v) ZAlz/+nAll,+n¢J(” 51})—0 u,v ey,
Jj=1 j=1
_(16.5)

where 1 j = hy + 8jka = (Bn + 8))ka, j = 1.2,....n, L jyn = ha = 8jks =
(8n —8j)ka, j =1,2,...,n — 2. Arguing as above in n steps we get the equation

n
S AL A A e+ 8v) =0, wv ey, (16.6)

where [, ; = (S,,_I,H + Sj)k ,p=12,...,n,j =1,2,...,n. Letk,41 be an
arbitrary element of the group Y. Set 41 = —gnk,,ﬂ, hence h,+1 + Snan = 0.
Substitute u + h, for u and v + k,, for v in equation (16.6). Subtracting equation (16.6)
from the resulting equation we obtain

n—1
S A Dy AL A e+ 50) =0, wv ey, (16.7)
j=1
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where /41, = hug1 + gjknﬂ = (Sj - gn)k,,_H, j =1,2,...,n — 1. Equation
(16.7) does not contain the function ¢,. Arguing similarly we sequentially exclude the
functions ¢,—1, Yn—2, .. ., > from equation (16.7). Finally we obtain

Ay i Doy sy o By 01w +810) =0, u,vey, (16.8)

w~here~lp,1 = (§; + Sn_p+1)k ,p = 1,2,....,n—1, ln,l = 281k,, ln+p,1 =
(51—8n_p+1)kn+p,p= 1,2,...,n—1. . .

Taking into account that k, are arbitrary elements of the group ¥ and §; + §; €
Aut(Y) for i # j, we can substitute in (16.8) [, 1 = 2k, 1 = h, p = 1,2,...,
n—1,n+1,...,2n — 1, where k and h are arbitrary elements of the group Y. Sub-
stituting v = 0 into the resulting equation we obtain

Ak A 21 (u) =0, (16.9)

where k, h, and u are arbitrary elements of the group Y. Since the group X contains
no elements of order 2, by Theorem 1.9.5 the subgroup Y @) is dense in Y. We deduce
from (16.9) that

A" lo1(u) =0, u,hey,

i.e., the function ¢;(y) is a continuous polynomial. Since the group X contains no
elements of order 2, X contains no subgroup topologically isomorphic to the circle
group T. By Theorem 5.11 v; € T'(X). Applying Theorem 4.6 we get ;; € I'(X).
Arguing as above we prove that all ; € I'(X). O

Remark 16.3. The statement of Theorem 16.2 is not valid if a group X contains
elements of order 2. To prove this observe that if K is a closed subgroup of a group X,
e M (X),ando(p) C K, then (y +1) = ji(y) fory € Y,l € A(Y,K). Let
G = X(z), i.e., G is a closed subgroup of X generated by all elements of order 2.

Taking into account that A(Y, G) = Y ® by Theorem 1.9.5, we see that if o (1) C G,
then L(y +2h) = (). Hence i(y +h) = (y —h) forall y,h € Y. It follows from
this that if §; are independent random variables with values in the subgroup G C X
and distributions f;, then the characteristic functions fi;(y) satisfy equation 16.1 (i).
By Lemma 16.1 the conditional distribution of the linear form L, = 181 +---+ Br&n
given L1 = o1&1 + - -+ + ®, &, is symmetric. Obviously, if G # {0}, we can suppose
that u; ¢ I'(X), j = 1,2,...,n.

Remark 16.4. Generally, the statement of Theorem 16.2 is not valid, even when a
group X contains no elements of order 2, if we assume that the characteristic functions
of the considering distributions can vanish. To construct an example let X be the a-
adic solenoid X = X,, where @ = (2,3,4,...). Then X is a torsion-free group, and
Y =~ Q. We will assume that Y = Q.

Take arbitrary nondegenerate distributions A;,A, € M!(T) such that o(1;) C
Z(2),0(A2) C Z(3). It follows from this that

A £20) = A (), Ax(u£3v) = Ar(u), u,veZ. (16.10)
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Consider on the group @ the functions f;(y) of the form

Ai(y) ifyez,

. (16.11)
0 ifyé¢Z.

fi(y) =

Since A () are positive definite functions on the group Z, by Theorem 2.12, f;(y)
are positive definite functions on the group Q. By the Bochner theorem there exist
distributions p; € M!(Z,) such that &;(y) = f;(»), j = 1,2. Obviously, u; ¢
I'Ee),j =12

We verify that the characteristic functions f;(y) satisty the equation

fi(u +2v) fo(u +3v) = fi(u—2v) fr(u—3v), u,veq. (16.12)

Ifu,v € Z, we deduce from (16.10) and (16.11) that equation (16.12) is satisfied.
Ifu ¢ Z,v € Z,thenu +2v ¢ Z and both sides of equation (16.12) are equal to zero.
If v ¢ Z, then both sides of equation (16.12) are equal to zero. Indeed, if the left-hand
side of equation (16.12) is not equal to zero, then u + 2v,u + 3v € Z. We conclude
from this that v € Z, contrary to the assumption. Arguing similarly we prove that
the right-hand side of equation (16.12) is also equal to zero. Thus the characteristic
functions f; () satisty equation (16.12).

Let & and &, be independent random variables with values in the group X = X,
and distributions p1 and p5. It follows from 1.14 (d) that multiplication by any nonzero
integer is a topological automorphism of the group ¥,. By Lemma 16.1 the conditional
distribution of the linear form L, = 2&; + 3&, given L, = &; + &, is symmetric.

Assume that a group X contains elements of order 2. As has been noted in Re-
mark 16.3, Theorem 16.2 is false. Therefore for such groups the following natural
problem arises: to describe all possible distributions of independent random variables
&; with non-vanishing characteristic functions, assuming that the conditional distribu-
tion of the linear form L, = B1& + -+ + Bn&n given Ly = a1 + -+ 4+ &y is
symmetric. Now we solve this problem for two independent random variables taking
values in the two-dimensional torus T?2. We need two lemmas.

Lemma 16.5. Ler ¢ = (95) € Aut(Z?). Assume that |dete| = |det(I £ ¢)| = 1.
Consider the equation
(i) A+ Be=0,

where A = (aij)l-zj=1 and B = (b,-j)%jzl are symmetric positive semidefinite matri-
ces. Then
12 to
A=0o|0 , B=kA,
to 1

where o > 0, tg = ”_‘gﬁ, k = ﬁ';‘”d.

Proof. Tt follows from | dete| = |det(/ +¢)| = 1 thatdete = —1 and |a + d| = 1.
The conditions of item 2A of the proof of Lemma 11.2 are satisfied. The desired
representation follows from (11.27). O
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Lemma 16.6. Let a group X be of the form X = R™ x G, where m > 1 and all
nonzero elements of the group G have order 2. Assume that @ € M'(X), 1 = A * o,
where A € T'(R™), € MY (G), and the characteristic function of  does not vanish.

Then any factor [y of the distribution p can be represented in the form (11 = T * p,
where T € T'(R™) and p € M (G).

Proof. We will prove the lemma only for the case m = 1,1i.e., X = R x G. The case
when m > 1 can be considered similarly. We have Y =~ R x H, where H = G*. To
avoid introducing new notation we will assume that ¥ = R x H. Denote by (s, /),
s € R, h € H, elements of the group Y. We can assume without loss of generality that
)At(s) = exp{—os?}. We note that the characteristic function of any distribution on the
group G is real-valued. Therefore the characteristic function @ (%) can be represented
in the form @(h) = exp{—d(h) + iwk(h)}, h € H, where d(h) > 0, k(h) € Z. In
view of 2.7 (¢) we have

(s, h) = exp{—os® —d(h) +imk(h)}, (s.h) €Y.

Let uq be a factor of , i.e., t = pu1 * Lo, where u; € M'(X), j = 1,2. It follows
from 2.7 (c) that

(s, h) = fia(s, Miaz(s, h),  (s,h) €Y. (16.13)
Note that fi(s,0) is an entire function. This implies that ft(s,0) is also an entire
function (see [74], Theorem 6.2.1). By Proposition 2.20 the function fi;(s, /) is an

entire function for any fixed # € H, and equality (16.13) holds foralls € C, h € H.
Therefore we can represent the function [i1 (s, /) in the form

a1(s,h) =exp{f(s,h)}, s€C, heH,

where a branch of the entire function In [t (s, /) is chosen in such a way that f (s, h) =
f(—=s, h). Substituting & = 0 into (16.13) and applying Theorem 2.18 we obtain

Q1(s,0) = exp{—as® + ibs}, (16.14)
where 0 < a < o0, b € R. Note that

max  |f1(s, k)| = max |11 (s,0)| = exp{ar® + |b|r}.
|s|<r,heH |s|<r

Hence Re f(s, ) = O(r?), and this means that f(s, /) is a polynomial of degree < 2.
We have

Q1 (s, h) = exp{a(h)s® + b(h)s + c(h)}. (16.15)

Let 0 € M!(X) be an arbitrary distribution such that for any fixed » € H the
function o(s, i) is an entire function in s. Then the function

o(is, h)
0(is,0)

gs(h;0) = (16.16)
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for any fixed s € R is the characteristic function of a distribution on G. We conclude
from (16.13) and (16.16) that

gs(h; ) = gs(h; 1)gs(h; ).

Obviously, gs(h; n) = @(h). Thus gs(h; 1) = @s(h), where wy is a factor of w. The
characteristic function @; (%) can be written in the form

@s(h) = expi—dy(h) + inks(h)}, (16.17)

where dg(h) > 0, ks(h) € Z. Ttfollows from (16.16) that the functions ds (k) and ks (h)
are continuous in s. Since kg (%) is an integer-valued function, we have kg (h) = ko(h).
Therefore we deduce from this (16.17) that

@s(h) = exp{—ds(h) + inko(h)}. (16.18)
Since wy is a factor of w, we have
0 <ds(h) <d(h). (16.19)
We conclude from (16.16) that
R1(is, h) = gs(h; p1)iia(is, 0). (16.20)
Taking into account (16.14) and (16.18), it follows from (16.20) that
f1(is, h) = explas? — bs — dy(h) + iwko(h)}. (16.21)
We find from (16.15) and (16.21) that
—a(h)s®> +ib(h)s + c(h) = as* — bs — dg(h) + inko(h) + 2win(s, h), (16.22)

where n(s,h) € Z. Since n(s,h) is an integer-valued function and continuously
depends on s we get n(s, h) = n(h). Note that in view of (16.19) the function d;(h)
as a function in s is bounded. Then (16.22) yields that

a(h) = —a, b(h) =ib. (16.23)

We conclude from (16.15) that f11(0, 1) = exp{c(h)}. Finally we get from (16.23),
(16.14), and (16.15) that

fir (s, h) = fi1(s,0)1(0, h).

Consider a Gaussian distribution t on the group R with the characteristic function
7(s,h) = [11(s,0) and a distribution p on the group G with the characteristic function
0(s, h) = [11(0, h). Since [i1(s, h) = (s, h)p(s, h), it follows from 2.7 (b) and 2.7 (¢)
that iy = 7 * p. O
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16.7. Let X = T2. Denote by x = (z,w), z,w € T, elements of the group X.
We have Y = Z2. To avoid introducing new notation we will assume that ¥ = Z2.
Denote by y = (m,n), m,n € Z, elements of the group Y. We recall that according
to 1.14 (e) every automorphism § € Aut(T?) is defined by an integer-valued matrix
(2‘ 2), where |ad — bc| = 1. The automorphism § acts on T2 as follows:

§(z.w) = (z%w°, zPw?), (z.w) e T2
The adjoint automorphism & = § € Aut (Z?) is of the form

e(m,n) = (am + bn,cm + dn), (m,n) € Z>.

We will identify the automorphisms § and & with the corresponding matrix (¢ 5).

Let & and &, be independent random variables with values in a group X and
distributions w1 and 5. Assume thato;, B, j = 1,2, are topological automorphisms
of X. It is easy to see that the study of possible distributions jt;, provided that the
conditional distribution of the linear form L, = B1&; + 26 given Ly = o1& + 26>
is symmetric, is reduced to the case when L, = & + & and L, = & + §&,, where
5 € Aut(X).

Theorem 16.8. Let X = T?2. Assume that § = (g Z) € Aut(X) satisfies the condi-
tions I + 8§ € Aut(X). Let &1 and &, be independent random variables with values in
X and distributions (1 and |1y with non-vanishing characteristic functions. Let G be
the subgroup of X generated by all elements of order 2. Assume that the conditional
distribution of the linear form L, = & + 8&, given L1 = & + &, is symmetric. Then
Wi = vj *p;, where y; € I'(X), o(pj) C G, j = 1,2. Moreover, the distributions
yj are concentrated on the cosets of a dense in X one-parameter subgroup of X.

Proof. Sete = 5. By Lemma 16.1 if the conditional distribution of L, = &; + 8&
given L; = & + & is symmetric, then the characteristic functions fi;(y) satisfy
equation 16.1 (i) which takes the form

a1(u+v)ir(u+ev) = 1 (u —v)ir(u —ev), u,vevy. (16.24)

Putv; = u; * fi;. It follows from 2.7 (c) and 2.7 (d) that 9; (y) = |2;(y)*> > 0,
y € Y. Obviously, the characteristic functions D; () also satisfy equation (16.24). Put
¢j(y) = —InD;(y). We conclude from (16.24) that the functions ¢; (y) satisfy the
equation

o1 +V)+ou+ev)—p1(u—v)—p(u—ev) =0, u,vet  (16.25)

We will solve equation (16.25) by the finite difference method. Arguing as in the
proof of Theorem 16.2 we arrive at equation (16.9) for the function ¢; (y). Taking into
account that n = 2, we get

Aok Asp1(w) =0, k,huceY. (16.26)
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We deduce from (16.26) that the function ¢; () satisfies the equation
Ajpr(y) =0

on the subgroup Hy = Y® = {(2m,2n) : m,n € Z}. It means that the restriction
of the function ¢;(y) to the subgroup Hj is a polynomial of degree < 2. Note that
01(=y) = 01(¥), v1(y) =0, y € Y, and ¢1(0) = 0. It follows from Lemma 10.10
that the function ¢ (y) satisfies equation 2.16 (ii). This implies the representation

¢1(y) = (Ay,y), y € Ho, (16.27)

where A is a symmetric positive semidefinite matrix. The analogous representation we
also obtain for the function ¢, (y), i.e., ¢2(y) = (By, y), y € Hy.
We represent the group Y as the union of cosets ¥ = Hy U H; U H, U Hj,

where Hy = (1,0) + Ho, H» = (0,1) + Ho, Hs = (1,1) + Ho. Set p\"(y) =
¢1((1,0) 4+ y), y € Y. Evidently, the function gail)(y) also satisfies equation (16.26).

Hence the restriction of the function w{l)(y) to the subgroup Hj is a polynomial of
degree < 2. Since ¢1(—y) = ¢1(y), ¥y € Hjy, it is not difficult to verify that we get
the representation

o1(w) = (Ayu,u) +ry, ueH, (16.28)

where A, is a symmetric matrix and r; € R.
Set k = h in (16.26) and rewrite the obtained equation in the form

o1(u + 4h) —2¢01(u + 3h) + 201 (u + h) —p1(u) =0, u,hey.

Substituting here u € Hy, h € H; and taking into account (16.27) and (16.28), we
find that

2(A— ADh,h) + (A= ApDu,h) =0, u e Ho, h e Hy.

We conclude from this that A = A;. Therefore, ¢1(y) = (Ay,y) +r1, y € H;.
Arguing as above we obtain a representation for the function ¢; (y) on the cosets H;
and H3. Finally we get

01(y)=(Ay,y)+rj, yeH;, j=0,123, (16.29)

where rg = 0.
Arguing similarly we obtain an analogous representation for the function ¢5(y),

@2(y) = (By,y)+r}, yeH; j=0,12,3, (16.30)

where r; = 0. Substituting (16.29) and (16.30) into (16.25) and taking u, v € Hp we
get that the matrices A and B satisfy the equation

A+ Be=0.
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Applying Lemma 16.5 we find

where o > 0, ty = “_‘éz‘/g, k = ‘/§+2“+d. This yields the representation

(Ay,y) = (A(m,n), (m,n)) = o(tom +n)>, y = (m,n) €Y. (16.31)
It follows from (16.29) and (16.31) that

V1(y) = D1(m,n)

) ) (16.32)
=exp{—o(tom +n) " —r;j}, y=@m,n)e H;,j=0,12,3.

Consider on the group Y the function

g(y) =g(m,n) =exp{—r;}, y=@m,n)eH;, j=0,12.73.

The function g(y) takes constant values on each coset H;. This implies that there
exists a signed measure w on the group X supported in A(X, Hy) such that

o(y) =g(()., yev. (16.33)

Since Hy = Y@, by Theorem 1.9.5, A(X, Hy) = X(3y = G. It is obvious that G =
(Z(2))?. Denote by y a Gaussian distribution on the group X with the characteristic
function

P(y) = P(m,n) = exp{—o(tom +n)*}, y = (m,n) €Y. (16.34)

We conclude from (16.32)—(16.34) that

1(y) =7(o(y), yeY.

Then 2.7 (b) and 2.7 (c) imply that v{ = y * w. We will verify that the signed measure
o actually is a distribution.

Consider a Gaussian distribution A on the group R with the characteristic function
)At(s) = exp{—os2}. Denote by 7: ¥ + R the homomorphism t(m,n) = tom + n.
Let p = 7: R — X be the adjoint homomorphism. It follows from Proposition 2.10
and 2.7 (b) that y = p(A). Since tg is an irrational number it follows that the subgroup
7(Y) is dense in R. By 1.13 (b) p is a monomorphism. Moreover, taking into account
that 7 is a monomorphism, we conclude from 1.13 (b) that the image p(R) is dense in
X. Denote by ¢;, j =0, 1,2, 3, the elements of the group G. Then

3
W= Za/EC./’
Jj=0
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where a; € R. We have

3

V1 ZV*CUZZ“J(V*EL) (1635)
j=0

The distribution y * E¢, is concentrated on the Borel set p(R){;, and these sets are
mutually disjoint. Since v; € M!(X), we deduce from (16.35) that all aj > 0,1ie.,
w € M(X).

Denote by ¢ the natural embedding ¢: G — X. Obviously, p(R)NG = {0}. Extend
p to the monomorphism p: R x G — X as follows: p(t,¢;) = p(t)u(&;) = p(t)¢),
(t,¢;) € Rx G. By Corollary 2.5 the monomorphism p generates an isomorphism of
the semigroups M (R x G) and M!(p(R) x G). Letv = A @ w € M!(R x G) be
the direct product of the distributions A € M!(R) and w € M'(G). If we consider the
distributions A and w as distributions on the group R x G, we have v = A * w. Hence
p(v) = p(A) *x t(w) = y * w = v1. Obviously, the distribution v; is concentrated on
the Borel subgroup p(R) x G of X. Taking into account that ; is a factor of vy, by
Proposition 2.2 we can substitute the distribution 11 by its shift 1} in such a way that
the distribution 1 is also concentrated on the subgroup p(R) x G and vy = u} * ft].
It follows from this that v = p~1(v1) = p~1(w)) * p~1(Z}). Setvy = p~(w1).
Then v; € M!(R x G). By Lemma 16.6 the distribution v; has the form v; = 7 * p,
where 7 € T'(R), p € M!(G), because v is a factor of v. We conclude from this that
Wy = p(v1) = p(r) *1(p) = y1 * p, where y; = p(r) € I'(X). This implies that the
distribution p; also has the desired form. Arguing as above we also get the required
representation for the distribution pt,. O

Remark 16.9. It should be noted that on the two-dimensional torus X = T2, three
automorphisms §; € Aut(X), j = 1,2,3, such that §; £6; € Aut(X) foralli # j

do not exist. Indeed, without loss of generality we can assume that §; = I. Let
8y = (g Z), 83 = (‘Lf: Z’,) As has been noted in the proof of Lemma 16.5, if

|deté;| = |det(/ £6;)| = 1for j = 2,3, thenad —bc = —1andd'd’ —b'c’ =
—1. On the other hand, since 6, + §3 € Aut(X), we have |det(8, £ 63)] = 1. It
follows from this that |2 + k| = |2 — k| = 1, where k = ad’ + da’ — bc’ — ¢b/,
but it is impossible. Therefore we can formulate Theorem 16.8 as a statement of
n > 2 independent random variables &;, j = 1,2,...,n, n > 2, taking values in the
two-dimensional torus X = T2, where automorphisms «;, 8; € Aut(X) satisfy the
conditions f;e; ' + fja; ! € Aut(X) foralli # j. It follows from the above remark
that then n = 2.

Remark 16.10. Let X = T2. Theorem 16.8 is false if the characteristic functions of
the considered distributions can vanish. To construct an example take an automorphism

8 € Aut(X) of the form
s_ (11
“\1 0)°

Then I £ § € Aut(X). Set K = X(4).



17 Random variables with values in finite and discrete Abelian groups 197

wim

Then K = (Z(4))?. Denote by (e 2 ,e%"), m,n € {0, 1,2,3}, elements of the
group K. The automorphism § acts on K as follows:

é‘n) _ (e ﬂi(rg+n) ’ eném )

wim b/

(e 2 e

Consider the following subgroups of K:

K ={(1,1),(1, -1}, Ky ={1,1,(=1,-D},
F={1.1).(L-1,(-L1),(=1,=1).3G1), (=i 1).3G-1), (=i, -}

Let & and &, be independent random variables with values in the group X and distri-
butions 1 = amg, + (1 —a)mp and o = amg, + (1 —a)mp, where 0 < a < 1.
Sete = §. As will be proved below (Lemma 17.11), the characteristic functions f; ()
satisfy equation (16.24). By Lemma 16.1 the conditional distribution of the linear form
L, = & + 8& given Ly = & + & is symmetric. On the other hand, obviously, the
distributions p; can not be represented in the form p; = y; * p;, where y; € I'(X),
pj € m! (G)

17 Random variables with values in finite and discrete Abelian
groups

In this section we continue to study group analogues of the Heyde theorem. Let X
be a countable discrete Abelian group. Then by Proposition 3.6, I'(X) = D(X) and
a natural analogue of the class of Gaussian distributions for such groups is the class
of idempotent distributions. Let Y be the character group of the group X, «;, B;,
Jj =1,2,...,n,n > 2, be automorphisms of X satisfying the conditions B;a; 4
B; aj_l € Aut(X) foralli # j. Let&; be independent random variables with values in
X and distributions p;. Our main attention will be devoted to the following problem:
for which groups X does it follow from the symmetry of the conditional distribution
of the linear form L, = B1&) + -+ + Bn&, given L1 = a1 + -+ + o, &, that all
u; are idempotent distributions? In contrast to Section 16 we do not assume that the
characteristic functions fi;(y) do not vanish.
First consider the case of a finite group X and two random variables.

Theorem 17.1. Let X be a finite group containing no elements of order 2. Let & and
&> be independent random variables with values in X and distributions y and [45.
Let aj, Bj, j = 1,2, be automorphisms of the group X such that fray' £ Bra;! €
Aut(X). If the conditional distribution of the linear form L, = B1&1 + B2&> given
L1 = o181 + &5 is symmetric, then iy, i € 1(X).

Proof. Passing to the new random variables {; = «;&; we reduce the proof of the theo-
remtothecasewhen Ly = §;+§;and L, = §,§; 48282, 6; € Aut(X). The condition
Bray! £ Bray! € Aut(X) is transformed into the condition §; £ 8, € Aut(X). Itis
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clear that we can assume that L, = &; 4 §&,, where §, I £ € Aut(X). Sete = 5.
By Lemma 16.1 the symmetry of the conditional distribution of L, given L; implies
that the characteristic functions [i;(y) satisfy equation 16.1 (i) which takes the form
(16.24). Put f(y) = 1(»), g(¥) = fi2(y) and rewrite equation (16.24) using this
notation. We get

fu+v)glu+ev) = flu—v)g(u —ev), u,vey. (17.1)

Set v; = pj * f1;. It follows from 2.7 (c) and 2.7 (d) that D;(y) = |/i;(»)|*> = 0,
y € Y. Itis obvious that the characteristic functions v; (y) also satisfy equation (17.1).
If we prove that v; € I(X), then by 2.7 (b) and 2.7 (e), ; € I(X). Thus we can solve

equation (17.1) assuming that f(y) = 0, g(y) = 0, f(=y) = f(¥), g(=y) = g(»).
We will prove that in this case f(y) = g(y) = mig(y), where K is a subgroup of X.
The statement of the theorem follows from this.

Puta = 1 4+ ¢, § = I —e. We conclude from the condition of the theorem that
a, B € Aut(Y). Setk = Ba~ .

Substituting v = —u into (17.1) we get

g(Bu) = fQu)g(au), uel.
Replace here u by o~ 'u. We obtain
glku) = fQRa'u)g(u), uey. (17.2)
Since 0 < f(y) < 1,0 < g(y) <1, (17.2) yields that
glku) <gu), uey.

Notethat Y =~ X, hence Y isafinite group. Therefore, its automorphism group Aut(Y)
is also finite. Hence k™ = I for some natural n. We will assume that 7 is the smallest
one. We have

gy)=gk"y)<---<glky) <g(y), yev.
It follows from this that
g) =glky)=--=gk"'y), yev. (17.3)

Substituting ¥ = —ev into (17.1) and taking into account that f(—y) = f(y),
g(=y) = g(y), we get

f(Bv) = flav)g(2ev), veY.

Replace here v by o~ 'v. We obtain

fkv) = f(v)gRea ), vev. (17.4)



17 Random variables with values in finite and discrete Abelian groups 199

Arguing similarly we arrive at

fO) = flky)=-= f"'y), yeV. (17.5)

Thus the functions f(y) and g(y) take constant values on each of the orbits O, =
{y,ky,...,k" 1y} This value generally depends on y. We note that in proving (17.3)
and (17.5) we did not use that the group X contains no elements of order 2.

Set

Ne={yeY:f(y) #0}, Er={yeY: f(y)=1},
and

Ng =y eY:f(y)#0,, Eg={ye¥:f(y)=1.

Since X = Y and X5y = {0}, we have Y5y = {0}. Hence f> € Aut(Y). We recall
that for a finite set F' we denote by | F| the number of elements of F. We conclude
from (17.2) and (17.3) thatif y € N, then

f@aly)=1. (17.6)

Hence (17.6) implies that |[Ng| < |Er|. Arguing similarly we find from (17.4) and
(17.5) thatif y € N, then g(2e~1y) = 1. This implies the inequality |Ns| < |Eg]|.
So, we get

[Nl < [Ef| < |Nyl, [Nyl < |Eg| < [Ngl.

It follows from this that
Nl = |Efl, |Ng|l=|Eqgl, (17.7)
and (17.7) implies that
Ny = Ef, Ng=Eg. (17.8)
Since f> € Aut(Y), we have

I 4+« = frat e Aut(Y). (17.9)

We deduce from (17.3) and (17.8) that k (E;) = E,. Whence, in view of (17.9) we
find

a(Eg) = Eg. (17.10)
We conclude from (17.6) that N; = Eg C Ey. Therefore Ef = E, = E. So, we
have proved that
1 ifyek,
0 ify¢E.
Put K = A(X, E). Then by Theorem 1.9.1, E = A(Y, K) and it follows from 2.14 (i)

and 2.7 (b) that u; = up, = mg. We also note that since ¢ = o — I, (17.10) implies
that e(E) = E. O

fO)=g0y) =
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Corollary 17.2. Let X be a finite group containing no elements of order 2, § be an
automorphism of X such that I + 8§ € Aut(X). Let &, and &, be independent random
variables with values in the group X and distributions (1 and W,. If the conditional
distribution of the linear form L, = & + 8&, given L1 = & + & is symmetric, then
Wi = mg * Exj, where K is a subgroup of X, and x; € X, j = 1,2. Moreover,
§(A(Y,K)) = A(Y, K).

Corollary 17.3. Let Y be a finite group, & be an automorphism of Y suchthat I ¢ €
Aut(Y). Putk = (I —e)(I + &)~ L. If characteristic functions f(y) and g(y) satisfy
equation (17.1), then | f ()| = | f(ky)], |§W)| = |g(ky)| forany y € Y.

>

Remark 17.4. The reasoning given in Remark 16.3 shows that Theorem 17.1 is false
if a group X contains elements of order 2.

Remark 17.5. The condition
Bray! — Baay ! € Aut(X) (17.11)

in Theorem 17.1 can be omitted. Indeed, without loss of generality we may assume that
L =& +&and L, = & +6&5, § € Aut(X). Then condition (17.11) is transformed
into the condition / — § € Aut(X) which is equivalent to the condition 8 € Aut(Y).
Assume that 8 ¢ Aut(Y). Since Y is a finite group, it means that L. = Ker § # {0}.
Then if u € L we have eu = u and ou = 2u. Substituting ¥ = v € L into equation
(17.1) we get

fQu)gQu)=1, wuel. (17.12)

Since f> € Aut(Y), it follows from (17.12) that f(y) = g(y) = 1, y € L. By
Proposition 2.13 the functions f(y) and g(y) are L-invariant. Hence they induce

functions f ([y]) and g([]) on the factor group ¥/ L namely f (Iy]) = /(). &(I]) =
g(y), vy € [y]. The automorphism ¢ also induces an automorphism ¢ on the factor

group Y/ L by the formula £[y] = [ey], ¥ € [y¥]. So, we can consider equation (17.1)
on the factor group Y /L. If the induced homomorphism ,3 ¢ Aut(Y/L), we repeat
this procedure until we obtain ,3 € Aut(Y/L). Then we apply Theorem 17.1. After
returning to the initial distributions we get u; € I(X).

We supplement Theorem 17.1 with the following statement.

Proposition 17.6. Let & and &, be independent identically distributed random vari-
ables with values in a group X and distribution mg, where K is a compact subgroup
of X. Let § € Aut(X) and I £ 8 € Aut(X). Then the conditional distribution of the
linear form L, = & + 8&; given Ly = &1 + & is symmetric if and only if

(i) y(K)DK,

wherey = (I + 8)~1(I = §).
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Proof. We retain the notation used in the proof of Theorem 17.1. Put L = A(Y, K),
f(y) = mg(y). We note that k = 7. By Lemma 16.1 if the conditional distribution
of L, given L; is symmetric, then the characteristic functions of the random variables
&; satisfy equation 16.1 (i) which takes the form

fu+v)fu+ev)= flu—v)f(u—ev), u,vey. (17.13)

Substituting u = v into (17.13) we get f(Qu) f(au) = f(Bu), u € Y. It follows
from this that

fleu) = fQRa™ u)f(u), uev. (17.14)

Therefore, if ky € L, then y € L. Hence by Lemma 13.10, y(K) D K, i.e., (i) holds.

Assume that (i) is fulfilled. We will show that the characteristic function f(y)
satisfies equation (17.13). Suppose that for some u,v € Y the left-hand side of
equation (17.13) is equal to 1. This implies that

ut+vel, u+evel, (17.15)
and therefore Bv = (I — &)v € L. Since fv = kav, by Lemma 13.10 we have that
av=U+¢evel. (17.16)

We conclude from (17.15) and (17.16) thatu —v € L,u—ev € L. Hence the right-hand
side of equation (17.13) is also equal to 1. Arguing similarly we verify that if for some
u,v €Y the right-hand side of equation (17.13) is equal to 1, then the left-hand side
of equation (17.13) is equal to 1. Thus we have proved that the characteristic function
f(y) = mg(y) satisfies equation (17.13). Hence by Lemma 16.1 the conditional
distribution of the linear form L, given L; is symmetric. O

Note that in the proof of Theorem 17.1 we assumed that there exist automorphisms
aj, Bj, j =1,2,0f agroup X such that B1a7! + fras! € Aut(X). We will describe
now the finite Abelian groups X which have this property. Then we will apply this result
to prove a group analogue of the Heyde theorem for an arbitrary number of independent
random variables. Clearly, it suffices to find out when there exists § € Aut(X) such
that I + § € Aut(X).

Proposition 17.7. Let X be a finite group,

() X= P X,
pPEP

be the decomposition of X into a direct product of its p-components. Then the following
statements are equivalent:

(ii) there exists § € Aut(X) such that I + § € Aut(X);

(iii) for both p = 2 and p = 3 either X, = {0} or the decomposition of X, into a
direct product of cyclic subgroups contains each cyclic factor with multiplicity
not less than 2.
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Proof. Note thateach p-component X, is a characteristic subgroup of X . Itis clear that
(i) holds if and only if for each prime p such that X, # {0} there exists § € Aut(X))
such that

I +£6§ € Aut(X)). 17.17)

If p>3wesetd = f5. Thend, I =6 € Aut(X,). Thus we should find out when
condition (17.17) holds for p = 2 and p = 3. In what follows we consider only the
group X3. For the group X, we argue similarly. Put K = X3. By Theorem 1.19.4 we
have
K=P@@EY)", ki <kjt.
J

The numbers k; and n; are uniquely determined by the group K. To avoid introducing
new notation we will suppose that

K=PZ@), ki <kt (17.18)
J

We will prove that there exists § € Aut(K) such that I £ § € Aut(K) if and only if
all n; > 2in (17.18). We note that for every natural n the subgroups K, and K™

are characteristic. Hence the subgroups H; = K CEADNS K3y are also character-
istic. Therefore any automorphism « € Aut(K) induces an automorphism & on the
factor group Hj,/Hj,+1. Assume that n;, = 1 for some jo. Then as easily seen,
Hj,/Hjy11 = Z(3). Hence if 8, I + § € Aut(K), then 8, I + & € Aut(Hj,/H;y11).
Taking into account that there are only two automorphisms £/ on the group Z(3), we
obtain the contradiction. Thus we have proved that (ii) implies (iii).

Let us prove that (iii) implies (ii). Set G; = (Z(3"))2. Let the automorphism
81 € Aut(G,) be defined by 8§, (k,l) = (k + [,k), k,I € Z(3"). It is obvious that
I £+ 8; € Aut(Gy). For the group G, = (Z(3"))3 we put 85(k,I,m) = (k + 1 +
m,k +1,k), k,l,m € Z(3"). Then 65,1 £ 8, € Aut(G,). If in (17.18) all n; > 2,
then the group K is a finite direct product of groups each of which is isomorphic to
either G; or G,. The desired automorphism § € Aut(X) can be constructed as a finite
direct product of the automorphisms 8; and §,. O

Now assume that a finite group X contains elements of order 2 and describe distri-
butions which are characterized by the symmetry of the conditional distribution of one
linear form given another.

Theorem 17.8. Let X be a finite group, X, be the 2-component of X. Let &1 and &, be
independent random variables with values in X and distributions ju1 and j1». Let o, B;,
j = 1,2 be automorphisms of the group X such that Bra7! £ Bray! € Aut(X). Ifthe
conditional distribution of the linear form Ly = B1&1 4 B2s given L1 = a1&1 +a2én
is symmetric, then ji; = p; * wj, where 0(p;) C X2, m; € I(X), j = 1,2.

Proof. Arguing as in the proof of Theorem 17.1, we reduce the proof of the theorem
to the case when L1 = & + &, L, = & + 8&, where 6,1 £ 6 € Aut(X). By
Lemma 16.1 it follows from the symmetry of the conditional distribution of the linear
form L, given L; that the characteristic functions ji;(y) satisfy equation 16.1 (i).
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Decompose the group X into a direct product of its p-components:

X = pg’? Xp.
Set
G=X,, K=P X,
p>2

Then X = G x K. If G = {0}, then the assertion of the theorem follows from
Theorem 17.1. Assumethat G # {0}. By Theorem 1.7.1,Y =~ H xL,where H = G*,
L = K*. To avoid introducing new notation we will suppose that Y = H x L. Denote
by y = (h,1), h € H,l € L, elements of the group Y. Since the subgroups H
and L are characteristic, any automorphism v € Aut(Y) can be written in the form
t(h,l) = (th,l), (h,]) €Y.

Pute =6, a=1+¢B=1-¢ f(y) = 1(y), gy) = 12(y) and rewrite
equation 16.1 (i) in the form:

fh+W, 1 +1)gh+eh', 1 +el)

17.19

= fh—=n,1-1")gh—eh',l —¢l"), (h1),(H 1I')eY. ( )
Substituting # = &’ = 0 into (17.19) we get

fO0,1+1)g(0,1 +¢&l"y= f(0,1 —1")g(0,1 —¢&l"), 1,I'€e L. (17.20)

Since the group K contains no elements of order 2, by Corollary 17.2 any solution of
equation (17.20) has the form

f0,0) = (ki,)mp(l), g(0,1) = (k2,)mp(l), l€eL, (17.21)

where F is a subgroup of the group K, and k; € K. Put E = A(L, F). Substituting
(17.21) into (17.20) we get 2(ky + 8k2) € F. In view of K3y = {0} we have
k1 + 8ko, € F. Setk = ki + Sk,. It is clear that representation (17.21) does not
change if we substitute k] = k; — k for k; in (17.21). But then k| + 6k, = 0. Itis
easy to see that in this case the characteristic functions (—k7,[) and (—k,, ) satisfy
equation (17.20). Consider the distributions p} = p1 * E_js and wy = o * E_g,.
Set f'(y) = 11 (), &'(») = &5(y). We conclude from 2.7 (c) that the characteristic
functions f’(y) and g’(y) also satisfy equation (17.19).

Put B=L/E. Wehave Y/E =~ H x B. By Theorem 1.9.2, F* =~ B and hence
(G x F)* =~ Y/E. Taking into account 2.14 (i) and 2.7 (¢), it follows from (17.21)
that

, , 1 iflekE,
f0,h) =g'(0,h) = 0 ifl¢E. (17.22)
By Proposition 2.13, (17.22) implies that the characteristic functions f’(y) and g’(y)
are E-invariant. Obviously, K is a characteristic subgroup. Consider independent
random variables {; and {» with values in the group K and distributions m  * Ey, and
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mp * Ep,. By Lemma 16.1 we deduce from (17.20) that the conditional distribution
of the linear form L, = {; + ¢ given L; = {; + {; is symmetric. Note that
f> € Aut(K) and apply Corollary 17.2 to the group K. We get e(E) = E. Hence we
can pass from equation (17.19) for the functions f’(y) and g’(y) on the group Y to the
induced equation on the factor group Y/ E putting /' ([y]) = f'(»), g([v]) = &'(»),
£[y] = [ey]. It follows from &(E) = E that £ € Aut(Y/E). It means that we pass
from consideration of the random variables with values in the group X = G x K to
random variables taking values in the subgroup G x F. Obviously, the solutions of the
induced equation satisfy the condition

{beB: f(0,b)=1'={be B:5(0,b)=1}={0}.

Thus we have

- 3 1 ifb =0,
J(0.5) =5(0.0) = it £ 0, (17.23)

Consider equation (17.19) for the characteristic functions f (s,b) and g(s,b) on the
factor group Y/E =~ H x B. We get

Fh+R . b+b)gh+eh b+eby= f(h—h'.b—b)g(h—&h',b—&b"), (17.24)

(h,b), (W,b") € H x B. Note that in view of ¢(E) = E we have «(E) C E. Since
a € Aut(Y) and E is a finite group, we have «(E) = E, whence & € Aut(Y/E).
Takeu € H, v € B and substitute h = ¢ 'u, ¥’ = ¢ Yu, b =& v, b = -a@ v
into (17.24). We obtain

glcu, kv) = (28  u, 26 w)g(u, v), (17.25)

where k = ,3&_1. Assume that there exists an element (hg,bg) € H X B, by # 0
such that g(ho, bg) # 0. Then by Corollary 17.3, |g(kho, kbo)| = |g(ho,bo)| # O,
and (17.25) yields that _

| £ (26 ho, 247 1hg)| = 1. (17.26)

It follows from Proposition 2.13 that the subset of ¥ where the module of a characteristic
function is equal to 1 is a subgroup. Taking this into account, (17.26) implies that for
any natural k the equality | £ (2¥&~'hg, 2¥G"by)| = 1 is fulfilled. Since G is a 2-
primary group, H is also a 2-primary group. Note that if /¢ is an element of order 2™,
then 2”& 1hy = 0. Hence

| £ (0,24 by)| = 1.

On the other hand, since the group B contains no elements of order 2 and @~ €
Aut(H x B), we have 2™a by # 0, contrary to (17.23). Thus we have proved that
g(h,b) = 0,if b # 0. Hence the characteristic function g (%, b) is represented in the
form

go(h) ifb =0,

3(h,b) =
§hBY=00" " ikp 20,



17 Random variables with values in finite and discrete Abelian groups 205

where go(h) = g(h,0). We get g(h,b) = go(W)inip(b), (h,b) € H x B. The
function go(h) is the characteristic function of a distribution p, such that 6 (p2) C G.
We conclude from 2.7 (b) and 2.7 (¢) that u, = p, % mp. This implies that p, =
P2 * mp x Ey,. For the distribution 41 we argue similarly. O

Corollary 17.9. Let X be a finite group. Represent X in the form X = X, x K, where
K =Py-2 Xp, Xp is the p-component of X. Let § be an automorphism of the group X
suchthat I £6 € Aut(X). Let &1 and &, be independent random variables with values
in X and distributions |11 and [Ly. If the conditional distribution of the linear form
Ly = &1 + 88 given Ly = &1 + & is symmetric, then juj = p; x mp * Ey;, where
o(pj) C X, F is asubgroup of K, x; € K, j = 1,2. Moreover, the characteristic
functions of the distributions /L; = wj * E_x; also satisfy equation (16.24).

17.10. Let X be a finite 2-primary group, i.e., X = X3 in decomposition 17.7 (i).
Let § be an automorphism of X such that / +§ € Aut(X). Pute = §. We will discuss
the following problem. What are possible distributions pq and p, of independent
random variables &; and &, taking values in the group X assuming that the conditional
distribution of the linear form L, = & + §&, given L1 = & + &, is symmetric?
Taking into account Lemma 16.1 we can reformulate this problem as follows: what are
distributions p; such that their characteristic functions fi; () satisfy equation (16.24)?

The corresponding idempotent distributions (; such that 1y = @, = mg were
described in Proposition 17.6. Moreover, as has been noted in Remark 16.3, if u;
are arbitrary distributions such that o (j1;) C X(2), then u; are also solutions of the
problem. Under the assumption that X, # X () we mention one more class of distribu-
tions y; such that the characteristic functions [, () satisfy equation (16.24). They are
distributions p; which are invariant with respect to the subgroup X @ Let us verify
this. In view of Theorem 1.9.5 it is easily seen that the characteristic functions /i;(y)
of such distributions are of the form:

So(y) ify € Y, fa(y) = go(y) ify € Y,
0 lfy Q/ Y(Z), 0 lfy Q/ Y(z)’

where fo(y) and go(y) are arbitrary characteristic functions on the subgroup Y(,). It
is easy to make sure that the characteristic functions /i;(y) satisfy equation (16.24).
Indeed, letu, v € Y(3). Thenu + v =u — v, u + ev = u — ev. Hence ji;(u 4+ v) =
a1(u —v), fa(u + ev) = f12(u — ev), and equation (16.24) is satisfied. Let either
u e Y(z), v Q/ Y(z) oru Q/ Y(z), DS Y(z). Thenu +v Q/ Y(z), hence /le(u ﬂ:v) = 0, and
both sides of equation (16.24) are equal to zero. If u, v & Y(,), then the left-hand side
of equation (16.24) is equal to zero, because in the opposite case we have u +v € Y(y),
u + ev € Y(z). This implies that (/ — &)v € Y(»), and hence v € Y, contrary to the
assumption. Arguing as above we verify that the right-hand side of equation (16.24)
is also equal to zero for u,v & Y(z). Thus the characteristic functions fi;(y) satisfy
equation (16.24).

Thus if X, # X(2), then there exist three different classes of distributions ; such
that the characteristic functions ft; () satisfy equation (16.24):

aa(y) =
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() idempotent distributions;

(II) distributions supported in X 5);

(III) distributions invariant under shifts by elements of X @,

Obviously, if the characteristic functions of distributions 11 and u, satisfy equa-
tion (16.24), and the same is true for distributions v; and v,, then in view of 2.7 (¢)
the distributions y; = w1 * vy and Y, = W2 * v, also have this property. It turns out
that if X» # X(2), then there exist distributions 1, ;2 on X such that they do not
belong to the classes (I)-(III) and they are not convolutions of distributions of these
classes, whereas their characteristic functions satisfy equation (16.24). This situation
is opposite to the case when X, = {0}, because if X, = {0} only the characteristic
functions of idempotent distributions satisfy equation (16.24) (see Theorem 17.1). We
need the following

Lemma 17.11. For each of the groups X = (Z(4))? and X = (Z(4))? there exist an
automorphism § € Aut(X) such that I + § € Aut(X) and independent random vari-
ables &1 and &, with values in X and distributions |11 and [, such that the conditional
distribution of the linear form L, = &, + 6§, given Ly = &1 + &, is symmetric and i
can not be represented as convolutions of distributions of the classes (I)-(III) defined
in 17.10.

Proof. Let X = (Z(4))?. Then Y == (Z(4))?. Denote by x = (m,n) elements of the
group X and by y = (k,[) elements of the group Y, where m,n,k,l € Z(4). Let an
automorphism § € Aut(X) be of the form §(m,n) = (m + n,m). Put ¢ = §. Then
e(k,l) = (k+1,k). Itis obvious that I £ 6 € Aut(X). Let & and &, be independent
random variables with values in X and distributions

ur =amg, + (1 —aymg, pr =amg, + (1 —aymp,

where K1 = {(0,0).(0.2)}, K> = {(0.0),(2.2)}, F = {X). (1.0) + X2)}, and
0 < a < 1. It is easy to compute that
A(Y, K1) = {Y(2). (1,0) + Y(2)},
AY,K3) = {Y(z), (1,1) + Y(z)},
A(Y, F) ={(0,0).(0,2)},

and hence the characteristic functions f(y) = fi1(y), g(y) = j12(y) are of the form

1 if y €{(0,0),(0.2)}.
f) = qa ify€{(2,0),(2,2),(1,0) + Y},
0 ifye{(1,1)+Yp.(0.1)+ Y

if y €1(0,0),(0,2)},
g§(y) =a ifye{(2,0),2,2),(11)+ Yo,
0 ify€{(1,0)+ Y. (0.1) + Y}
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We will verify that the characteristic functions f(y) and g(v) satisfy equation (17.1).
Obviously, for arbitrary u, v € ¥ we have eitheru v € Yoy oru v g Y2). There-
fore, the following cases are possible:

1. u £ v,u £ev € Y. It follows from this that (/ — &)v € Y(3), and hence
u,v € Y. Thenu +v =u —v,u + v = u — ¢v, and equation (17.1) holds.

2. uxv e Yo, utev ¢ Yy Since u = v € Y(z), the following cases are
possible:

A.u,v € (1,0) + Y(2). Then ev € (1,1) + Y(») and g(u & ev) = 0. Hence both
sides of equation (17.1) are equal to zero.

B.u,v € (1,1) + Y(3). Then ev € (0,1) + Y(2) and g(u & ev) = 0. Hence both
sides of equation (17.1) are equal to zero.

C.u,v € (0,1)+Y(2). Thenev € (1,0)+Y(2)and g(u+ev) = g(u—ev) =a # 0.
Hence the left-hand side of equation (17.1) is not equal to the right-hand side if either
u+v e {0,0),(0,2)}and u —v € {(2,0),(2,2)} oru — v € {(0,0),(0,2)} and
u+v e {(2,0),(2,2)}. In each of these cases we have 2u € {(2,0), (2,2)}, and
hence u € {(1,0) + Y(2), (1, 1) + Y(2)}, contrary to the assumption. Thus both sides
of equation (17.1) are equal.

3. utv &Yy, uxev € Yp). Since u + ev € Y(y), the following cases are
possible:

A.u € (1,0) + Y(2), v € (0,1) + Y(2). Then f(u £ v) = 0. Hence both sides of
equation (17.1) are equal to zero.

B.u e (1,1) + Y2y, v € (1,0) + Y(2). Then f(u & v) = 0. Hence both sides of
equation (17.1) are equal to zero.

C.uc(0,1)+Yp),ve(l,1)+ Ypo. Then f(u +v) = f(u—v) =a #0.
Hence the left-hand side of equation (17.1) is not equal to the right-hand side if either
u +ev € {(0,0),(0,2)} and u — v € {(2,0),(2,2)} oru —ev € {(0,0), (0,2)} and
u + v € {(2,0),(2,2)}. In each of these cases we have 2u € {(2,0), (2,2)}, and
hence u € {(1,0) 4 Y(2), (1,1) + Y(2)}, contrary to the assumption. Thus both sides
of equation (17.1) are equal.

4 utv €Yy, utev Y. Sinceu +v = u—v+ 2v, the elements u + v and
u — v belong simultaneously either to the coset (1, 0) 4 Y(3) or to the coset (0, 1) + Y(2)
or to the coset (1, 1) + Y(2). Hence f(u4+v) = f(u—v) and g(u +cv) = g(u —sv).
Then equation (17.1) is satisfied.

We are left to verify that the functions f(y) and g(y) can not be represented as
a product of the characteristic functions of distributions of the classes (I)—(III) de-
fined in 17.10. We will prove this for the function f(y). Assume that f(y) =
J1(») 2(») f3(y), where f;(y) is the characteristic function of the corresponding
distribution. There is no factor f3(y) in this product, because there exist elements
y & Y(2) such that f(y) # 0. Thus f(y) = fi(y)f2(y). Suppose that both factors
are present in this decomposition. If y € Y@ then f5(y) = 1. But the module of
f1(y) equals either 0 or 1. Hence for every y € ¥ the module of f(y) equals either
0 or 1. But this is false. Hence either f(y) = f1(y) or f(y) = fo(y). Itis easy to
see that neither case is possible. The arguments for the function g(y) are similar. In
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view of Lemma 16.1 we have proved the lemma for the group X = (Z(4))>.

Let X = (Z(4))3. Denote by (m,n, p), m,n, p € Z(4), elements of the group X .
Let an automorphism § € Aut(X) be of the form §(m, n, p) = (m+n+ p,m+n,m).
Obviously, I £ § € Aut(X). Let & and &, be independent random variables with
values in X and the distributions

w1 =amg, + (1 —a)ymp, pp, =amg, + (1 —a)ymp,

where K; = {(0,0,0),(0,2,2)}, K» = {(0,0,0),(2,0,0)}, F = {Y(2),(0,0,1) +
Y2y}, and 0 < a < 1. Further arguments follow the scheme of the proof of the lemma
for the group X = (Z(4))? but require consideration of a greater number of cases and
we omit them. O

Theorem 17.12. Let X be a finite 2-prime group such that:

1) X # X@2);
(1) the decomposition of the group X into a direct product of cyclic subgroups
contains each cyclic factor with multiplicity not less than 2.

Then there exist an automorphism § e Aut(X) such that I + §e Aut(X) and indepen-
dent random variables §\ and §; with values in X and distributions 11 and o such
that the conditional distribution of the linear form L, = &, + 8§, given L1 = &1 + &
is symmetric, whereas no [; is represented as a convolution of distributions of the
classes (I)—(I1I) defined in 17.10.

Proof. Since X # X(2) and condition (ii) is satisfied, the group X can be represented
in the form X = G x K, where G =~ (Z(ZI))’, | > 2, and either r = 2 or r = 3.
Moreover, the subgroup K also satisfies condition (ii). Assume for definiteness that
r = 2. Denote by (m,n),m,n € Z(2'), elements of G. Let§ € Aut(G) be of the form
8(m,n) = (m +n,m). Then I £§ € Aut(G). Let F be a subgroup of G such that
F = (Z(4))?. Obviously, the restriction of § to F is an automorphism of F. As has
been proved in Lemma 17.11 for a given § € Aut(X) there exist independent random
variables &; and &, with values in the subgroup F and distributions ©; and p, such
that the conditional distribution of the linear form L, = & 4+ §& given L; = & + &
is symmetric, whereas no p; is represented as a convolution of distributions of the
classes (I)—(III) defined in 17.10. B B

Extend the automorphism § to an automorphism § € Aut(X) such that I +§ €
Aut(X). This can be done because the subgroup K also satisfies condition (ii). We
can suppose that the random variables &; and &, take values in X. Obviously, the
conditional distribution of the linear form L, = & + §&, given L; = & + & is
symmetric whereas no y; is represented as a convolution of distributions of the classes
(I)—(IIT) defined in 17.10.

In the case when G = (Z(2%))? we consider § € Aut(G) of the form §(m, n, p) =
m+n+pm+nm),mmn,pe Z(Zl) and argue similarly. O

Let X = RxN,where N isafinite group. Leta;, 8; be topological automorphisms
of X such that B1a]! £ Bra; ! € Aut(X). We will discuss the following problem.
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What are possible distributions yt; of independent random variables &; taking values in
the group X assuming that the conditional distribution of the linear form L, = &; +6&;
given L1 = & + & is symmetric? To solve this problem we need the following

Lemma 17.13. Let X = R x G, where G is a finite 2-primary group. Let &1 and &5 be
independent random variables with values in X and distributions |41 and [1». Leta, B},
Jj = 1,2, be topological automorphisms of the group X such that ﬂlotl_l + Bray le
Aut(X). If the conditional distribution of the linear form L, = &1 + 8&, given
L, = & + & is symmetric, then u; = y; * p;, where y; € I'(R), o(p;) C G,
j=12

Proof. We have Y =~ R x H, where H = G™*. To avoid introducing new notation
we will suppose that Y = R x H. Denote by y = (s,h), s € R, h € H, elements
of the group Y. Since cy = R and by = H, the subgroups R and H of Y are
characteristic. Therefore any automorphism « € Aut(Y') can be written in the form
a(s,h) = (as,ah), (s,h) € Y. Arguing as in the proof of Theorem 17.1 we reduce
the proof of the lemma to the case when Ly = & + & and L, = & + 8&,, where
8,1 £6 € Aut(X). Set f(y) = 11(¥), g(y) = f12(y), ¢ = §. By Lemma 17.1
it follows from the symmetry of the conditional distribution of L, = &; 4 §&;, given
L1 = & + & that the characteristic functions f(y) and g(y) satisfy equation (17.1)
which takes the form

f(s+s h+h)g(s+es',h+eh)
= f(s—s" h—h)g(s—es' h—eh'), (s,h),(s\h)eY. (17.27)
Setting & = b’ = 0 into (17.27), we get the equation
f(s+5,0)g(s +e5',0) = f(s —s",0)g(s —es’,0), 5,5 €R.
By the Heyde theorem we conclude from this that

f(5,0) = exp{—o15% +itys}, g(s,0) = exp{—025> +itys}, seR, (17.28)

whereo; > 0,7, € R, j =1,2.
We will prove by induction on k, where 2 is the order of an element /, that

f(s.h) = Fi()F2(h),  g(s.h) = G1(s)G2(h), (17.29)

where F;(0) = G;(0) =1, j = 1,2.
Substituting s = —e&s’, A’ = h into (17.27), we get the equation

f(Bs'.2h)g(0,ah) = f(—as’,0)g(—2es’, Bh), (s.h).(s’.h') €Y, (17.30)

wherea = I +¢, B =1 —e. Letk = 1,1i.e.,2h = 0. Then equation (17.30) takes
the form

f(Bs'.0)g(0,ah) = f(—as’,0)g(—2es’, Bh), (s,h),(s',h') €Y. (17.31)
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We deduce from (17.28) that f(—as’,0) # 0. Since —2¢ € Aut(R) and 8 € Aut(H),
(17.31) yields the required representation for the function g(s, /).
Substituting s = —s, h = ¢h’ into (17.27), we obtain the equation

f(0,ah)g(Bs,2eh’) = f(2s,—Bh)g(as,0), (s,h),(s',h') €Y. (17.32)

If k = 1, i.e,, when 2’ = 0, the required representation for the function f(s, )
follows from (17.32). Thus for k = 1, (17.29) is proved.

Assume that (17.29) holds if / has order 2%. Let & have order 2!, Then 2k
has order 2%, and we have f(Bs’,2h) = F;(Bs’) F2(2h) by induction hypothesis. The
required representation for the function g (s, /) follows from (17.30). Arguing similarly
we obtain the required representation for the function f (s, &) from (17.32).

We conclude from (17.29) that

fs.h) = f(5.0) (0, ), g(s.h) = g(s,0)g(0. h). (17.33)

Note that £(0, k) and g(0, k) are the characteristic functions of some distributions p;
and p, such that 6(p;) € G, j = 1,2. Taking into account 2.7 (b) and 2.7 (c), the
statement of the lemma follows from (17.28) and (17.33). O

Theorem 17.14. Let X = R x N, where N is a finite group. Denote by N, the 2-com-
ponent of N. Let & and &, be independent random variables with values in X and
distributions p1 and [,. Let o, B;, j = 1,2, be topological automorphisms of the
group X such that Bra7! + Bray! € Aut(X). If the conditional distribution of the
linear form L, = & + 0§, given Ly = &1 + &, is symmetric, then (1; = y; * pj * T},
where y; € I'(R), o(pj) C N2, 7; € I(X), j = 1,2

Proof. Decompose the group N into a direct product of its p-components:

N= P N,.
pPEP
Put

G=N, K= PN,
p>2

Then X = RxG x K,andY =~ Rx H x L, where H = G*, L = K*. To
avoid introducing new notation we will assume that ¥ = R x H x L. Denote by
y = (s,h,1),s € R, h € H,] € L, elements of the group Y. Since R, H, and L
are characteristic subgroups of the group Y, any automorphism « € Aut(Y') can be
written in the form «(s, i, 1) = (as,ah,al), (s,h,l) € Y. Arguing as in the proof of
Theorem 17.1 we reduce the proof of the theorem to the case when L1 = §; + &, and
L, =& 4 88, where §, I +6 € Aut(X). Set f(v) = a1(y), g(y) = fia(y), e = 6.
By Lemma 17.1 if the conditional distribution of L, = & + 8&, given L1 = & + &
is symmetric, then the characteristic functions f(y) and g(y) satisfy equation (17.1)
which takes the form

fs+s h+n1+1)g(s+es',h+eh' [+el)
= f(s—s h—n,1-1"g(s—es',h—eh' 1l —¢el'), (s,h1),( K I')eY.
(17.34)
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Substituting s = s" = 0 into (17.34), we get
SOR+h,14+1)gO,h+eh' | +el')y= fO,h—nh',1—-1)g0,h—seh',]—zgl).

By Corollary 17.9 we can assume from the beginning that the following representations
are valid:

folhy if1=0. o o) il =0,

0.h.1) =
FORD =14 if1 0, 0 if1 #0,

(17.35)
where fo(h) and g¢ (k) are some characteristic functions on the group H. Puta = I +¢,
B = I —¢. Substituting s’ = s, i’ = —h, [’ = —[ into (17.34), we get
f(2s5,0,0)g(as, Bh, Bl) = f(0,2h,21)g(Bs,ah,al), (s,h,l)eY.
We conclude from (17.35) that f(0,2k,2[) = 0 for [ # 0. Hence
£(25,0,0)g(as, Bh,Bl) =0, [ #0. (17.36)

Since by the Heyde theorem representation (17.28) holds true for the function f'(s, 0, 0),
we have f(2s,0,0) # 0. Hence (17.36) implies that

glas,Bh,ply=0, [#0. 17.37)
Taking into account that o, 8 € Aut(Y), it follows from (17.37) that
g(s,h,l)=0, [#0. (17.38)

Arguing similarly, we get

f(s,h,l)y=0, [#0. (17.39)
Put/ = [’ = 0in (17.34). Then by Lemma 17.13 we have the representations

f(s.h,0) = exp{—015>+it1s}F(h), g(s,h,0) = exp{—025>+it25}G(h), (17.40)

whereo; > 0,7, € R, j =1,2.
We deduce from (17.38)—(17.40) that

f— 2 ] 1 —
Fhl) = exp{—o15~ + it1s}F(h) %fl 0, (17.41)
0 if ] #0,
f— 2 | 1 =
o(s.h. 1) = exp{—025~ + it2s}G(h) %fl 0, (17.42)
0 if # 0.

It is easily seen that the assertion of the theorem follows from 2.7 (b), 2.7 (¢), (17.41),
and (17.42). O

Now we will discuss the case of an arbitrary number n of independent random
variables taking values in a finite group X. We need two lemmas.
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Lemma 17.15. Let X be a finite 5-primary group satisfying the following condition:

(i) The decomposition of the group X into a direct product of its cyclic subgroups
contains at least one cyclic factor with multiplicity 1.

Then there are no automorphisms o, § € Aut(X) such that
() I £o, I 8,0+ p € Aut(X).

Proof. By Theorem 1.19.4 we have

X = PG, ki <kjq.
J

The numbers k; and n; are uniquely determined by the group X . To avoid introducing
new notation we will suppose that

X =P@E)Y, ki <kjr.
J

By the condition of the lemma, nj, = 1 for some jo. Put G; = X 0™ x 5)»
Ga = X679 1 X(5). Then as is easily seen G = G1/G, = Z(5). Since X"
and X5 are characteristic subgroups, the subgroups G and G, are also characteristic.
Therefore any automorphism § € Aut(X) induces an automorphism § on the factor
group G. Note that each automorphism § € Aut(G) has the form $ g=kg gegG,
where k = 1,2,3,4. It is clear that there are no automorphisms &,B € Aut(G)
satisfying condition (ii). Hence there are no automorphisms «, 8 € Aut(X) satisfying
condition (ii). O

Lemma 17.16. For each of the groups X = (Z(p"))?, X = (Z(p"))3, where p = 3,
p =5 X=2Z(p"), where p is a prime number, p > 1, r € N, there exist automor-
phisms «, B € Aut(X) satisfying condition 17.15 (ii) and independent identically dis-
tributed random variables §;, j = 1,2, 3, with values in X and distribution p ¢ 1(X)
such that the conditional distribution of the linear form L, = & + a&y + B&; given
L1 =& + & + &3 is symmetric.

Proof. Note that Y =~ X. Let X = (Z(p"))?, where either p = 3 or p = 5.
Denote by (k,1), k,l € Z(p"), elements of the groups X and Y. Let automorphisms
o, € Aut(X) be of the form

alk,l) = (k+21,2k +20), Bk, 1)=Qk+2,2k+1), k,ileZ(p).
Obviously, condition 17.15 (ii) is satisfied. Note that
ak,l) = (k+21,2k+2), /§(k,l) = QRk+20,2k+1), k,1eZ(p"). (17.43)

Puty = (1,0) € Y. Let u be the distribution on the group X such as in Lemma 13.20.
Then the characteristic function f(y) = i(y) is defined by (13.30). It is obvious that
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n ¢ 1(X). Let§;, j = 1,2, 3, beindependent identically distributed random variables
with values in X and distribution p.

By Lemma 16.1 the conditional distribution of L, = & + «&, + B&; given L1 =
&1 + & + &3 is symmetric if and only if the characteristic functions of the random
variables §; satisty equation 16.1 (i) which takes the form

Fu+v) fu+av) fu+pv) = fu—v) fu—av) fu—pBv), u,veY. (17.44)

Obviously, equation (17.44) holds if v = 0. Letu = (k,[), v = (k’,1") # 0. We will
verify that the left-hand side of equation (17.44) is equal to zero. Indeed, in view of
(17.43) in the opposite case we have

[+1'=0 (mod p"),
I +2k'+2I"=0 (mod p7),
[ +2+1'=0 (mod p").

This implies that &’ = I’ = 0, i.e., v = 0 contrary to the assumption. Arguing
as above we obtain that the right-hand side of equation (17.44) is also equal to zero
when v # 0. Thus the function f(y) satisfies equation (17.44). Hence for the groups
X = (Z(p"))?, where either p = 3 or p = 5, the lemma is proved. For the rest of the
groups we only indicate automorphisms «, 8 € Aut(X) and a distribution u© € M (X).

Let X = (Z(p"))3, where either p = 3 or p = 5. Denote by (k,l,m), k,l,m €
Z(p") elements of the groups X and Y. Put

alk,l,m) = (k +1+mk+1.k), Bl.l,m)= @k +1+mk+20k+m).

Set y = (1,0,0) € Y and denote by p the distribution on the group X such as in
Lemma 13.20.
Let X = Z(p"), where p is a prime number, p > 7. Put

ax =2x, Px=4x, xe€X.

Denote by y an element of order p” in Y and by u the distribution on the group X
such as in Lemma 13.20. O

Theorem 17.17. Let X be a finite group. Represent X as a direct product of its p-
components: X = P,ep X,. Assume that X satisfies condition 17.7 (iii). Then the
following statements hold:

(I) Let a group X satisfy the conditions:

(i) X contains no elements of order 2;
(ii) the decomposition of the group X5 into a direct product of its cyclic sub-
groups contains at least one cyclic factor with multiplicity 1.

Letaj, B, j = 1,2,...,n, n > 2, be automorphisms of the group X such that
Bio; B, aj_l € Aut(X) foralli # j. Let§; be independent random variables
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taking values in X and having distributions ;. If the conditional distribution
of the linear form Ly, = B1&1 + -+ + Bunén given Ly = o1& + -+ + &y is
symmetric, then all iu; € 1(X).

(II) If X2y # {0}, then there exist an automorphism § € Aut(X) such that I £ § €
Aut(X) and independent random variables &1 and &, with values in X and
distributions 1, ko & 1(X) such that the conditional distribution of the linear
form Ly = & + 88, given Ly = & + & is symmetric. If Xy = {0} and
condition (ii) is not fulfilled, then there exist automorphisms «, f € Aut(X)
satisfying condition 17.15 (ii) and independent random variables §;, j = 1,2, 3,
taking values in X and having distributions p; ¢ 1(X) such that the conditional
distribution of the linear form L, = & 4+ aéy + B3 given L1 = & + & + &3
is symmetric.

Proof. (I). By Lemma 17.15 we conclude from condition (ii) that n = 2. Since
condition (i) is satisfied, the assertion of the theorem follows from Theorem 17.1.

(IT). Let X(2) # {0}. Represent X in the form X = X, x K, where K = P,~, X),.
Since the group X satisfies condition 17.7 (iii), by Proposition 17.7 there exists an
automorphism § € Aut(X) such that / +§ € Aut(X). Consider arbitrary independent
random variables §; and & with values in X5y and distributions 1, 2 ¢ 1(X(2)).
Taking into account Remark 16.3, we see that the conditional distribution of the linear
form L, = & + 8&; given Ly = & + &, is symmetric.

Let X2y = {0} and condition (ii) be not satisfied. Since the group X satisfies condi-
tion 17.7 (iii), obviously, the group X is decomposed in a direct product of groups each
of which is isomorphic to one of the groups mentioned in Lemma 17.16. Let G be one
of these factors. By Lemma 17.16 there exist automorphisms «g, Bg € Aut(G) satis-
fying condition 17.15 (ii) and independent identically distributed random variables §;,
j =1,2,3, with values in G C X and distribution i ¢ I(G) such that the conditional
distribution of the linear form L, = & + agé + Bgés given Ly = & + & + &3 s
symmetric.

Extend the automorphisms ag and Bg to automorphisms « and B of the group
X in such a way that condition 17.15 (ii) is satisfied for the extended automorphisms.
This can be done by Lemma 17.16. We may assume that the random variables §;
take values in the group X. Obviously, the conditional distribution of the linear form
Ly =& + ab + P& given Ly = &1 + & + &3 is symmetric. O

Remark 17.18. Let X be a finite group satisfying condition 17.7 (iii) and such that
Xy # {0}. If X satisfies condition 17.17 (ii), then by Lemma 17.15, n = 2, and
it follows from Theorem 17.8 that u; = p; * t;, where o(p;) C X2, 7; € 1(X),
j=12.

If the condition 17.17 (ii) for the group X is not satisfied, then there exist au-
tomorphisms «, 8 € Aut(X) satisfying condition 17.15 (ii) and independent random
variables §;, j = 1,2, 3, with values in X and distributions x; such that the conditional
distribution of the linear form L, = & + aé; + B&3 given L1 = & + & + &3 s
symmetric, whereas no p; is represented in the form p; = p; * t;, where o (p;) C X,
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7; € I(X). Indeed, represent X in the form X = G x K, where G is isomorphic to
one of the group mentioned in Lemma 17.16, and the group K also satisfies condi-
tion 17.7 (iii) and does not satisfy condition 17.17 (ii). Denote by K>, the 2-component
of the group K. Then we argue as in the proof of Theorem 17.17. The only difference
is in the construction of automorphisms o, 8 € Aut(K>) satisfying condition 17.15 (ii).

Since the group X satisfies condition 17.7 (iii), the subgroup K is a direct product
of subgroups isomorphic to the groups either of the form (Z(2"))? or (Z(2"))3. For a
subgroup isomorphic to (Z(2"))? puta(k,l) = (I.k +1), Bk, 1) = (k +1,k), k,l €
Z(2"), and for a subgroup isomorphic to (Z(2"))3 puta(k,l,m) = (k+1+m,k+1,k),
Bk, l,m) = +m,k,k+m),k,l,me Z(2"). Itis easily seen that o and f are
automorphisms and condition 17.15 (ii) is satisfied.

Now we will study the case when X is a discrete group. First we prove a statement
which can be regarded as a group analogue of the Heyde theorem for discrete torsion-
free groups.

Theorem 17.19. Let X be a discrete torsion-free group. Assume that automorphisms
aj, Bj, j =1,2,....n,n > 2, of X satisfy the condition Bja;' % ,BjOl/_I € Aut(X)
foralli # j. Let §; be independent random variables with values in X and distribu-
tions ;. If the conditional distribution of the linear form L, = B1§1 + -+ + Bnéy

given L1 = a1&1 + -+ + an, is symmetric, then all u; are degenerate distributions.

Proof. Reasoning as in the proof of Theorem 16.2, we reduce the proof of the theorem
tothecasewhen Ly = & +---+ &, and Ly = §1§1 + -+ 6,€,, where §; € Aut(X).
The condition B, ! £ jaj_l € Aut(X)foralli # j istransformed into the condition
8 £6; € Aut(X) foralli # j. By Lemma 16.1 the symmetry of the conditional
distribution of L, = 81&1 + --- + 8,&, given Ly = & + --- + &, implies that the
characteristic functions /i;(y) satisfy equation 16.1 (i) which takes the form (16.2).
Put v; = p; * fi;. It follows from 2.7 (c) and 2.7 (d) that D;(y) = |&;(»)|> > 0,
y € Y. Obviously, the characteristic functions »; () also satisfy equation (16.2).

Let U be a neighbourhood of zero of the group Y such that all characteristic
functions v;(y) > Ofory € U. Setg;(y) = —Ind;(y), y € U. We restrict ourselves
to the case when n = 2. The case of arbitrary n > 2 is considered similarly. Let V be
a symmetric neighbourhood of zero of the group Y such that for any automorphisms
Aj € {1,681, 8,} the inclusion

8
Y auwycu

Jj=1

holds. We conclude from (16.2) that the functions ¢; (y) satisty the equation
011 + 810) + @2 (1 + 820) — 1 (U — 81v) — @2 (u — 8ov) =0, u, v € V. (17.45)

We use the finite difference method to solve equation (17.45). Let k1 be an arbitrary
elementof V. Puth; = 6,k;. Hence h; —8,k1 = 0. Substitute u + A foru and v+k;
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for v in equation (17.45). Subtracting equation (17.45) from the resulting equation, we
obtain

Agy 01U+ 810) + Ag,@a (i + 80) — Ap 01 (u —81v) =0, u,v eV, (17.46)

where [1; = (82 + gl)kJ, Il = 2321{1, li3 = (32 - Sl)kl. Let k, be an arbitrary
elementof V. Puthy, = §;1k,. Hence h, —61k, = 0. Substitute u + s, foru and v + k-,
for v in equation (17.46). Subtracting equation (17.46) from the resulting equation, we
get

Ay Mgy @1+ 810) 4+ A, Ag,@a(u +80) =0, u,v eV, (17.47)

where I = 281k2, I, = ~(<§1 + Sz)kz. Let k3 be an arbitrary element of V. Put
h3 = —082k3. Hence hz + 8,k3 = 0. Substitute u + h3 for u and v + k3 for v in
equation (17.47). Subtracting equation (17.47) from the resulting equation, we obtain

Ary Ay A1 +810) =0, u,veV, (17.48)
where [3; = (gl — 32)k3. Putting v = 0 in (17.48), we find
Apy Ay Ay o1(0) =0, ueV. (17.49)

Since X is a torsion-free group, by Theorems 1.6.1 and 1.6.2, Y is a compact connected
group. Then by Theorem 1.9.6, Y ®) = Y. Hence the homomorphism f5: Y > Y is
open ([59], (5.9)). We deduce from 1.13 (c) and from the condition of the theorem that
81 £ 62 € Aut(Y). Taking into account (17.49) and the representations for /11, [51,
[31, we conclude that there exists a neighbourhood of zero W of the group Y such that

Ajpr(») =0, h,yeW. (17.50)

Since Y is a compact group, by Theorem 1.12.2 for any neighbourhood of zero W
there exists a compact subgroup H of Y such that H C W and the factor group
Y/H =~ T™ x F, where m > 0 and F is a finite group. Since Y is a connected group,
F ={0},ie,Y/H =~ T™. Let p;: Y + Y/H be the natural homomorphism, and
p2: Y/H — T™ be the above mentioned isomorphism. Consider the homomorphism
p: Y — T™ defined by p = p, o p;. Since p is an open homomorphism, p(W) is
a neighbourhood of zero in T™. Denote by ¢ = (f1,...,%m), Where —w < f; < m,
elements of the group T™. The operation in T™ is coordinate-wise addition modulo
2. Consider the restriction of equation (17.50) to the subgroup H. The function
¢1(y) is a continuous polynomial on the group H. Since H is a compact group, by
Proposition 5.7, ¢ (y) = const for y € H. Hence ¢1(y) = 0, y € H, and therefore
v1(y) =1, y € H. By Proposition 2.13 it follows from this that D; (y + &) = D1(y),
y € Y, h € H. Thus the function Dy (y) induces a positive definite function f;(¢) on
the group T™ by the formula fi(¢) = D1(y), t = py. In view of T" =~ (Z™)* by
the Bochner theorem there exists a distribution y; € M!(Z¥) such that 7 (r) = f1(¢),
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t € T™. Moreover, in the neighbourhood of zero p(W) of the group T* we have the
representation .
i) =e 0O 1 e p), (17.51)

where ¢1(t) = ¢1(y), t = py. It follows from (17.50) that ¢;(¢) is an ordinary
polynomial of m variables t;,...,t,. Since Z™ C R™, we can consider y; as a
distribution on R™ supported in Z™, i.e., assume that the function f(¢) is defined on
R™ and f1(¢) is a 2z -periodic function in each variable. It follows from (17.51) that
we can apply Theorem 2.19, assuming that F(t) = fi(¢) and ®(r) = e~ ?1 @) By
Theorem 2.19 the left-hand side of (17.51) is an entire function, and representation
(17.51) is valid for any ¢ € R™. Since ¢;(¢) is a continuous polynomial and ¢; (¢) is a
27 -periodic function in each variable, we obtain that ¢;(¢) = const, t € R”™. Hence
@1(t) = 0,¢t € R™. This implies that f1(t) = 1,¢ € R™, and therefore v{(y) = 1,
y € Y. Thus vy = Ey. Hence 1 is a degenerate distribution. Using similar reasoning
we show that u, is also a degenerate distribution.

In the case of an arbitrary n we follow the scheme of the proof of the theorem for
n=2. O

Corollary 17.20. Let Y be a compact connected group and d;, ,é i»J=12....n,
n > 2, be topological automorphisms of Y such that Bidi_l + Bjdj_l e Aut(Y) for
all i # j. Let [1j(y) be characteristic functions on the group Y satisfying equa-
tion 16.1 (i). Then [1;(y) are of the form

ai(y)=(x;,y), x;eX, j=12,...,n.

Remark 17.21. Arguing as in the proof of Theorem 17.19 it is not difficult to prove that
the following statementholds: Let X = R™, wherem > 1. Lete;,8;,j = 1,2,...,n,
n > 2, be topological automorphisms of X such that B;o; ! & ;"' € Aut(X) for all
i # j.Let&; be independent random variables with values in X and distributions ;.
Assume that the conditional distribution of the linear form L, = B1&; + -+ 4+ Bnén
given L1 = 1§ + -+ 4+ &, is symmetric. Then all u; are Gaussian distributions.
We may consider this assertion as an analogue of the Heyde theorem for the group
X = R™. Taking into account this statement we can prove Lemma 17.13 for the
group X = R™ x G, where m > 1 and G is a finite 2-primary group. Applying
this generalization of Lemma 17.13 we can prove Theorem 17.14 for the group X =
R™ x N, where m > 1 and N is a finite group.

Proposition 17.22. Let X = R™xG, wherem > 0and the group G contains a compact
open subgroup. Let o, ,Bj, Jj=12,...,nn > 2, be topological automorphisms of
X such that Bia; ' + ,Bjaj_l € Aut(X) foralli # j. Let §; be independent random
variables with values in the group X and distributions w;. Assume that the conditional
distribution of the linear form L, = B1&1 + -+ Bn&y given L1 = 1§14+ -+ + &y
is symmetric. Then the random variables &; can be replaced by their shifts Ej’ in such a
way that all distributions pL; are supportedin R™ x bg, and the conditional distribution
of the linear form L), = B1§] + -+ Ba&;, given L'} = o1 &) +- - -+, &), is symmetric.



218 VI The Heyde theorem for locally compact Abelian groups

Proof. Let cy be the connected component of zero of the group Y. By Theorem 1.11.2,
cy = M x L, where M =~ R™ and L is a compact connected group. By Lemma 16.1
the symmetry of the conditional distribution of the linear form L, given L is equivalent
to the fact that the characteristic functions /i () satisfy equation 16.1 (i). Obviously, L
is a characteristic subgroup of the group Y. Therefore we can consider the restriction
of equation 16.1 (i) to the subgroup L. Applying Corollary 17.20 to L and using
Theorem 1.9.2, we have the representation

ai(y)=(xj,y), yeL,j=12,...,n. (17.52)

Substituting (17.52) into 16.1 (i), we conclude that

n
23 Bjx; € A(X.L). (17.53)
i=1

Note that A(X, L) = R™ x bg. By Theorem 1.9.6 we have L® = L. It follows
from (17.46) and Proposition 7.4 that xo = }_7_; B;x; € R™ x bg. Obviously, the
subgroup R™ x bg is characteristic. Put x| = x1 — 87" xo, Xp=xj,j=2,....n
Let u} be a distribution on the group X with the characteristic function ﬁ; (y) =
(—xj/.,y)/lj(y), Jj =1,2,...,n. Since f7'xg € R" x bg = A(X, L), we have

() =(x}.y), yelL,j=12,...,n.

Moreover, Z;'l=1 Bjx; = 0. This implies that the characteristic functions f;(y) =
(—x;}. y) satisfy equation 16.1 (i). Hence the characteristic functions /1’ (y) also satisfy
equation 16.1 (i). Let & j/ be independent random variables with values in the group X
and distributions ,u}. By Lemma 16.1 the conditional distribution of the linear form
L, = 1§ + -+ + Ba€), given L] = a1§] + - -+ + ax &), is symmetric. Since

;) =1, yeL,j=12...n,
we have by Proposition 2.13, O'(,bb}) CAX,L) =R" x bg. O

Remark 17.23. Let X = R™ x G where m > 0 and the group G contains a compact
open subgroup. Since R™ X bg is a characteristic subgroup, Proposition 17.22 im-
plies the following statement: Let &;, j = 1,2,...,n, n > 2, be independent random
variables with values in X and distributions u;. Let a;, B; be topological automor-
phisms of the group X such that ;e ! + ,Bjozj_l € Aut(X) foralli # j. Assume
that the conditional distribution of the linear form L, = B1& + --- + B,&, given
Ly = o1& + -+ + o, is symmetric. Then in studying the possible distributions j;
we can assume without loss of generality that G = bg, i.e., the group G itself consists
of compact elements.

Lemma 17.24. Let X be a discrete torsion group containing no elements of order 2.
Let o, B;, j = 1,2,...,n, n > 2, be topological automorphisms of X such that
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Bios ! £ ﬂjaj_l € Aut(X) forall i # j. Let &; be independent random variables
with values in the group X and distributions 1; such that all characteristic functions
[j(y) = 0. If the conditional distribution of the linear form L, = B1&1 + -+ + Bnén
given Ly = a1&1+- - -+an&y is symmetric, then all characteristic functions f1;(y) = 1
on an open subgroup B C Y.

Proof. Since X is a discrete torsion group, by Theorems 1.6.1 and 1.6.4, Y is compact
and totally disconnected. The compactness of the group ¥ implies that Y@ =y®,

Since X(2) = {0}, by Theorem 1.9.2, Y@ = Y. It follows from this that Y@ =Y,
and hence the homomorphism f>: Y +— Y is open ([59], (5.9)). We restrict ourselves
to the case n = 2. Arguing as in the proof of Theorem 17.19 we come to equation
(17.50) for the function ¢;(y) = —Inji1(y) in a neighbourhood W of zero of the
group Y. By Theorem 1.12.1, W contains a compact open subgroup B;. Since Bj is
open, it is closed, and hence B; is compact. Therefore, by Proposition 5.7 we have
¢1(y) = 0 for y € By. This implies that ft;(y) = 1 for y € B;. Arguing similarly
for the distribution pt, we find a subgroup B, such that fi,(y) = 1 for y € B,. Put
B = BN B;. O

Lemma 17.25. Let &1 and &, be independent random variables with values in a group
X and distributions ju1 = mg, and @, = mg,, where Ky and K, are finite subgroups
of X. Let f5,6,1 6 € Aut(X). If the conditional distribution of the linear form
L, = &1 +8& given Ly = & + & is symmetric, then K1 = K, = K and §(K) = K.

Proof. Set f(y) = g, (y),8(y) = g, (y),e =8, = [+, = [—&,k = o .
Thenk = 7, wherey = (I +8)~!(1—§). By Lemma 16.1 it follows from the symmetry
of the conditional distribution of L, given L; that the characteristic functions f(y)
and g(y) satisfy equation 16.1 (i) which takes the form (17.1). Equation (17.1) yields
(17.2). Put H; = A(Y, K}), j = 1,2. We conclude from (17.2) that if ky € H,, then
y € H,. By Lemma 13.10 this implies that y(K;) D K5. Since K is a finite group,
we have

Note that I +y = fo(I +8)"1, I —y = £2,8(1 + 8)~L. Since f, € Aut(X), we
have I £y € Aut(X) and § = (I — y)(I + y)~!. We deduce from (17.54) that
3(K,) = K, and by Lemma 13.11, e(H,) = H,. Consider the restriction of equation
(17.1) to the subgroup H,. We get

fu+v)y=fu—v), u,veH,.

Hence
fQRy)=1, ye H,. (17.55)

Since f» € Aut(X) and K, is a finite group, we have (K,)® = K>, and hence by
Lemma 13.11, (H,)® = H,. Now (17.55) implies that f(y) = 1 for y € H,.
Therefore, H, C H,. Arguing as above we get from (17.1) that e(H;) = H; and

g(2ey) =1, ye€H,
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holds. This implies that H; C H,. Thus H; = H, = H, and hence K; = K, = K.
Since e(H) = H, by Lemma 13.11, §(K) = K. O

Theorem 17.26. Let X be a discrete group containing no elements of order 2. Let &
and &, be independent random variables with values in X and distributions (1 and (5.
Letoj, B;, j = 1,2, be automorphisms of the group X such that Broy' £ pras! €
Aut(X). If the conditional distribution of the linear form L, = B1&1 + 262 given
L1 = o181 + ax§; is symmetric, then iy, iy € 1(X).

Proof. Arguing as in the proof of Theorem 17.1, we reduce the proof of the theorem
to the case when Ly = & + &, Ly = & + 8, where 6,1 £ 6 € Aut(X). Set
¢ = §. By Lemma 16.1 the symmetry of the conditional distribution of the linear form
L, given L, implies that the characteristic functions i, (y) satisfy equation 16.1 (i).
Put f(y) = 1(y), g(y) = [i2(y) and rewrite equation 16.1 (i) using this notation.
We get equation (17.1). Put v; = u; * ;. We conclude from 2.7 (c) and 2.7 (d)
that D;(y) = |;(»)]> > 0, y € Y. Obviously, the characteristic functions ;(y)
also satisfy equation (17.1). If we prove that v; € I(X), then by 2.7 (b) and 2.7 (e)
;€ I1(X). Thus we will solve equation (17.1) assuming that f(y) > 0, g(y) > 0,
f(=y) = f(»), g(=y) = g(y). We will prove that in this case f(y) = g(y) =
mg(y), where K is a subgroup of X. The statement of the theorem follows from this.

Taking into account Remark 17.21, we can assume from the beginning that X is a
torsion group. Put Ef = {y € Y : f(y) =1}, Eg ={y € Y : g(y) = 1}. Then
by Proposition 2.13, o (1) C A(X, Ef) = F, 0(u2) C A(X, Eg) = G. It follows
from Lemma 17.24 that there exists an open subgroup B such that B C Ef N E,. Set
S = A(X, B). Then F and G are subgroups of S. Since the subgroup L is open, by
Theorem 1.9.4, S is a compact group. Taking into account that the group X is discrete,
we deduce that S is a finite group. Hence F and G are also finite groups.

Note now that for all natural n the characteristic functions f”(y) and g”(y) also
satisfy equation (17.1), i.e.,

f"u+v)g"u+ev) = f"u—v)g"(u—ev), u,vev. (17.56)
Obviously, there exist the limits

1 ifyeEy,
0 if y¢Ef.

Note that by Theorem 1.9.1, Ex = A(Y, F), Eg = A(Y,G). Then it follows from
2.14 (i) that

1 ifyeE,,

fy) = lim f"(y) = { g(y) = lim g"(y) = {0 ity o E
.

. 1 ifyeEs, R 1 ifyekE,,
mF(y>=§ yers ():§ Y P

0 ify ¢ Ey, 0 if ygE,.

Hence B
mr(y) = f(y), mc(y) =g®y).
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Let ¢; and ¢, be independent random variables with values in the group X and dis-
tributions A; = mp and A, = mg. We conclude from (17.56) that the characteristic
functions f(y) and g(y) also satisfy equation (17.1). By Lemma 16.1 this implies that
the conditional distribution of the linear forms L, = {1 + 8¢, given Ly = &1 + {5 is
symmetric. All conditions of Lemma 17.25 are satisfied. By Lemma 17.25, F = G
and §(G) = G.

Let us return to the original random variables &; and &, and to the linear forms
Ly =& +&and L, = & + 8&. Since o(u;) C G, the random variables §; take
values in the finite group G. Since §(G) = G, the conditions of Corollary 17.2 are
fulfilled. By Corollary 17.2, uj = mg * Ex,, where K is a subgroup of the group G,
andx; € X,j =1,2. O

Remark 17.27. Theorem 17.26 and Remark 17.21 imply the following assertion. Let
X = R™xN,wherem > 0and N is adiscrete group containing no elements of order 2.
Let £ and &, be independent random variables with values in X and distributions pt;
and py. Let o, B;, j = 1,2, be topological automorphisms of the group X such
that 1oy &+ Bras! € Aut(X). If the conditional distribution of the linear form
Ly = B1&1 + B2&s given Ly = 1€y + a6, is symmetric, then u; = y; * m;, where
yi € T(R™), mj e I(X), j =1,2.






Appendix

The Kac-Bernstein and Skitovich—-Darmois
functional equations on locally compact Abelian
groups

Let X be a second countable locally compact Abelian group, Y be its character group.
Consider equation 10.1 (i) (the Skitovich—Darmois functional equation). We conclude
from Theorem 10.3 and Remark 10.4 that the following statements are equivalent:

(i) for any topological automorphisms &;, B i of the group Y all solutions of the
Skitovich—Darmois functional equation in the class of non-vanishing continuous
normalized positive definite functions are characteristic functions of Gaussian
distributions;

(i1) the group X contains no subgroup topologically isomorphic to the circle group T.

In this appendix we give a complete description of groups Y which possess the
property: for n = 2 all solutions of the Skitovich—-Darmois functional equation in
the class of non-vanishing continuous normalized Hermitian functions are functions
of the Gaussian type. Then we solve an analogous problem in the class of measurable
functions (with respect to the Haar measure) and consider some similar problems.

A.1 Definitions and notation. We will assume that X is a second countable locally
compact Abelian group. Denote by Y its character group. An automorphism o €
Aut(X) is called regular if the equation «x = x, x € X, has a unique solution x = 0.
A group X is called regularly complete (see [68]) if all its topological automorphisms
except the identity automorphism are regular. Denote by bX the Bohr compactification
of a group X. For a given group Y denote by Y this group with the discrete topology.
We observe that (bX)* =~ Y, ([59], (26.12)). If x1,...,x; € X, then denote by
(x1,...,xk) the subgroup of the group X generated by elements x;, i.e., the set of
elements of the form x = /yxy + --- + g xx, where [; € Z. A function f(y) on the
group Y is called Hermitian if

f=y)=f(). yer.

We conclude from the Bochner theorem and 2.7 (d) that each positive definite function
is Hermitian.

First we will discuss the following problem: When are all non-vanishing continuous
normalized Hermitian solutions of the Kac—Bernstein functional equation functions of
the Gaussian type?
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Proposition A.2. The following statements are equivalent:

(a) all non-vanishing continuous normalized Hermitian functions f;(y) on Y satis-
fying the equation

() AW +v)f2u—v) = filw) 1(v) o) f2(-v). w.veY,

are represented in the form
(i) fi(y) = (xj,y)expie(»)}, y e,

where x; € X and ¢(y) is a continuous real-valued function satisfying equa-
tion 2.14 (ii);
(b) X contains no elements of order 2.

Proof. (a) = (b). Assume that a group X contains an element of order 2. Take
X0 € X(2), Xo # 0. Then G = (xo) = Z(2). Set H = A(Y, G). Since G C X(), we
conclude from Theorems 1.9.1 and 1.9.5that H D Y® . Leta € R, a #0,a # +£1.
Consider on the group Y the functions

Ay =)t e gy =t e

a ifydH, l/a ify & H.
Since the subgroup H is the annihilator of a compact subgroup, it follows from The-
orem 1.9.4 that the subgroup H is open in Y. Hence f;(y) are continuous functions.
It is obvious that the functions f;(y) do not vanish, and they are normalized and Her-
mitian. We will verify that the functions f;(y) satisfy equation (i). It is clear that
the right-hand side of equation (i) is equal to 1 for all u,v € Y. Assume that there
exist elements u, v € Y such that the left-hand side of equation (i) is not equal to 1.
Then eitheru +v € H,u—v &€ Horu+v & H,u—v € H. In both cases we
have 2u ¢ H contrary to the inclusion H D ¥ ®_ Thus the functions i (y) satisfy
equation (i). Obviously, they can not be represented in the form (ii).

(b) = (a). Assume that X(,) = {0}. Then by Theorem 1.9.5,

Y =Y®. (A.1)
By Remark 7.15 we have on the subgroup Y the representation

i) = (), y)explo(n)}, yeY®, (A2)

where x; € X and the function ¢(y) is continuous and satisfies equation 2.14 (ii). The
desired representation follows from (A.1) and (A.2). O

A.3. Suppose that in equation A.2 (i), f1(y) = f2(¥) = f (), i.e., the function f(y)
satisfies the equation

f+v)fu—v) = f2w) f(v) f(-v), uveY. (A3)
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We will solve now the following problem: For which groups Y are all non-vanishing
continuous normalized Hermitian solutions of equation (A.3) of the form

f() = (x,y)explo(y)}, (A.4)

where x € X, and ¢(y) is a continuous real-valued function satisfying equation
2.14 (i1)? It turns out that the corresponding class of groups is wider than the class
of groups described in Proposition A.2.

Proposition A.4. The following statements are equivalent:

(a) every non-vanishing continuous normalized Hermitian function f(y) on Y sat-
isfying equation (A.3) is represented in the form (A.4);
(b) X contains at the most one element of order 2.

Proof. (a) = (b). Assume that a group X contains more than one element of order 2.
Take x1,x2 € X(2), x; # 0, x1 # X2, and consider the subgroup G = (x1, x3),
generated by elements x; and x,. Then G = (Z(2))?. Set H = A(Y,G). Since
G C X(2), Theorems 1.9.1 and 1.9.5 imply H D Y@ Consider on the group Y the
function

1 ifye H,

TOY=020 ity g m

Since the subgroup H is the annihilator of a compact subgroup, Theorem 1.9.2 implies
that the subgroup H is open in Y. Hence f(y) is a continuous function. It is obvious
that the function f(y) does not vanish, and it is normalized and Hermitian. Arguing as
in the proof of Proposition A.2, we verify that the function f(y) satisfies equation (A.3).
By Theorem 1.9.4, G* = Y/H. Hence Y/H == (Z(2))?. It follows from this that the
function f(y) is not a character of the group Y and therefore it can not be represented
in the form (A.4).

(b) = (a). Assume that either X5y = {0} or X(o) = Z(2). Set p(y) = In|f(y)|.
Since f(y) is a Hermitian function, the equality | f(—y)| = | ()| holds. Taking this
into account we conclude from equation (A.3) that ¢(y) is a continuous real-valued
function satisfying equation 2.14 (ii).

Putl(y) = f(»)/|f(y)|- Itis obvious that /(y) is a continuous function satisfying
equation 9.5 (ii). Moreover the conditions: [(—y) = [(y), |[(y)| = 1, forall y € Y,
[(0) = 1 are satisfied. Therefore Corollary 9.13 yields that /(y) is a character of the
group Y. By the Pontryagin duality theorem the function /(y) can be represented in
the form /(y) = (x, y), where x € X. Thus the function f(y) is represented in the
form (A.4). O

We will discuss now the problem: When are non-vanishing measurable normalized
Hermitian solutions of the Kac—Bernstein functional equation functions of the Gaussian
type? We need the following well-known statements.

Lemma A.5. Let ¢(y) be a measurable function on a group Y satisfying equa-
tion 2.14 (ii). Then ¢(y) is continuous.
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Proof. Obviously, any function ¢(y) satisfying equation 2.14 (ii) is an algebraic poly-
nomial on Y. Since ¢(y) is a measurable function and any measurable algebraic poly-
nomial on a locally compact Abelian group is continuous (see e.g. [99], Theorem 3.11),
the function ¢(y) is continuous. O

Lemma A.6 ([59], (22.19)). Let l(y) be a measurable function on a group Y satisfying

the equation
1) I(u+v)=Iw)lw), u,vey.

Then [(y) is continuous.

Proposition A.7. The following statements are equivalent:

(a) all non-vanishing measurable normalized Hermitian functions f;(y) on Y sat-
isfying equation A.2 (i) are represented in the form A.2 (ii);
(b) bX contains no elements of order 2.

Proof. (a) = (b). Since (bX)* = Yy, it follows from Theorem 1.9.5 that the condition
(bX)(2) = {0} is equivalent to the condition ¥ = Y @ Hence if (bX )2) # {0}, then
Y #Y @ Leta € R,a # 0,a # %1. Consider on the group Y the functions

ifyevy®, 1 ifyeY®,

1
Sily) = f(y) = 1/a inyY(z).

a ifydy®,

Since the group Y is second countable, the subgroup Y @) js measurable. It is obvi-
ous that the functions f;(y) do not vanish, and they are measurable normalized and
Hermitian. Arguing as in the proof of Proposition A.2, we verify that the functions
/i () satisfy equation A.2 (i). Obviously, the functions f;(y) can not be represented
in the form A.2 (ii). Note that the subgroup Y ®) does not need to be open. Hence the
functions f;(y) may be discontinuous.

(b) = (a). Assume that (X)) = {0}. As has been noted above, it follows from
this that ¥ = ¥ ®_ By Remark 7.15 on the subgroup Y ® we have the representation

i) =1L exple(»)}, yeY?, (A.5)

where each of the functions /;(y) satisfies equation A.6 (i) on the subgroup Y®,
Hence the representation (A.5) holds on Y. Since ¢(y) = In|f; ()|, j = 1,2, the
function ¢(y) is measurable. Hence by Lemma A.5 the function ¢(y) is continuous.
By Lemma A.6 the function /;(y) is also continuous, i.e., /;(y) is a character of the
group Y. Applying the Pontryagin duality theorem we obtain that the function /; (y)
can be represented in the form /; (y) = (x;, y), where x; € X, j = 1,2. O

Proposition A.8. The following statements are equivalent:

(a) every non-vanishing measurable normalized Hermitian function f(y)onY sat-
isfying equation (A.3) is represented in the form (A.4);

(b) bX contains at most one element of order 2.
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Proof. (a) = (b). Assume that the subgroup (bX)() contains more than one ele-
ment of order 2. Since (bX)* =~ Yy, it follows from Theorems 1.9.2 and 1.9.5 that
(bX)(2)* =Yq/ (Y47)@. Hence the decomposition of ¥ with respect to the subgroup
Y @ contains at least four cosets. Consider on the group Y the function

i 2
r=1t el
-1 ify Y,

Since the group Y is second countable, the subgroup ¥ ® is measurable. It is
obvious that the function f(y) does not vanish, and it is measurable normalized and
Hermitian. Arguing as in the proof of Proposition A.2, we verify that the function f(y)
satisfies equation (A.3). Since the decomposition of the group Y with respect to the
subgroup Y ® contains at least four cosets, it is easily seen that the function f(y) does
not satisfy equation A.6 (i) and, hence it can not be represented in the form (A.4).

(b) = (a). Assume that either (bX)(2) = {0} or (bX)(2) = Z(2). The representa-
tion | f(y)| = exp{e(y)}, where the function ¢(y) satisfies equation 2.14 (ii), follows
from the fact that the function f(y) is Hermitian and satisfies equation (A.3). Since
the function ¢(y) is measurable, we conclude from Lemma A.5 that the function ¢(y)
is continuous.

Put I(y) = f(»)/|f(y)|. Let us now make use of Remark 7.15 for fi(y) =
f2(y) = f(»y). By Remark 7.15 we have the representation (A.5).

Assume first that (bX)) = {0}. Since (bX)* = Y;, we deduce from Theo-
rem 1.9.5 that the condition (bX)2) = {0} is equivalent to the condition ¥ = Y®,
Hence the function /(y) satisfies equation A.6 (i) on the group Y. By Lemma A.6 the
function /(y) is continuous. By the Pontryagin duality theorem the function /(y) can
be represented in the form /(y) = (x, y), where x € X. Thus the function f(y) can
be represented in the form (A.4). In this case (b) = (a) is proved.

Assume now that (bX)) = Z(2). Since (bX)* == Yg, it follows from Theo-
rems 1.9.2 and 1.9.5 that the condition (bX )2y = Z(2) is equivalent to the fact that the
decomposition of the group Y with respect to the subgroup ¥ ? contains two cosets,
ie,Y = YPD U (yg +YP). Since Y is second countable, the subgroup ¥ @ is
measurable. The Haar measure of the subgroup Y @ can not be equal to zero because
in this case the Haar measure of the group Y is also equal to zero. On the other hand, if
the Haar measure of the subgroup Y ) is positive, then ¥ ?) contains a neighborhood
of zero of the group Y ([59], (20.17)). Thus the subgroup ¥ ® is open. Hence Y @ is
closed and therefore it is locally compact. The function /(y) is measurable and satisfies
equation A.6 (i) on a locally compact Abelian group. By Lemma A.6 the function /(y)
is continuous on the subgroup ¥ ®. Hence it is a character of the subgroup ¥ ?. By
Theorem 1.9.2 there exists an element xo € X such that [(y) = (xo,y), y € Y®.
Set m(y) = [(y)/(x0,y). In order to prove that m(y) is a character of the group Y
and hence /(y) is a character of the group Y, we argue in the same way as in the proof
of the corresponding statement of Proposition 9.11. O
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Remark A.9. As has been shown in Lemmas 7.8 and 7.9, the following classes of
groups Y coincide:

(a) the class of groups Y on which all non-vanishing continuous normalized positive
definite functions f;(y) satisfying equation A.2 (i) are of the form A.2 (ii);

(b) the class of groups Y such that the group X contains no subgroup topologically
isomorphic to the circle group T.

Comparing this statement with Propositions A.2 and A.7 we see that when we
strengthen the restrictions for the non-vanishing solutions on equation A.2 (i) (measur-
able, continuous, continuous positive definite) the corresponding class of groups on
which these solutions are of the form A.2 (ii) is enlarged (bX contains no elements
of order 2, X contains no elements of order 2, X contains no subgroup topologically
isomorphic to T). The same is also true for equation (A.3) (see Propositions A.3 and
A.8), because as has been proved in Lemmas 9.7 and 9.9 the following classes of groups
Y coincide:

(a’) the class of groups Y on which any non-vanishing continuous normalized positive
definite function f(y) satisfying equation (A.3) is of the form (A.4);

(b") the class of groups Y such that the group X contains no subgroup topologically
isomorphic to the group T2.

A.10. Consider equation 10.1 (i) (the Skitovich—-Darmois functional equation) in the
case n = 2. We will study now when all non-vanishing continuous normalized Hermi-
tian solutions of this equation are functions of the Gaussian type. It is easily seen that
for n = 2 the study of solutions of equation 10.1 (i) is reduced to the study of solutions
of equation (10.23), i.e.,

filu +v) fo(u +ev) = fi(w) f1(v) f2(u) f2(sv), u, vevy. (A.6)

Theorem A.11. Assume that Y is not topologically isomorphic to the group Z(2). Let
¢ be an arbitrary topological automorphism of Y, ¢ # I. The following statements
are equivalent:

(a) all non-vanishing continuous normalized Hermitian functions f;(y) on Y satis-
fying equation (A.6) are represented in the form

D) fi(y) = (xj,y)explp;(y)}, y €Y,

where x; € X and ¢;(y) are continuous real-valued functions satisfying equation
2.14 (ii);
(b) X is regularly complete.

Proof. (a) = (b). Assume that X is not regularly complete. We will verify that there
exist an automorphism ¢ € Aut(Y), ¢ # I, and non-vanishing continuous normalized
Hermitian functions f; () on the group Y satisfying equation (A.6) and such that they
can not be represented in the form (i). By the condition there exists a non-regular
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automorphism § € Aut(X),§ # I. Set G = Ker(6 — 1), H = A(Y,G) and ¢ = 5.
Since G # {0}, it follows from 1.13 (b) that

H=(@E—-1)Y #Y. (A7)

Consider the factor group Y/H. We conclude from (A.7) that Y/H # {0}. The
inclusion ¢(H) C H implies that & induces a homomorphism & on the factor group
Y/H. Since ey —y € H for any y € Y, we have &[y] = [y] for any [y] € Y/H,
i.e., & = I. Let h([y]) be an arbitrary non-vanishing continuous normalized Hermitian
function on the factor group Y /H . Set

AG) =h(yD.  fa(y) =1/h(y].

It is obvious that f;(y) are non-vanishing continuous normalized Hermitian functions
on the group Y. Since ¢ = I, the functions f;(y) satisfy equation (A.6). It is clear
that the function A ([y]) can be chosen in such a way that the functions f;(y) are not
represented in the form (i).

(b) = (a). Assume that X is regularly complete. Take an arbitrary automorphism
e € Aut(Y),e # 1. Since§ = Eisaregular automorphism, wehave G = Ker(§—1) =
{0} and hence by 1.13 (b),

A(Y,G)=(e—1)Y =Y. (A.8)

By Lemma 12.3 each function f;(y) satisfies equation 12.3 (ii) for u € (¢ — I)Y,
v € Y. Taking into account that the function f;(y) is continuous, it follows from
(A.8) that f;(y) satisfies equation 12.3 (ii) for all u, v € Y. Note now that X # X(5)
because if X = X(3), then by Theorem 1.11.5 the group X is topologically isomorphic
to the group

Z2)" x Z(2)™*, (A9)

where n and m are cardinal numbers, the group Z(p)™ is considered in the product
topology and the group Z (p)™* is considered in the discrete topology. Since X 2 Z(2)
and X is a group of the form (A.9), X is not regularly complete. We deduce from
X # X that = # I. Since the group X is regularly complete, —/ is a regular
automorphism of the group X. Hence X3y = {0}. Applying Proposition A.4, we
obtain the desired representation for the function f; (y). O

Let ¢ € Aut(Y), § = &. Assume that X is not regularly complete. The proof of
(a) = (b) in Theorem A.11 shows that the condition of regularity of § is necessary in or-
der that all non-vanishing continuous normalized Hermitian solutions of equation (A.6)
can be represented in the form A.11 (i). Let § € Aut(X) be a regular automorphism.
The following natural question arises: For which groups Y does the regularity of § im-
ply that all non-vanishing continuous normalized Hermitian solutions of equation (A.6)
can be represented in the form A.11 (i)? Obviously, to solve this problem we should
restrict ourselves to such groups Y for which there exist regular automorphisms of the
group X. In particular for such groups the condition Xy 2 Z(2) holds. We need
some lemmas.
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Lemma A.12. Assume that ¢ € Auw(Y), and § = & is a regular automorphism.
Then all non-vanishing continuous normalized Hermitian functions f;(y) satisfying
equation (A.6) can be represented in the form

1) fi(»y) =m;(y)(x;,y)expie; ()},

where m;(y) are Y D invariant continuous normalized Hermitian functions satisfying
equation (A.6) and taking values £1, x; € X, and ¢;(y) are continuous real-valued
functions satisfying equation 2.16 (ii).

Proof. Set ¢;(y) = In| f;(y)|. Taking into account that § is a regular automorphism
and arguing as in the proof of (b) = (a) in Theorem A.11, we obtain that each function
J; (y) satisfies equation 12.3 (ii) forallu, v € Y. Taking into account that the functions
J; (y) are Hermitian, it follows from equation 12.3 (ii) that the function ¢; (y) satisfies
equation 2.16 (ii). It is obvious that the function ¢; (y) is continuous.

Put/;(y) = f;(»)/]fj(»)|. Itis obvious that the function /; () satisfies the condi-
tions of Corollary 9.12. Applying Corollary 9.12 we obtain the required assertion. []

Let Y = (Z(2))" and ¢ € Aut(Y). We introduce the following notation. For a
given y € Y denote by |y| the natural k such that the elements y, ey, ..., e~y are
independent, and Xy € (y, ey, ..., ek 1y).

Lemma A.13. Let Y = (Z(2))", wheren = 2,3, 5. Let € be a regular automorphism
of the group Y. Then there exists an element { € Y such that || = n.

Proof. Note first that there is no subgroup A4 of Y such that 4 =~ (Z(2))""!, and A
is invariant with respect to €. To prove this, assume that such a subgroup A exists.
Take yo ¢ A. Then eyg = y¢ + a, where a € A and a # 0. Since ¢ is a regular
automorphism and Y is a finite group, we have ¢ — I € Aut(Y). On the other hand,
(e—1)yo = a € A, but this is impossible because the restriction of the automorphism
& — I to the subgroup A is an automorphism of the subgroup A. This remark implies
the existence of the desired element { € Y in the cases when ¥ = (Z(2))? and
Y =(Z(22))>.

Let Y = (Z(2))° and suppose that |y| < 5 for any y € Y. First assume that there
exists an element yg € Y such that |yg| = 4. Consider the subgroup A = (yg, €0,
£2y0,83y0). Then A = (Z(2))*, and A is invariant with respect to &. As has been noted
above, this is impossible. Hence |y| < 3 forall y € Y. Assume now that |y;| = 3 for
some y; € Y. In this case the elements y1, yo = gy, and y3 = &2y are independent
and ey3 € (y1, y2, y3) = Y. Take anelement y4 ¢ Y; and put y5 = &y,4. Itis obvious
that ys & Y7. Assume firstthat eys & (y4, y5). Then |y4| = 3. Set Y2 = (y4, y5,€y5).
The subgroup Y> by construction is invariant with respect to . Hence the subgroup
Y3 = Y1 N Y, is also invariant with respect to €. Since Y3 = Z(2), the invariance of Y3
with respect to & contradicts the regularity of e. Hence eys € (y4, y5), and this implies
that ey5 = y4 + ys, because if eys = yq4, then e(y4 + y5) = y4 + ys, contrary to the
regularity of . Note now that if ey3 = y1 + y2 + y3, then e(y1 + y3) = y1 + »3,
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contrary to the regularity of €. This means that either ey3 = y; + y, oreys = y1 + y3.
Putting y = y; + y4, it is easily seen that in both cases |J| = 5, contrary to the
assumption. Therefore |y| < 2 forall y € Y. So, there exist elements z; € Y,
j =1,2,3,4,suchthat ez; = z,, €25 = z1 + 23, €23 = Z4, €24 = z3 + z4. Hence
the subgroup 4 = (21,22, 23, z4) = (Z(2))* and A is invariant with respect to &, but
as has been noted above, this is impossible. O

LemmaA.14. Let Y = (Z(2))", wheren > 2, and let ey, . .., e, be generators of the
group Y. Let € be an automorphism of Y such that ee; = ej+1,i = 1,2,...,n—1. If
functions f;(y) are normalized, satisfy equation (A.6), and take values 1, then f;(y)
are characters of the group Y .

Proof. 1t is obvious that there exist elements x1, X, € X such that (x1,e;) = fi(e;),
(x2,€;) = fale;), i = 1,2,...,n. Since the characters (x1,y), (x2,y) satisfy
equation (A.6), we can consider the new functions f1(y) = f1(¥)(x1,y), f2(y) =
f2(»)(x2, y) which also satisfy equation (A.6). These functions satisfy the conditions
filei) = fa(ei)) =1,i = 1,2,...,n. We will verify that f1(y) = f2(y) = 1 forall
y € Y. Thus the lemma will be proved.

Set Ay = (e1,...,ex). We will prove the desired statement by induction on k.
For y € A; the statement is true. Assume that the statement is true for y € Ag.
Take an arbitrary element y € Agyq \ Ag. Then y = z + eg4 for some z € Ag.
Substitute ¥ = z, v = ey in (A.6). Then the rlght -hand side of (A 6) is equal to 1, and
fi(u + v) = 1 because u + v € Ay. Hence fo(u + gv) = f>(y) = 1. Substitute
U = ery1, v = z in (A.6). It follows from ev € Ay that Falev) = fz(u +ev) = 1.
Since the right-hand side of (A.6) is equal to 1, we have fitu+v) = fi(y) = 1. Thus

fl()’) Sa(y) = 1fory € Agyq. O

Theorem A.15. Let a group X satisfy the following condition: (i) either X () = {0}
or Xy = (Z(2))", where n = 2,3,5. Assume that ¢ € Aut(Y) and § = & isa
regular automorphism. If non-vanishing continuous normalized Hermitian functions
1 () satisfy equation (A.6), then they can be represented in the form A.11 (i).

Proof. Taking into account Lemma A.12, it suffices to show that the functions m; (y)
in representation A.12 (i) are characters of the group Y. If X5y = {0}, then by
Theorem 1.9.5, Y® = ¥. As has been proved in Lemma A.12, m;(y) = 1 for

y € Y ®. Therefore in this case the theorem is proved.
Let X(o) = (Z(2))", where n = 2,3,5. As has been proved in Lemma A.12,

the functions m; (y) are Y @)_jnvariant. Hence the functions m () induce some nor-
malized functions 777 (y) on the factor group Y/ Y ® which satisfy equation (A.6) and
take the values 1. Note that by Theorems 1.9.2 and 1.9.5, (Y/Y_(z))* =~ X It
follows from (i) that Y/Y® = (Z(2))", where n = 2,3,5. Since ¢ € Aut(Y @),
the automorphism ¢ induces an automorphism £ on the factor group Y/ Y®. The

automorphism £ is the automorphism adjoint to the restriction of the regular automor-
phism § to the subgroup X(3). Since X(;) is a finite subgroup, ¢ is also a regular
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automorphism. By Lemma A.13 there exists an element ¢ € Y/ Y @ such that |¢] = n.
Pute; = &71¢,i = 1,2,...,n. Then ¢; are generators of the group Y/zz) and
ge; = ejy1,1 = 1,2,...,n — 1. Applying Lemma A.14 to the gr%Y/Y(Z), we
obtain that the functions 777} () are characters of the factor group Y /Y @), Hence the
functions m; (y) are also characters of the group Y. O

Remark A.16. Condition A.15 (i) is critical for the correctness of Theorem A.15. Let
Y = (Z(2))", where eithern = 4orn > 6. Then X = X(5) = (Z(2))" and condition
A.15() is not fulfilled. Assume first that n = 4. Denote by y = (a1,a2,as,ds),
where a; € Z(2), elements of Y. Consider ¢ € Aut(Y) of the form

e(ay,az,as,as) = (az,ay + az,as,as + as). (A.10)

Put § = &. Obviously, ¢ is a regular automorphism. Since Y is a finite group, § = & is
also a regular automorphism. Consider on the group Y the functions of the form

fl(al,az,a3,a4) = exp{ni(a1a3 +ajaq + 112(13},

falar,az,a3,a4) = expimi(aiaq + azas + azaa}.

It is obvious that the functions f;(y) do not vanish, and they are normalized and
Hermitian. It is easily seen that f;(y) satisfy equation (A.6). Since the functions
Ji(y) are not characters of the group Y, they can not be represented in the form
A.11(i). Thus for the group Y = (Z(2))* there exists the automorphism & € Aut(Y)
such that:

(a) 8 = & is aregular automorphism;
(b) there exist non-vanishing normalized Hermitian solutions of equation (A.6) such
that they can not be represented in the form A.11 (i).

Let n > 6. Represent the group Y in the form Y = Y; x Y5, where Y| = (Z(2))*,
Y, = (Z(Z))k,k > 2. PutX; = YJ*] = 1, 2. Note that there exists an automorphism
a € Aut(Y>) such that ¢ is a regular automorphism of X,. The standard reasoning
shows that the existence of ¢ € Aut(Y') such that statements (a) and (b) hold follows
from the existence of such ¢ in the case of n = 4.

Note that if Y = (Z(2))", n > 2, and we suppose that ce, = e; + e, in
Lemma A.14, then ¢ is a regular automorphism. Hence § = ¢ is also a regular au-
tomorphism. We conclude now from Lemmas A.12 and A.14 that there exists an
automorphism & € Aut((Z(2))") such that all non-vanishing normalized Hermitian
functions f; () satisfying equation (A.6) are of the form A.11 (i).

In connection with Remark A.16 we will prove the following statement.

Proposition A.17. There exists a group Y which has the properties:

(a) there exists an automorphism ¢ € Aut(Y') such that § = ¢ is a regular automor-
phism of the group X ;
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(b) for any ¢ € Aut(Y') there exist non-vanishing continuous normalized Hermitian
solutions of equation (A.6) such that they can not be represented in the form
A.11 ().

Proof. Following [51], § 116, Example 4), take two disjoint sets of prime numbers
{pi} and {g;} such that p; =1 (mod 4) and ¢; = 1 (mod 6). Take integers k; and /;
which satisfy the conditions k? = 1 (mod p;) and [? + [; = —1 (mod ¢;). Put

Y = {a,b,c,d, p7(a+kib), pit(c+kid), g7 (a+1ic), g7 (d +1;b) for alli).

The group Y is countable. Consider Y with the discrete topology. As has been shown
in [51], § 116, the group Aut(Y) consists of the following automorphisms:

81=I;

822—1;
g:ar—b, b~ —a,c—>b—d,d—c—a;
E4 = —€3;

es:arc,b—~d, cr—c—a,dw—d-b;
E6 = —€5;
griar—~d, b —c, c—b,d— —a;

&g = —¢€7;
g:a~a—c,b—b—d,c—a, dw— b;
€10 = —&9;
enn;a—b—d,b—c—a, c—~ —d, d — c;

€12 = —€11.

Since Y is a torsion-free group of finite rank, it follows from 1.13 (b) that for any
¢ € Aut(Y) the adjoint automorphism § = & is regular if and only if (¢ — 1) € Aut(Y).
This implies that there exist only two regular topological automorphisms of the group
X, namely §5 = €5 and §9 = &o. Thus statement (a) is proved. Let us prove (b). We
conclude from the proof of (a) = (b) in Theorem A.11 thatif ¢ € Aut(Y) and § = ¢
is not a regular automorphism, then there exist non-vanishing continuous normalized
Hermitian solutions of equation (A.6) such that they can not be represented in the form
A.11 (). It still remains to prove that the automorphisms &5 and &9 for which §5 and
89 are regular have the same property. Denote by s, & the automorphisms on the
factor group ¥/Y ® induced by &5, 9. It is obvious that Y/Y® =~ (Z(2))*. It is
easily verified that the automorphisms &s, &9 operate on the factor group ¥/ ¥ ? under
appropriate choice of generators in ¥/ ¥ by formula (A.10). Hence as has been
noted in Remark A.16, for &5 and &g there exist non-vanishing normalized Hermitian
solutions of equation (A.6) which take values %1 such that they can not be represented
in the form A.11 (i). These solutions one can consider as functions on Y which have
the same properties with respect to the automorphisms €5 and 9. O
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A.18. We will study now non-vanishing measurable normalized Hermitian solutions
of equation (A.6). Obviously, any automorphism ¢ € Aut(Y) can be regarded as an
automorphism of the group Y. Let § € Aut(X). Consider the adjoint automorphism
8 € Aut(Y) as an automorphism of the group Y. Since bX = (Y;)*, denote by §
the topological automorphism of the group X adjoint to §e Aut(Yy). The group X
is a dense subgroup of the group bX, and it is easily seen that the restriction of the
automorphism § to the subgroup X coincides with §.

An automorphism § € Aut(X) is called strongly regular, if the automorphism
§ € Aut(bX) is regular.

Example A.19. We give an example of a group X and a regular automorphism
6 € Aut(X) which is not strongly regular. For this purpose we slightly modify the
construction from [59], (24.44). Denote by Y a set of sequences (ag), where ay, is a
27th root of unity for some natural p, and a; = =1 for all but a finite set of indices.
Obviously, Y is an Abelian group with respect to multiplication. For a finite set A
of indices k let U, be the set of all (a;) such that ap = 1 fork € A and a; = +1
for k & A. Let all Uy be taken as an open basis at the identity (1z). With respect
to the introduced topology, Y is a second countable locally compact Abelian group.

Note that Y @ £ Y and Y® —y. PutX = Y* andlet§ e Aut(X) be of the form
§x =3x,x € X. Sete = 8. Theney = 3y, y € Y and §x = 3x, x € bX. Since
the image (¢ — I)Y = Y@ is dense in Y, we conclude from 1.13 (b) that X, @ = 10},
and hence § is a regular automorphism. Since (bX)* = Y, it follows from Theo-
rems 1.9.2 and 1.9.5 that ((bX)(p))* = Yy/(Y7)@. Therefore § € Aut(bX) is not a
regular automorphism. Hence § is not strongly regular.

A group X is called strongly regularly complete if all its topological automorphisms
except the identity automorphism are strongly regular.

Theorem A.20. Assume that a group Y is not topologically isomorphic to the group
Z(2). Let ¢ be an arbitrary topological automorphism of Y, ¢ # 1. The following
statements are equivalent:

(a) all non-vanishing measurable normalized Hermitian functions f;(y) on Y sat-
isfying equation (A.6) are represented in the form A.11 (i);
(b) X is strongly regularly complete.

Proof. (a) = (b). Assume that X is not strongly regularly complete. We will prove
that there exists an automorphism ¢ € Aut(Y), ¢ # I, and non-vanishing measurable
normalized Hermitian functions f;(y) on the group Y satisfying equation (A.6) and
such that they can not be represented in the form A.11 (i). By the condition there exists
a not strongly regular automorphism § € Aut(X). Pute =8, H = (¢ — )Y . Since §
is not strongly regular, we have H # Y. Leta € R, a # 0, a # 1. Consider on the
group Y the functions

ifye H, ifye H,
f(y) =

=1 ¥y em. 1/a ify & H.
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Obviously, f;(y) are non-vanishing measurable normalized Hermitian functions. We
will verify that the functions f; () satisfy equation (A.6). Since e = H, the right-
hand side of equation (A.6) is equal to 1 for all u,v € Y. Suppose that there exist
u,v € Y such that the left-hand side of equation (A.6) is not equal to 1. This implies
that eitheru +ve Hu+ev ¢ Horu+v & H,u + ev € H. In both cases we
have (¢ — I)v € H contrary to the definition of H. Thus the functions f;(y) satisfy
equation (A.6) and obviously, they can not be represented in the form A.11 (i).

(b) = (a). Reasoning as in the proof of (b) = (a) in Theorem A.11 we obtain that
the strongly regularity of the group X implies that (¢ — )Y = Y for any ¢ € Aut(Y),
e # I. Moreover (bX)(z) = {0}. The statement of the theorem follows now from
Lemma 12.3 and Proposition A.8. O

Lete € Aut(Y) and § = . Assume that X is not strongly regularly complete. The
proof of (a) = (b) in Theorem A.19 shows that the condition of strong regularity of §
is necessary in order that all non-vanishing measurable normalized Hermitian solutions
of equation (A.6) can be represented in the form A.11 (i). Let § € Aut(X) be a strongly
regular automorphism. The following natural question arises: For which groups Y
can the strong regularity of § imply that all non-vanishing measurable normalized
Hermitian solutions of equation (A.6) be represented in the form A.11 (i)? Obviously,
to solve this problem we should restrict ourselves to such groups Y for which there
exist strongly regular automorphisms of the group X . In particular for such groups the
condition (bX)(z) % Z(2) holds.

Theorem A.21. Let a group X satisfy the condition: (i) either (bX)@) = {0} or
(bX)y = (Z(2))", where n = 2,3,5. Assume that ¢ € Aut(Y) and § = € is a
strongly regular automorphism. If non-vanishing measurable normalized Hermitian
functions f;(y) satisfy equation (A.6), then they can be represented in the form A.11 (i).

Proof. Put;(y) = In| f;(y)|. Arguing as in the proof of (b) = (a) in Theorem A.11
we obtain that if § is a strongly regular automorphism, then Y = (¢ — )Y . Applying
Lemma 12.3 we get that the functions f;(y) satisfy equation 12.3 (ii) forallu,v € Y.
Inasmuch as f;(y) are normalized Hermitian functions, each of the functions ¢; (y)
satisfies equation 2.14 (ii). Since the functions ¢; (y) are measurable, by Lemma A.5
the functions ¢; (y) are continuous.

Arguing as in the proof of (b) = (a) in Proposition A.8 we make sure that condition
(i) implies that the subgroup ¥ ? is closed. In the final part of the proof we reason as
in the proof of Theorem A.15. O






Comments and unsolved problems

Chapter I1

The standard definition of a Gaussian distribution on a locally compact Abelian group
was first introduced by Parthasarathy, Ranga Rao, and Varadhan in [90]. They define a
Gaussian distribution y as a distribution satisfying the conditions of Proposition 3.16
and prove that y is Gaussian if and only if its characteristic function can be represented
in the form 3.1 (i). In [90] the main properties of the Gaussian distributions were also
studied. We note that in [90] along with other results the representation of the char-
acteristic function of an infinitely divisible distribution on a locally compact Abelian
group (the Lévy—Khinchin formula) was obtained. The results of the article [90] were
included in the monographs [63] and [89].

Propositions 3.6, 3.16, 3.17, and Remarks 3.3, 3.4, 3.12 belong to Parthasarathy,
Ranga Rao, and Varadhan ([90]). We follow [63] in the proof of Lemma 3.18 and in
the presentation of items 3.15 and 3.19 (b). We follow the review [95] by Sazonov and
Tutubalin in the proof of Proposition 3.6. We also note that in [63] a part of the results
of the article [90] was generalized on locally compact Abelian groups which need not
be second countable.

The Gaussian distributions on the finite-dimensional torus T” were studied by
Siebert in [97] (see also [63], §5.5). The Gaussian distributions on the infinite-
dimensional torus T®0 which correspond to diagonal matrices in Proposition 3.11
were studied by Bendikov in [3], [4], Siebert in [97], and Berg in [11] (see also [5], [7],
[12]). Propositions 3.8, 3.11, and 3.14 were proved by Feldman in [27]. In connection
with Propositions 3.11 and 3.14 see also the article [8] by Bendikov and Saloff-Coste.
We note that Siebert in [97] proved that if on a connected locally compact Abelian
group X an absolutely continuous Gaussian distribution exists, then X must be locally
connected and second countable. The existence of absolutely continuous Gaussian
distributions on such groups was proved independently by Bendikov ([3]), Siebert
([97]), and Berg ([11]). Statement 3.19 (c) belongs to Feldman. Gaussian semigroups
on infinite-dimensional locally compact groups, not necessarily Abelian, were stud-
ied recently by Bendikov and by Bendikov and Saloff-Coste in connection with the
theory of potential on these groups constructed by them (see e.g. the monograph [6]
by Bendikov, and see also the articles [9] and [10] where one can find further refer-
ences).

The classical Cramér theorem on decomposition of the Gaussian distribution on
the real line was proved in [21]. It was the first result in arithmetic of probability
distributions. It is interesting to remark that all known proofs of the Cramér theorem
are based on the application of complex analysis. The monographs [22], [73], [74] and
reviews [75], [88] are devoted to arithmetic of probability distributions on the real line
and in the space R”. The main part of the monographs [76] and [92] is devoted to the
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same subject. The basic results on arithmetic of probability distributions on locally
compact Abelian groups are contained in [33].

Marcinkiewicz noted in [77] that any Gaussian distribution on the circle group T has
non-Gaussian factors. This result was re-proved by Martin-Lof (in [57], Remark 4.5.1)
and by Carnal ([18]). Decomposition 4.1 (i) was mentioned by Heyer in [62]. Feldman
in [26] proved that if X is a compact Abelian group such that X 2 Z(2) and a
distribution y € M!(X) satisfies condition 4.1 (i), then y has an indecomposable
factor. Lemmas 4.2 and 4.3 were proved by Feldman in [25] and [27]. Lemma 4.4
and Proposition 4.5 were proved by Feldman and Fryntov in [45]. Theorem 4.6 and
Proposition 4.9 were proved by Feldman in [25]. In the proof of Theorem 4.6 we follow
[27].

There are several different and nonequivalent definitions of polynomials on Abelian
groups (see e.g. [71], where these definitions are compared and some algebraic con-
ditions on a group are determined when these definitions are equivalent). Results
of 5.1-5.5 belong to Djokovi¢ ([24]). Lemma 5.10 was proved by Feldman in [25].
Statements 5.11-5.14 belong to Feldman ([30]).

Urbanik in [100] defines a Gaussian distribution on a locally compact Abelian group
as a distribution y which can be included into a continuous one-parameter subgroup
(Y1)r>0> Yo = Eo, y1 = v, and satisfying condition 3.17 (ii). An example of a non-
Gaussian distribution on the two-dimensional torus T2 satisfying condition 3.17 (ii)
was constructed in [100]. Lemmas 6.3, 6.4, and Theorem 6.6 belong to Feldman ([28]).

Problems. II.1. In view of Proposition 3.14, Gaussian distributions on connected
and not locally connected locally compact Abelian groups are singular. If X is a
connected and locally connected locally compact Abelian group of finite dimension,
ie, X =~ R™xT",wherem > 0,n > 0, then the structure of a Gaussian distribution on
X is well known. Itis either absolutely continuous or singular (see 3.15). The structure
of a Gaussian distribution on connected and locally connected locally compact Abelian
groups X of infinite dimension is unknown, i.e., when X = R™ x 'I]'RO, m > 0.

IL2. It is well known that two Gaussian distributions in the space R¥0 are either
mutually absolutely continuous or mutually singular ([58]). Sazonov and Tutubalin
in [95] formulated the problem: to prove or disprove the analogous statement for
Gaussian distributions on locally compact Abelian groups. In [27] Feldman solved
this problem for connected locally compact Abelian groups of finite dimension, and
for connected locally compact Abelian groups of infinite dimension containing no
subgroup topologically isomorphic to the circle group T. The Sazonov-Tutubalin
problem for connected locally compact Abelian groups of infinite dimension containing
a subgroup topologically isomorphic to the circle group T is still unsolved. We note
that the positive solution of this problem implies the solution of Problem II.1.
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Chapter I1I

The statement known as the Kac—Bernstein theorem (the independence of the sum and
the difference of two independent random variables implies that the random variables
are Gaussian) was discovered independently by Kac in [65] and by Bernstein in [13].
This result is one of the most celebrated characterization theorems. A large number
of publications are devoted to characterization problems of mathematical statistics. In
particular we mention the fundamental monograph [66] by Kagan, Linnik, and Rao.

In the case when random variables take values in a locally compact Abelian group X,
some analogues of the Kac—Bernstein theorem were considered by Rukhin in [93], [94]
and by Heyer and Rall in [64]. Rukhin proved in [93] the following statement: Let
X and Y be Corwin groups, &; and &, be independent random variables with values
in X and distributions @ and pu,. If & + & and & — & are independent, then
n; € I'(X) * I(X) (compare with Theorem 7.10). We note that the Rukhin paper [93]
was the first article where a classical characterization theorem was studied on arbitrary
locally compact Abelian groups. Proposition 7.4 was proved by Rukhin ([93]) and
by Heyer and Rall ([64]). Lemmas 7.5, 7.8, 7.9, and Theorem 7.10 were proved by
Feldman in [29]. Lemma 7.6 was proved by Feldman in [32]. Lemma 7.7 was proved
by Feldman in [33], Proposition 9.20. Results of 7.13—7.16 belong to Myronyuk ([78]).

Let & and &, be independent random variables with values in a locally compact
Abelian group X and distributions (7 and pt, such that their sum and the difference are
independent. If the connected component of zero of the group X contains no elements
of order 2, then by Theorem 7.10 the distributions 1 ; are convolutions of Gaussian and
idempotent distributions. The article [2] by Baryshnikov, Eisenberg, and Stadje was the
first research in which distributions j; were described in the case when the connected
component of zero of a group X contains elements of order 2. They described the
distributions y; in the case when X = T. Lemma 8.2 was proved in [2]. The proof of
Lemma 8.2 given here belongs to Myronyuk ([80]). Theorems 8.5 and 8.8 were proved
by Myronyuk in [80].

Lemmas 9.4, 9.6, and 9.7 were proved by Feldman in [29]. Lemma 9.5 was proved
by Feldman in [39]. The main result of Section 9, i.e., the complete description of
groups X for which equality (9.2) holds (Theorem 9.9) was proved by Feldman in [29]
and [39]. It should be noted that Rukhin in [93] proved equality (9.2) assuming that ¥
is a Corwin group. Heyer and Rall in [64] proved equality (9.2) for groups X satisfying
the following conditions:

(1) X is a Corwin group;
(ii) either Y = Y@ or Y/Y® ~ Z(2).

Proposition 9.8 and Lemma 9.10 belong to Feldman. Taking into account Lemmas 7.5
and 9.10 it is easy to see that the above mentioned results of Rukhin and Heyer—Rall
follow from Theorem 9.9. Results 9.11-9.14 belong to Myronyuk ([78]).

We note that Gaussian distributions in the sense of Bernstein on arbitrary topological
separable metric Abelian groups were studied by Byczkowski in [16], [17] and by
Byczkowska and Byczkowski in [15]. In particular, for a wide class of such groups X,
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in [16], [17] it was proved that if u is a Gaussian distributions in the sense of Bernstein
on X without idempotent factors and B is a Borel subgroup of X, then either u(G) = 0
or u(G) = 1 (the zero-one low).

We make some remarks on non-Abelian groups. Let X be a second countable non-
Abelian topological group, not necessarily locally compact. The operation in X we
write as multiplication. Let & and &, be independent identically distributed random
variables with values in X and distribution p. In the article [85] Neuenschwander
suggested in the non-Abelian case, instead of the condition

() €16 and &1&5 ! are independent,
considering the condition

(i) (€162, &261) and (£1£51, €5 &) are independent.

We note that if X is an Abelian group, then conditions (i) and (ii) are equivalent. In
the case when X is the Heisenberg group X = J¢, Neuenschwander proved that it
follows from condition (ii) that u is a Gaussian distribution concentrated on an Abelian
subgroup of # ([85]). Then Neuenschwander, Roynette, and Schott generalized this
result to simply connected nilpotent Lie groups ([86]). Graczyk and Loeb proved
in [56] that if X is an arbitrary nilpotent group, then condition (ii) implies that the
distribution pu is concentrated on an Abelian subgroup of X. In contrast to [86] the
proof by Graczyk-Loeb uses neither the fact that X is a Lie group nor the Campbell—
Hausdorff formula. In [56] they also proved that if X is either a discrete group or a
compact group, or X is in a class of solvable groups (e.g. the “ax + b” group), then
condition (ii) implies that the distribution w is concentrated on an Abelian subgroup
of X. As a corollary they show that the Gaussian measures on Riemannian symmetric
spaces do not satisfy the property (ii).

Problems. III.1. Let & and & be independent random variables with values in a
connected locally compact Abelian group X of dimension / and distributions (1 and
2. Assume that &; + &, and &; — &, are independent. Describe possible distributions
;. Wenote thatif/ = 1, theneither X = Ror X = T or X = X, and the description
of possible distributions w; follows from the Kac—Bernstein theorem, Corollary 8.6,
and Theorem 8.8 respectively.

II1.2. Problem III.1 under assumption that X is a connected locally compact Abelian
group of infinite dimension.

II1.3. Problem III.1 for an arbitrary locally compact Abelian group X . Taking into
account Lemma 7.5, this problem is reduced to the case when X = R™ x K, m > 0
and K is a compact Corwin group.

IIT.4. To describe supports of Gaussian distributions in the sense of Bernstein.
Taking into account Lemma 7.5 one can assume that supports are cosets of subgroups
G of the form G =~ R™ x K, where m > 0, and K is a Corwin group.
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Chapter IV

Let §, j = 1,2,...,n, n > 2, be independent random variables and «;, 8; be
nonzero real numbers. The theorem stating that the independence of the linear forms
Ly =ai1&1++apéyand Ly = B1&1+- - -+ Bré, implies that all £; are Gaussian was
proved independently by Skitovich in [98] and by Darmois in [23]. This result summed
up a series of researches generalizing the Kac—Bernstein theorem. The Skitovich—
Darmois theorem was extended by Ghurye and Olkin in [54] for the case when instead of
random variables, random vectors £; in the space R™ are considered, and coefficients of
the linear forms L and L, are nonsingular matrices. Also, in this case the independence
of the linear forms implies that all random vectors &; are Gaussian.

A group analogue of the Skitovich-Darmois theorem was studied first by Feldman
in [31]. It was assumed in [31] that the independent random variables take values
in a locally compact Abelian group, coefficients of the linear forms are integers, and
the characteristic functions of independent random variables do not vanish. A group
analogue of the Skitovich—Darmois theorem in the case when coefficients of the linear
forms are topological automorphisms of the group was considered first by Feldman
in [34].

Theorem 10.3 was proved by Feldman in [40]. We note that Theorem 10.3 for an
arbitrary a-adic solenoid X, was proved in [34]. Remark 10.5 was also established in
[40]. Proposition 10.7 was proved by Feldman in [31]. The proof of Proposition 10.7
given here belongs to Myronyuk. Theorem 10.11 belongs to Schmidt ([96]). The
Schmidt proof is based on the Lévy—Khinchin formula 2.16 (i). The proof given here
belongs to Feldman. It differs from the Schmidt proof and does not use the Lévy—
Khinchin formula. Theorem 10.15, Propositions 10.16 and 10.17 belong to Feldman
([40]). Formulated in Remark 10.18, the equivalence of statement (¢¢) in Remark 10.18
and the Cramér theorem on decomposition of the Gaussian distribution belongs to
Linnik ([72]), who proved it for the real line. The Linnik proof can be extended
without changes to locally compact Abelian groups. Results of Section 11 belong to
Myronyuk and Feldman ([82], [84]). Results of Section 12 also belong to Myronyuk
and Feldman. We note that Lemma 12.3 essentially belongs to Lajko ([70]), who
proved it for the case ¥ = R. The proof of Lemma 12.3 for locally compact Abelian
groups follows the proof of the lemma for the real line.

Problems. IV.1. Describe possible distributions p; in Theorem 11.5 in case (IIb)
(compare with Theorems 12.4 and 12.9).

IV.2. Let X be a connected locally compact Abelian group of finite dimension /.
Let § € Aut(X) and &; and &, be independent random variables with values in X and
distributions p; and p, with non-vanishing characteristic functions. Assume that the
linear forms L, = & + & and L, = &; + &, are independent. Describe possible
distributions ;.

The complete solution of this problem for the case when [ = 1 follows from the
Skitovich—-Darmois theorem, Corollary 8.6, and Theorem 10.3. A partial solution of
this problem for the case when [ = 2 follows from Theorems 10.3, 11.5, and 12.4 (the
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case of the two-dimensional torus X = T2 is not fully investigated). The case when
[ > 3 and a group X contains a subgroup topologically isomorphic to the circle group
T has not been investigated at all.

Chapter V

A group analogue of the Skitovich-Darmois theorem, in the case when independent
random variables §;, j = 1,2,...,n, n > 2, with distributions p; take values in a
finite Abelian group X and coefficients of the linear forms are automorphisms of X,
was considered by Feldman in [34]. Lemmas 14.1 and 14.3 were proved in [34]. From
Lemmas 14.1 and 14.3 follows a description of the class of finite Abelian groups for
which, for any n > 2, independence of the linear forms L; = o1& + --- + o5&, and
Ly = B1&1 + -+ + Bx&, implies that either all u; are degenerate distributions or at
least two distributions p;, and p;, are idempotent. It was also proved in [34] that the
obtained description of the class of finite Abelian groups is sharp in the following sense:
if a finite Abelian group X does not belong to the class mentioned above, then either
forn = 4 orforn = 6 there exist automorphisms ¢/, 8; of X and independent random
variables &; with values in X and distributions p; ¢ I(X) such that the linear forms
Ly = a1+ +ay§pand Ly = B1§1+- - -+ Bué, areindependent. Analogous results
were obtained by Feldman for compact Abelian groups ([36]) and for discrete torsion
Abelian groups ([37]). Lemma 14.9 was proved in [36]. Theorem 13.5 and Lemmas
13.9,14.14,14.15, and 14.17 where proved in [37]. Lemma 14.20 belongs to Myronyuk
([79]); itis amodification of Proposition 1 proved in [34]. Propositions 14.21 and 14.22
also belong to Myronyuk ([79]). They generalize results obtained earlier by Feldman
(see [36, Theorem 2] and [37, Theorem 2]). Theorem 14.23 belongs to Myronyuk
([79D.

In the article [38] Feldman showed for finite Abelian groups that the classes of
groups for which the Skitovich-Darmois theorem holds for n = 2 independent ran-
dom variables and for n > 2 independent random variables are essentially different.
Theorems 13.1 and 13.3 were proved by Feldman in [38]. Then Feldman and Graczyk
studied the Skitovich-Darmois theorem for two independent random variables on com-
pact totally disconnected Abelian groups and compact connected Abelian groups ([46]).
The results of 13.21-13.27 belong to them. The Skitovich-Darmois theorem for two
independent random variables on discrete Abelian groups was studied by Feldman and
Graczyk in [47]. The results of 13.13—13.18 belong to them. It is interesting to remark
that the proof of the Skitovich—-Darmois theorem for discrete Abelian groups in the
case when n = 2 (Theorem 13.17) in contrast to the proof of the Skitovich—-Darmois
theorem for discrete Abelian groups in the case when n > 2 (Theorem 14.19 and
Proposition 14.22) does not use the Ulm theory.

The cases when the number of independent random variables n = 3 and n > 4
differ from each other. The Skitovich—-Darmois theorem for three independent random
variables on finite Abelian groups was studied by Graczyk and Feldman in [55]. The
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results of 14.4-14.7 belong to them ([55]). Following the scheme of the proof of The-
orem 14.7, Myronyuk studied the Skitovich—-Darmois theorem for three independent
random variables for compact totally disconnected Abelian groups and for discrete
torsion Abelian groups ([79]). Lemmas 14.12 and 14.18 belong to her ([79]).

The results of Section 15 belong to Feldman ([44]).

Problems. V.1. Find out if there is a compact Abelian group X such that X is neither
connected nor totally disconnected and X has the property: if &; and &, are independent
random variables with values in X and distributions p; and o, B; € Aut(X), then
independence of the linear forms L1 = «1&1 + 282 and Ly = B1£1 + B2£» implies
that iy, up € I'(X) * 1(X)?

V.2. Problem V.1 under the additional assumption that cy =~ X,, where a =
2,3,4,...).

V.3. Let X = T?2. Is there is an automorphism § € Aut(X) with the following
property: if £&; and &, are independent random variables with values in X and distribu-
tions y;, then the independence of the linear forms L; = & + &, and L, = &, + 66
implies that p1, up € I'(X) * I(X)? We note that the reasoning of item 1 in the proof
of Theorem 11.5 implies that if § = (¢ 2), where ad —bc = 1,a +d = 2, then juq,
[ are degenerate distributions.

V.4. On which compact connected Abelian groups X does there exist an automor-
phism § € Aut(X) such that, if £&; and &, are independent random variables with values
in X and distributions j;, then independence of the linear forms L; = &; + & and
L, = & + 8&, implies that pq, ur € I'(X) * 1(X)?

If , € Aut(X), then by Theorem 7.10 the independence of the linear forms
L1 = & + & and L, = & — & implies that 1, us € I'(X) * I(X). It follows
from Theorem 15.7 that for a-adic solenoids X, the condition f; € Aut(X) is not only
sufficient but necessary for the existence of an automorphism § € Aut(X) with the
property mentioned above. As follows from the example constructed in Remark 15.9
the condition f, € Aut(X) is not necessary for arbitrary compact connected Abelian
groups.

V.5. Find out if there is a locally compact Abelian group X such that X is not
topologically isomorphic to a group of the form 14.23 (i), and X has the property: for
any independent random variables §;, j = 1,2,...,n, n > 2, with values in X and
distributions p; and for any automorphisms ¢/, 8; € Aut(X) the independence of the
linear forms Ly = o1&y + -+ + ax&, and Ly = 161 + -+ + P&, implies that all
ni € F(X)

Chapter VI

The theorem on characterization of a Gaussian distribution on the real line by the
symmetry of the conditional distribution of one linear form given another was proved
by Heyde in [61].
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A group analogue of the Heyde theorem in the case when independent random
variables take values in a locally compact Abelian group and coefficients of the linear
forms are topological automorphisms of the group was considered first by Feldman in
[41] for finite Abelian groups. The results of Section 16 belong to Feldman ([42]). The
results of 17.1-17.5 were proved by Feldman in [41]. Proposition 17.7, Lemmas 17.15,
17.16, and Theorem 17.17 belong to Feldman ([41]). The results of 17.8—17.14 belong
to Myronyuk and Feldman ([81]). Theorem 17.14 for finite Abelian groups without
elements of order 2 was proved in [41]. Proposition 17.6 and statements 17.19-17.27
belong to Feldman ([43]).

Problems. Theorems 16.2 and 16.8 allow us to assume that the following statement
holds:

Hypothesis. Let o, 8; be topological automorphisms of a locally compact Abelian
group X such that Bray7' &+ Bray ! € Aut(X). Let &1 and &, be independent random
variables with values in X and distributions |11 and [L» with non-vanishing charac-
teristic functions. Let G be the subgroup of the group X generated by all elements of
order 2. Assume that the conditional distribution of the linear form L, = axE1 + B2&
given Ly = a1y + P12 is symmetric. Then p; = y; * pj, where y; € I'(X),
U(pj) cG,j=12

VL1. Prove the hypothesis for the following groups: X = T3; X = T",n > 4;
X = T¥0; X is an arbitrary connected group; X is an arbitrary group.

VI.2. Prove an analogue of the Heyde theorem for compact totally disconnected
Abelian groups (compare with Theorem 13.25).

VI.3. Prove an analogue of the Heyde theorem for a-adic solenoids (compare with
Theorem 15.7).

Appendix

The results of the appendix belong to Feldman and Myronyuk ([83]).

Let X be a locally compact Abelian group with unique division by 2, i.e., f> €
Aut(X). Let 7: X? +— X2 be the mapping defined by t(¢,s) = (t + 5,1 — 5).
Corwin studied complex-valued measures p; and v; on X satisfying the condition
(1 ® u2)(t(E)) = (v1 ® v2)(E) for any Borel set E C X2 ([19], [20]). Under the
assumption that the measures ; and v; are absolutely continuous with respect to a
Haar measure my, the derivatives f;(f) and g;(¢) of the measures u; and v; satisty
the equation

S1(t +5) fa(t —5) = g1(1)g2(s)

for almost all (z,s) € X2. Obviously, the Kac—Bernstein functional equation is a
particular case of this equation.
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Problems. A.l1. Let Y be a locally compact Abelian group which is not second
countable. Let ¢ € Aut(Y). Is the subgroup (I — &)Y measurable? In particular, is the
subgroup Y ® measurable?

A.2. If X is aregularly complete second countable locally compact Abelian group,
must X be strongly regularly complete?

A.3. Is condition A.15 (i) necessary in order that non-vanishing normalized contin-
uous Hermite functions f;(y) satisfying equation (A.6) be of the form A.11 (i)?

We make the following remark. Assume that Y is a countable discrete Abelian
group with the properties:

(a) Y/Y@® =~ (Z(2))", where either n = 4 or n > 6;

(b) any automorphism ¢ € Aut(Y) such that I — & € Aut(Y) satisfies the con-
dition: under suitable choice of generators e; in the factor group Y/Y ® the
automorphism & € Aut(Y/Y ®) induced by the automorphism ¢ is of the form
ge; =ejy1,i =1,2,...,n—1.

It follows from Lemmas A.12 and A.14 that if there exists a group Y with properties
(a) and (b), then condition A.15 (i) is not necessary.
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