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Preface

Characterization problems in mathematical statistics are statements in which the de-
scription of possible distributions of random variables follows from properties of some
functions in these variables. One of the famous examples of a characterization prob-
lem is the classical Kac–Bernstein theorem ([65], [13]). This theorem characterizes
a Gaussian distribution by the independence of the sum �1 C �2 and of the differ-
ence �1 � �2 of independent random variables �j . Taking into account that the char-
acteristic function of the random variable �j with distribution �j is the expectation
fj .y/ D O�j .y/ D EŒei�j y �, it is easily verified that the Kac–Bernstein theorem is
equivalent to the statement that, in the class of normalized continuous positive definite
functions, all solutions to the Kac–Bernstein functional equation

f1.uC v/f2.u � v/ D f1.u/f1.v/f2.u/f2.�v/; u; v 2 R;

are of the form fj .y/ D expf��y2 C ibjyg, where � � 0, and bj 2 R.
The Kac–Bernstein theorem was the first among characterization theorems where

independent linear forms of independent random variables �j under different restric-
tions on �j were studied. These studies were completed with the following Skitovich–
Darmois theorem ([98], [23]): Let �j , j D 1; 2; : : : ; n, n � 2, be independent
random variables, and j̨ , ǰ be nonzero real numbers. If the linear forms L1 D
˛1�1 C � � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n are independent, then all random
variables �j are Gaussian. Just as in the case of the Kac–Bernstein theorem, the
Skitovich–Darmois theorem is equivalent to the statement that, in the class of nor-
malized continuous positive definite functions, all solutions to the Skitovich–Darmois
functional equation

nY
j D1

fj . j̨uC ǰ v/ D
nY

j D1

fj . j̨u/

nY
j D1

fj . ǰ v/; u; v 2 R;

are of the form
fj .y/ D expf��jy

2 C ibjyg; .1/

where �j � 0 and bj 2 R.
The Skitovich–Darmois theorem was generalized by Ghurye and Olkin ([54]) to the

multivariable case when, instead of random variables, random vectors �j in the space
Rm are considered, and coefficients of the linear forms L1 and L2 are nonsingular
matrices. In this case the independence of L1 and L2 also implies that all independent
random vectors �j are Gaussian. The proof of the Ghurye–Olkin theorem is also reduced
to solving the corresponding functional equation. It should be noted that nonsingular
matrices are topological automorphisms of the group Rm.

Next Heyde proved the following result ([61]): Let �j , j D 1; 2; : : : ; n, n � 2,
be independent random variables, and let j̨ , ǰ be nonzero real numbers such that
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ˇi˛
�1
i ˙ ǰ˛

�1
j ¤ 0 for all i ¤ j . If the conditional distribution of L2 D ˇ1�1 C

� � � Cˇn�n given L1 D ˛1�1 C � � � C˛n�n is symmetric, then all �j are Gaussian. This
statement is closely related to the Skitovich–Darmois theorem. The Heyde theorem
is also equivalent to the assertion that, in the class of normalized continuous positive
definite functions, all solutions to the Heyde functional equation

nY
j D1

fj . j̨uC ǰ v/ D
nY

j D1

fj . j̨u � ǰ v/; u; v 2 R;

are of the form (1).
In the last 30 years much attention has been devoted to generalizing of the classical

characterization theorems into various algebraic structures such as locally compact
Abelian groups, Lie groups, quantum groups, symmetric spaces (see e.g., [2], [29],
[31]–[44], [46], [47], [49], [52], [55], [56], [64], [78]–[82], [84]–[87], [91], [93],
[94]).

These investigations were motivated, first of all, by the desire to find the natural
limits for possible extensions of the classical results. The present book is devoted
to generalization of the Kac–Bernstein, Skitovich–Darmois, and Heyde characteriza-
tion theorems to the case where independent random variables take values in a second
countable locally compact Abelian group X , and coefficients of linear forms are topo-
logical automorphisms ofX . It turns out that the possibility to prove a characterization
theorem forX not only depends on the structure ofX but also determines its structure.
For example, assume that independent random variables �1 and �2 take values in X
and their characteristic functions do not vanish, then the independence of �1 C �2 and
�1 � �2 implies that �j are Gaussian if and only if X contains no subgroup topologi-
cally isomorphic to the circle group T . Note that in the case of groups as well as in
the classical case, the proof of this theorem can be reduced to solving of some func-
tional equation in the class of normalized continuous positive definite functions on the
character group of X .

We describe and comment on the main contents of the book.
Chapter I contains mainly well-known facts from abstract harmonic analysis and the

theory of infiniteAbelian groups. In Section 1 we give the basic definitions and consider
some examples of locally compact Abelian groups. In particular, we describe all
subgroups of the additive group of the rational numbers Q, the groups ofp-adic integers
�p , and a-adic solenoids †a. We formulate structure theorems for various classes of
locally compact Abelian groups and describe the topological automorphism groups of
the groups Rn, T n, �p , †a. The basic results of Ulm theory for countable p-primary
Abelian groups are also presented. In Section 2 we discuss some aspects of probability
distributions on locally compact Abelian groups (the Bochner theorem, properties of
characteristic functions, the Lévy–Khinchin formula, idempotent distributions).

Chapter II is devoted to Gaussian distributions on a locally compactAbelian groupX .
In Section 3 we define Gaussian distributions and study their properties. In Section 4
we describe locally compact Abelian groups where every Gaussian distribution has
only Gaussian factors (the group analogue of the Cramér theorem of decomposition of
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a Gaussian distribution). In Section 5 we study properties of continuous polynomials
on locally compactAbelian groups. We describe locally compactAbelian groups where
any distribution�with a characteristic function of the form O�.y/ D eP.y/, whereP.y/
is a continuous polynomial, is Gaussian (the group analogue of the Marcinkiewicz theo-
rem). The group analogues of the Cramér and Marcinkiewicz theorems are basic tools
for proving characterization theorems in Chapters III–VI. In Section 6 we consider
Gaussian distributions in the sense of Urbanik, i.e., such distributions on X which any
character transforms into Gaussian distributions on the circle group T . We describe
locally compact Abelian groups for which the class of Gaussian distributions coincides
with the class of Gaussian distributions in the sense of Urbanik.

In Chapter III we study distributions of independent random variables �1 and �2

taking values in a locally compact Abelian group X such that �1 C �2 and �1 � �2

are independent. In Section 7 we describe all groups X where such distributions
are invariant with respect to a compact subgroup K of X and that, under the natural
homomorphism X 7! X=K, induce Gaussian distributions on the factor group X=K.
This is the widest subclass of locally compact Abelian groups on which the Kac–
Bernstein type theorem can be proved. It consists of all groupsX having the connected
component of zero without elements of order 2.

If the connected component of zero of a group X contains elements of order 2,
then for such groups the following natural problem arises: to describe all possible
distributions of independent random variables �j taking values in X and such that the
sum �1 C �2 and the difference �1 � �2 are independent. We present a solution to this
problem in Section 8 for the group R � T and the a-adic solenoids †a. In Section 9
we study distributions of independent identically distributed random variables �1 and
�2 taking values in a locally compact Abelian group X such that �1 C �2 and �1 � �2

are independent (Gaussian distributions in the sense of Bernstein).

Chapters IV and V are devoted to some group analogues of the Skitovich–Darmois
theorem. Let �j , j D 1; 2; : : : ; n, n � 2, be independent random variables taking
values in a locally compact Abelian groupX , and j̨ , ǰ be topological automorphisms
of X . Put L1 D ˛1�1 C � � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n.

In Chapter IV we assume that the characteristic functions of independent random
variables �j do not vanish. We prove in Section 10 that independence of the linear
formsL1 andL2 implies that all �j are Gaussian if and only ifX contains no subgroup
topologically isomorphic to the circle group T . Under the condition that the charac-
teristic functions of �j do not vanish, this is the widest subclass of locally compact
Abelian groups on which the Skitovich–Darmois theorem can be extended.

Assume that a group X contains a subgroup topologically isomorphic to the circle
group T . Then the following natural problem arises: to describe all possible distribu-
tions of independent random variables �j taking values in X and having the property
that the linear forms L1 and L2 are independent. The remainder of Chapter IV is
devoted to solution of this problem. It turns out that if the characteristic functions of
independent random variables �j with distributions �j do not vanish and L1 and L2

are independent, then the distributions �j can be replaced by their shifts �0
j in such
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a way that all �0
j are supported in the connected component of zero of the group X .

Hence the problem can be reduced to the case when X is connected. An important
characteristic of a connected locally compact Abelian groupX is its dimension dimX .
If dimX D 1, then X is topologically isomorphic to one of the following groups: the
real line R, an a-adic solenoid †a or the circle group T . If dimX D 2, then either
X contains no subgroup topologically isomorphic to the circle group T or X is topo-
logically isomorphic to one of the following groups: T 2, R � T or †a � T . Assume
that the number of random variables �j is equal to 2. In Section 11 we describe for the
two-dimensional torus T 2 all possible distributions of the random variables �j in the
case when linear forms L1 and L2 are independent. Generally speaking, these distri-
butions are not Gaussian, and we describe, in particular, all topological automorphisms

j̨ , ǰ of the two-dimensional torus T 2 for which the corresponding distributions are
Gaussian. In Section 12 we solve the same problem for the groups R � T and†a � T .

In ChapterV we omit the assumption that the characteristic functions of independent
random variables �j do not vanish and suppose that �j take values in different classes
of locally compact Abelian groups (finite, discrete, discrete torsion, compact totally
disconnected, etc.) Since Gaussian distributions on a totally disconnected group are
degenerate, idempotent distributions play an important role on such groups. It turns
out that, in contrast to the classical situation, there are essential distinctions between
the cases when we deal with linear forms of two random variables, of three random
variables, or of n � 4 random variables. In the group situation some new effects appear
which do not hold on the real line. To show this consider the following example. Let
Z.5/ be the group of residues modulo 5, and �j , j D 1; 2; : : : ; n, n � 2, be independent
random variables with values in Z.5/. If n D 2 and the linear forms L1 and L2 are
independent, then all random variables �j have idempotent distributions. If n D 3 and
the linear forms L1 and L2 are independent, then we can only assert that at least one
of the random variables �j has an idempotent distribution. On the other hand for every
n � 4 there exist independent random variables �j , j D 1; 2; : : : ; n, taking values
in Z.5/ and automorphisms j̨ , ǰ of Z.5/ such that the linear forms L1 and L2 are
independent, but all �j have non-idempotent distributions.

In Section 13 we consider two independent random variables �1 and �2. We prove
that ifX is a discrete group and the linear formsL1 andL2 are independent, then �1 and
�2 have idempotent distributions. We also describe compact totally disconnected groups
for which this property holds true. We prove that the Skitovich–Darmois theorem fails
for compact connected groups. In Section 14 we study the case when the number n
of random variables �j , j D 1; 2; : : : ; n, is greater than 2. First we assume that the �j
take values in a finite group. Then we study the case whenX is either a compact totally
disconnected group or a discrete torsion group. We describe in both cases the groups
X for which independence of the linear formsL1 andL2 implies that either all random
variables �j have idempotent distributions or at least two of the random variables �j have
idempotent distributions, or at least one of the random variables �j has an idempotent
distribution. Further we consider an arbitrary number n � 4 of random variables �j ,
andX is assumed to be either a discrete torsion group or a compact group. We note that
our proof of the Skitovich–Darmois theorem for discrete Abelian groups in the case



Preface ix

when n D 2, in contrast to the proof of the Skitovich–Darmois theorem for discrete
Abelian groups in the case when n > 2, does not use the Ulm theory.

In Section 15 we consider independent random variables �1 and �2 taking values
in an a-adic solenoid †a. We describe all possible distributions of random variables
�j assuming that the linear forms L1 and L2 are independent. The result depends on
both an a-adic solenoid and topological automorphisms j̨ ; ǰ .

In Chapter VI we study group analogues of the Heyde theorem. Let �j , j D
1; 2; : : : ; n, n � 2, be independent random variables taking values in a locally com-
pact Abelian group X . Let j̨ , ǰ be topological automorphisms of X satisfying the
condition

.i/ ˇi˛
�1
i ˙ ǰ˛

�1
j are topological automorphisms of X for all i ¤ j:

Let L1 D ˛1�1 C � � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n. Assume first that the
characteristic functions of the independent random variables �j do not vanish. In
Section 16 we prove that symmetry of the conditional distribution of the linear form
L2 given L1 implies that all �j are Gaussian if and only if X contains no elements of
order 2. This result can not be improved. If a group X contains elements of order 2,
then the following natural problem arises: to describe all possible distributions of
independent random variables �j taking values in X and having the property that the
conditional distribution of the linear form L2 given L1 is symmetric. We assume that
on the group X there exist topological automorphisms j̨ , ǰ satisfying condition (i).
A simple example of such a group is the two-dimensional torus X D T 2, and even
in this case the problem is very interesting. It turns out that the distributions which
are characterized by the symmetry of the conditional distribution of the linear form
L2 given L1 are convolutions of Gaussian distributions concentrated on a dense one-
parameter subgroup of T 2 and distributions supported in the subgroup of T 2 generated
by elements of order 2.

In Section 17 we drop the assumption that the characteristic functions of indepen-
dent random variables �j do not vanish. We first study the case when �j take values
in a finite group and then �j take values in a discrete group X . In the case when X
is discrete and the number of random variables �j is 2, we prove in particular that the
symmetry of the conditional distribution of the linear form L2 given L1 implies that
the random variables �1 and �2 have idempotent distributions if and only if the group
X contains no elements of order 2.

In the appendix we study the Kac–Bernstein and Skitovich–Darmois functional
equations on locally compact Abelian groups in the classes of continuous and measur-
able functions.

The author would like to thank the B. Verkin Institute for Low Temperature Physics
and Engineering of the National Academy of Sciences of Ukraine for providing excel-
lent facilities for writing this book.

March 2008 G. M. Feldman
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Chapter I

Preliminaries

1 Locally compact Abelian groups

We present in this section a summary of the results of abstract harmonic analysis and
theory of infinite Abelian groups which we use in the book. The monographs by Hewitt
and Ross ([59]) and Fuchs ([50], [51]) are our main sources. Unless the contrary is
stated, when we speak of groups, we consider only locally compact Abelian groups.

1.1 Some definitions and notation. Let X be a locally compact Abelian group. Un-
less otherwise stated, we use the additive notation for the operation inX and denote by
“0” the neutral element of X . A topological isomorphism of groups, i.e., an algebraic
isomorphism which is a homeomorphism we denote by the symbol “Š”. Let x be an
element of X . The element x is said to be compact, if the smallest closed subgroup
of X containing x is compact. Denote by bX the set of all compact elements of X ,
and denote by cX the connected component of zero of X . If every element of X has
finite order, then X is called a torsion group. If every element of X except zero has
infinite order, then X is called a torsion-free group. Let f W R 7! X be a continuous
homomorphism. The image f .R/ is called a one-parameter subgroup of X .

A finite subset fx1; : : : ; xng of a group X is said to be independent if it does not
contain zero, and if for any integers k1; : : : ; kn the equality k1x1 C � � � C knxn D 0

implies that k1x1 D � � � D knxn D 0. An infinite subset A of X is said to be
independent if every finite subset of A is independent. The cardinality of a maximal
independent subset of the groupX containing only elements of infinite or prime power
order is called the rank of X . Denote by r.X/ the rank of X and by dimX the
dimension of a connected group X .

Let fX� W � 2 Ig be a nonvoid family of groups. Denote by P �2I X� the direct
product of the groups X�, i.e., the group coinciding with the Cartesian product of the
sets X�, and with the coordinate-wise operation. Let P *

�2I X� be the subset of all
.x�/ 2 P �2I X� such that x� D 0 for all but a finite set of indices �. Then P *

�2I X� is a
subgroup of P �2I X�. It is called the weak direct product of the groups X�. If X� D X

for all � 2 I, then the direct product of the groups X� we denote by Xn, and the weak
direct product of the groups X� we denote by Xn�, where n is the cardinal number
of the set I. Let fK� W � 2 Ig be a nonvoid family of compact groups. The group
P �2I K� we always consider in the product topology. By the Tychonoff theorem the
group P �2I K� is also compact. If fD� W � 2 Ig is a nonvoid family of discrete groups,
then the group P *

�2I D� we always consider in the discrete topology.
Let n be an integer. Denote by fn the mapping of X into X defined by fnx D nx.

Put X.n/ D Ker fn and X .n/ D fn.X/. A group X is said to be a Corwin group if
X .2/ D X . A group X is said to be divisible, if X .n/ D X for all natural n.
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If G is a subgroup of X , then we denote either by x C G or by Œx� elements of
the factor group X=G. Let A be a subset of X . The set of all elements of the form
x D l1x1 C � � � C lkxk , where xj 2 A and lj are integers, is said to be the subgroup
of X generated by A. Let A and B be subsets of X . Denote by A C B the set
AC B D fx 2 X W x D a C b; a 2 A; b 2 Bg. If A is a subset of X , then denote by
xA the closure of A. For a finite set A denote by jAj the number of elements of A.

Unless otherwise stated, the word “function” means a mapping taking either real
or complex values. Let Y be an arbitrary Abelian group, f .y/ be a function on Y , h
be an arbitrary element of Y . Denote by �h the finite difference operator

�hf .y/ D f .y C h/ � f .y/:
A function f .y/ on Y is called a polynomial if

�nC1
h

f .y/ D 0

for some n and for all y; h 2 Y . The minimal n for which this equality holds is called
the degree of the polynomial f .y/. A function f .y/ on the group Y is said to be
normalized if f .0/ D 1.

We use the symbols ! and @0 to denote the least infinite ordinal number and the
least infinite cardinal number respectively. Denote by N the set of natural numbers,
and denote by P the set of prime numbers. The set of complex numbers we denote
by C.

1.2 Examples of locally compact Abelian groups. Let us consider the most impor-
tant locally compact Abelian groups which we need for the study of characterization
problems. Note that we consider all finite groups in the discrete topology.

(a) R: the additive group of real numbers with the natural topology of the real line.
(b) T : the circle group (the one-dimensional torus), i.e., T D fz 2 C W jzj D 1g

with multiplication as an operation and with the usual topology.
(c) Z: the additive group of integers (the infinite cyclic group) with the discrete

topology.
(d) Z.m/: the group of residue modulo m (the finite cyclic group). The elements

of the group Z.m/ we denote by f0; 1; : : : ; m � 1g. We note that the group Z.m/ is
isomorphic to the multiplicative group ofmth roots of unity. We retain for this group the
notation Z.m/, and its elements will be denoted by expf2�ik=mg, k D 0; : : : ; m� 1.

(e) Let p be a prime number. Consider a set of rational numbers of the form
fk=pn W k D 0; : : : ; pn � 1; n D 0; 1; : : : g and denote this set by Z.p1/. If we
define the operation in Z.p1/ as addition modulo 1, then Z.p1/ is transformed into
an Abelian group which we consider in the discrete topology. Obviously, this group is
isomorphic to the multiplicative group of pnth roots of unity, where n goes through the
nonnegative integers, considered in the discrete topology. This group we also denote
by Z.p1/, and its elements by expf2�ik=png, k D 0; : : : ; pn � 1, n D 0; 1; : : : :

(f) Let a D .a0; a1; : : : ; an; : : : / be a fixed but arbitrary infinite sequence of in-
tegers, where each of an is greater than 1. We define the additive group of a-adic



1 Locally compact Abelian groups 3

integers�a. As a set�a coincides with the Cartesian product P 1
nD0f0; 1; : : : ; an �1g.

Consider x D .x0; x1; x2; : : : /, y D .y0; y1; y2; : : : / 2 �a, and define the sum as
follows. Let x0 Cy0 D t0a0 C z0, where z0 2 f0; 1; : : : ; a0 � 1g, t0 2 f0; 1g. Assume
that the numbers z0; z1; : : : ; zk; t0; t1; : : : ; tk have been already determined. Let us set
then xkC1 C ykC1 C tk D tkC1akC1 C zkC1, where zkC1 2 f0; 1; : : : ; akC1 � 1g,
tkC1 2 f0; 1g. This defines by induction a sequence z D .z0; z1; z2; : : : /. The set
�a with the addition defined above is an Abelian group, whose neutral element is the
sequence in �a that is identically zero. Consider �a in the product topology. The
obtained group is called the a-adic integers. The group �a is compact and totally
disconnected ([59], (10.2)).

If all of the integers an are equal to some fixed prime integer p, we write �p

instead of �a, and call this object the group of p-adic integers. Each element x D
.x0; x1; x2; : : : / 2 �p is thought of as a formal power series

P1
nD0 xnp

n. The addition
of formal power series defined in the usual way corresponds to the addition of the
corresponding sequences. One can define a multiplication in �p in the natural way as
the multiplication of formal power series. Then�p is transformed into a commutative
ring ([59], (10.10)).

(g) Let a D .a0; a1; : : : ; an; : : : / be a fixed but arbitrary infinite sequence of
integers, where each of an is greater than 1. Consider the group R � �a. Let
B be the subgroup of the group R � �a of the form B D f.n; nu/g1

nD�1, where
u D .1; 0; : : : ; 0; : : : /. The factor group †a D .R � �a/=B is called an a-adic
solenoid ([59], (10.12)). In the particular case where �a D �p , the factor group
.R � �p/=B is called a p-adic solenoid and is denoted by †p . The group †a is
compact and connected ([59, .10.13)]), and has dimension 1 ([59], (24.28)).

(h) Q: the additive group of rational numbers with the discrete topology.

1.3 Torsion-free groups of rank 1 ([51], §85). Let A be a torsion-free group, p be a
prime number, and a 2 A. The largest nonnegative integer k such that the equation
pkx D a has a solution x 2 A is called the p-height of the element a, and is denoted
by hp.a/. If no such maximal nonnegative integer k exists, then we set hp.a/ D 1.
The sequence of p-heights

	.a/ D .hp1
.a/; : : : ; hpn

.a/; : : : /;

where pn is the nth prime number, is said to be the characteristic of an element of the
element a. Every sequence .k1; : : : ; kn; : : : / of nonnegative integers and symbols
1 is a characteristic. Namely, consider the subgroup A of the group of rational
numbers Q generated by all elements p�ln

n with ln � kn for all natural n. It is clear
that the sequence .k1; : : : ; kn; : : : / is the characteristic of the element 1 2 A. Two
characteristics .k1; : : : ; kn; : : : / and .m1; : : : ; mn; : : : / are considered as equivalent if
kn ¤ mn holds only for a finite number of n such that in case kn ¤ mn both kn and
mn are finite. All characteristics fall into disjoint classes of equivalent characteristics.
These classes are called types. We represent a type t by a characteristic of this class.

A torsion-free group A in which all the nonzero elements are of the same type t
is called homogeneous, and the type t.A/ common to all nonzero elements of A is
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called the type of A. Every subgroup B of the group Q is homogeneous. Namely,
if a 2 B and 	.a/ D .k1; : : : ; kn; : : : /, then B is isomorphic to the subgroup A
described above. Every torsion-free group of rank 1 is homogeneous and isomorphic
to some subgroup of the group Q. Two torsion-free groups of rank 1 are isomorphic
if and only if they are of the same type ([51], Theorem 85.1). Thus there is a one-
to-one correspondence between torsion-free groups of rank 1 and types. We note
as examples that t.Z/ D .0; : : : ; 0; : : : /, t.Q/ D .1; : : : ;1; : : : /. We also note
that .1; 0; : : : ; 0; : : : / is the type of the subgroup of dyadic rational numbers, and
.1; : : : ; 1; : : : / is the type of the subgroup of the group Q with square-free denominators.

1.4 The character group. A character of a locally compactAbelian groupX is a con-
tinuous homomorphism ofX into the circle group T . We denote the set of all characters
of the group X by X�. Put Y D X�. The value of the character y 2 Y at the point
x 2 X is denoted by .x; y/. Obviously, Y is anAbelian group with respect to pointwise
multiplication. For every compact set F of X , and every " > 0, let P.F; "/ be the set
fy 2 Y W j.x; y/�1j < " for all x 2 F g. With all setsP.F; "/ taken as an open basis at
zero inY ,Y is a locally compactAbelian group ([59], (23.15)). The groupY is called the
character group ofX . Let 
 be the mapping 
 W X 7! Y � defined by .y; 
x/ D .x; y/.
The following assertion is a central theorem in abstract harmonic analysis.

Pontryagin’s duality theorem 1.5 ([59], (24.8)). The mapping 
 is a topological
isomorphism from the group X into Y �.

1.6 Duality properties of groups X and Y . According to the Pontryagin duality
theorem, every topological or algebraic property of a locally compact Abelian group
can be described in the terms of topological or algebraic properties of its character
group. The following theorems hold.

1. A locally compact Abelian group is compact if and only if its character group is
discrete ([59], (23.17)).

2. A compact Abelian group is connected if and only if its character group is tor-
sion-free ([59], (24.25)).

3. For a compact connected Abelian group X the dimension of X is equal to the
rank r.Y / of its character group. If a connected group X is second countable,
then dimX � @0. ([59], (24.25), (24.28)).

4. A compact Abelian group is totally disconnected if and only if its character group
is a torsion group ([59], (24.26)).

1.7 Character groups of direct products. We can compute the character group of
a direct product of groups knowing the character groups of factors. The following
theorems hold.

1. Let Xj , j D 1; 2; : : : ; n, be locally compact Abelian groups, and let Yj D X�
j .

Then
.X1 � � � � �Xn/

� Š Y1 � � � � � Yn

([59], (23.18)).
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2. Let fK� W � 2 Igbeanonvoid family of compactAbeliangroups, and letK�
� D D�.

Then �
P

�2I
K�

�� Š P *

�2I
D�:

If fD� W � 2 Ig is a nonvoid family of discrete Abelian groups, and letD�
� D K�,

then �
P *

�2I
D�

�� Š P
�2I
K�;

([59], (23.21)).

1.8 The annihilator. Let X be a locally compact Abelian group, Y be its character
group, and B be a nonvoid subset of X . Put

A.Y;B/ D fy 2 Y W .x; y/ D 1 for all x 2 Bg:
The set A.Y;B/ is called the annihilator of B in Y .

1.9 Some corollaries from the Pontryagin duality theorem. The following theo-
rems hold.

1. Let G be a closed subgroup of a group X . Then G D A.X;A.Y;G// ([59],
§ 24.10).

2. Let G be a closed subgroup of a group X . The character group of the group G
is topologically isomorphic to the factor group Y=A.Y;G/. Every continuous
character of G has the form x 7! .x; y/ for some y 2 Y . Two characters
y1 and y2 of Y define the same character of the subgroup G if and only if
y1�y2 2 A.Y;G/. The character group of the factor groupX=G is topologically
isomorphic to the group A.Y;G/ ([59], (24.11), (23.25)).

3. The sets bX and cX are closed subgroups of a groupX . The following equalities
hold: bY D A.Y; cX /, cX D A.X; bY / ([59], (24.17)).

4. LetK be a compact subgroup of a group X . Then the annihilator A.Y;K/ is an
open subgroup of Y . IfH is an open subgroup of Y , then A.X;H/ is a compact
subgroup of X ([59], (23.29)).

5. For any natural n we have A
�
Y;X .n/

� D Y.n/, A
�
Y;X.n/

� D Y .n/ ([59],
(24.22)).

6. If a group X is connected, then X .n/ D X for all natural n ([59], (24.25)).

1.10 Some examples of character groups. Now we consider examples of character
groups of some locally compact Abelian groups.

(a) R� Š R, .x; y/ D eixy , where x 2 R, y 2 R.
(b) Z� Š T , .n; z/ D zn, where n 2 Z, z 2 T .
(c) Z.m/� Š Z.m/, .k; l/ D expf2�ikl=mg, where k 2 Z.m/, l 2 Z.m/.
(d) ��

p Š Z.p1/,

.x; y/ D exp
˚
.x0 C x1p C � � � C xn�1p

n�1/2�il
pn

�
;
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where

x D .x0; x1; x2; : : : / 2 �p; y D exp
˚

2�il
pn

� 2 Z.p1/

([59], (25.2)).
(e) Consider the group †a D .R ��a/=B , where a D .a0; a1; : : : ; an; : : : /. Then

†�
a Š Ha, where

Ha D ˚
m

a0a1:::an
W n D 0; 1; : : : Im 2 Z

�
is a subgroup of the group Q, and

.x; y/ D exp
˚
.t � .x0 C a0x1 C � � � C a0a1 : : : an�1xn//

2�im
a0a1:::an

�
;

where x D .t I x0; x1; x2; : : : / C B 2 †a, .t I x0; x1; x2; : : : / 2 R � �a, y D
m

a0a1:::an
2 Ha ([59], (25.3)). We note that if a D .2; 3; 4; : : : /, then †�

a Š Q.

1.11 Structure theorems for some classes of locally compactAbelian groups. The
following theorems hold.

1. A locally compact Abelian group X is topologically isomorphic to the group
Rm �G, wherem � 0 andG contains a compact open subgroup ([59], (24.30)).

2. A connected locally compact Abelian groupX is topologically isomorphic to the
group Rm �K, wherem � 0 andK is a compact connected group ([59], (9.14)).

3. Let X be a second countable connected locally compact Abelian group. Then
the following statements are equivalent:

(i) the group X is locally connected;

(ii) the group X is arcwise connected;

(iii) the group X is topologically isomorphic to the group Rm � T n; where
m � 0 and n � @0 ([1], (8.27)).

4. A compact Abelian torsion-free group is topologically isomorphic to the group

.†a/
n � P

p2P
�

np
p ;

where a D .2; 3; 4; : : : / and n, np are cardinal numbers ([59], (25.8)).
5. LetX be a locally compact Abelian group such that every element ofX different

from zero has order p, where p is a fixed prime number. ThenX is topologically
isomorphic to the group

Z.p/n � Z.p/m�;

where n and m are arbitrary cardinal numbers, Z.p/n is considered in the prod-
uct topology, and Z.p/m� is considered in the discrete topology ([59], (25.29)).
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1.12 Small subgroups in locally compactAbelian groups. The following theorems
hold.

1. Let X be a totally disconnected locally compact Abelian group. Then every
neighbourhood of zero in X contains a compact open subgroup ([59], (7.7)).

2. Let X be a compact Abelian group. Then every neighbourhood of zero in X
contains a closed subgroup G such that the factor group X=G is topologically
isomorphic to the group T m � F , where m � 0 and F is a finite Abelian group
([59], (24.7)).

1.13 Adjoint homomorphisms. Let X1 and X2 be locally compact Abelian groups
with character groups Y1 and Y2 respectively. Let p W X1 7! X2 be a continuous
homomorphism. For each y2 2 Y2 define the mapping Qp W Y2 7! Y1 by the equality
.px1; y2/ D .x1; Qpy2/ for all x1 2 X1, y2 2 Y2. The mapping Qp is a continuous
homomorphism. It is called an adjoint of p. We list some properties of adjoint
homomorphisms ([59], (24.41)).

(a) The homomorphism p satisfies the condition p D QQp.
(b) The homomorphism Qp is a monomorphism if and only if the subgroup p.X1/

is dense in X2.
(c) The homomorphism Qp is a topological isomorphism from the group Y2 into Y1

if and only if p is a topological isomorphism from the group X1 into X2.
(d) Let fn be the homomorphism fnx D nx of X into X . Then the adjoint

homomorphism zfn W Y 7! Y is the mapping zfny D ny.

1.14 Automorphism groups of some locally compact Abelian groups. Let X be
a locally compact Abelian group, Y be its character group. Denote by Aut.X/ the
group of all topological automorphisms of the groupX , i.e., the group of all mappings
of X into X that are simultaneously algebraic automorphisms and homeomorphisms.
Denote by I the identical automorphism of a group. It is possible to define a topology
for the group Aut.X/ in such a manner that Aut.X/ becomes a topological group
([59], (26.3)]). In studying characterization problems, we do not need to consider the
group Aut.X/ as a topological group. Therefore, when we say that a group Aut.X/
is isomorphic to some group, we keep in mind an algebraic rather than topological
isomorphism, in spite of the fact that in the cases under consideration a topological
isomorphism also holds. Let˛ 2 Aut.X/. The mapping˛ 7! Q̨ is an anti-isomorphism
of the groups Aut.X/ and Aut.Y / ([59], (26.9)). A subgroup G of the group X is said
to be characteristic if G is invariant under each automorphism ˛ 2 Aut.X/. The
subgroups cX , bX , X.n/ and X .n/ are characteristic. We now consider examples of
automorphism groups Aut.X/ of some locally compact Abelian groups X .

(a) Every topological automorphism ˛ of the group R is of the form ˛t D ct ,
where c 2 R, c ¤ 0, t 2 R. It follows from this that the group Aut.R/ is isomorphic
to the multiplicative group of all nonzero real numbers, i.e., Aut.R/ is isomorphic to
the group R � Z.2/.

(b) The group Z admits just two automorphisms ˙I . This implies that the group
Aut.Z/ is isomorphic to the group Z.2/.



8 I Preliminaries

(c) Let p be an arbitrary prime number. The group Aut.�p/ is isomorphic to
the multiplicative group of all invertible elements of the ring �p , i.e., Aut.�p/ is
isomorphic to the multiplicative group �0

p D fc D .c0; c1; c2; : : : / 2 �p W c0 ¤ 0g.
To prove this we note that if c 2 �0

p we can define the automorphism ˛c 2 Aut.�p/

by the formula ˛cx D cx, x 2 �p . Let ˛ 2 Aut.�p/ be an arbitrary automorphism.
Denote by u the element .1; 0; 0; : : : / 2 �p . Since the subgroup generated by u is
dense in �p , the same is also true for the element ˛u. Hence ˛u D c, where c 2 �0

p .
It follows from this that ˛ D ˛c ([59], (26.18e)).

(d) To find the group Aut.†a/,where a D .a0; a1; : : : ; an; : : : /, we note that†a
� Š

Ha, where Ha D ˚
m

a0a1:::an
W n D 0; 1; : : : Im 2 Z

�
is a subgroup of Q (see 1.10 (e)).

It is easy to see that either the groupHa admits just two automorphisms ˙I , and hence
the group Aut.Ha/ is isomorphic to the group Z.2/, or every automorphism ˛ of the
group Ha is of the form ˛r D m

n
r , r 2 Ha, where m; n are some mutually prime

numbers. Furthermore fm; fn 2 Aut.Ha/, and at least one of the automorphisms fm,
fn is different from ˙I . If the number of primesp such that fp 2 Aut.Ha/ is finite and
is equal to l , it is easily seen that the group Aut.Ha/ is isomorphic to Zl �Z.2/. If this
number is infinite, then the group Aut.Ha/ is isomorphic to Z@0� � Z.2/. Since the
groups Aut.†a/ and Aut.Ha/ are isomorphic, we find the group Aut.†a/. Moreover,
since every automorphism ˛ 2 Aut.Ha/ is of the form ˛ D fmf

�1
n , it results from

1.13 (d) that every automorphism Q̨ 2 Aut.†a/ is of the same form.
We note that if pj is the j th prime number, then fpj

2 Aut.†a/ if and only if the
symbol 1 stands at the j th place in t.Ha/.

(e) The group Aut.T m/ is isomorphic to the group of all integer-valued .m �m/-
matrices A D .aij /

m
i;j D1 such that detA D ˙1. If ˛ 2 Aut.T m/ and A D .aij /

m
i;j D1

is the corresponding matrix, then

˛.z1; : : : ; zm/ D .z
a11

1 z
a21

2 : : : zam1
m ; : : : ; z

a1m

1 z
a2m

2 : : : zamm
m /;

where .z1; : : : ; zm/ 2 T m ([59], (26.18h)).

1.15 a-adic solenoid †a as a subgroup of the infinite-dimensional torus T @0 . It
is well known that every second countable compact Abelian group X is topologically
isomorphic to a compact subgroup G in the infinite-dimensional torus T @0 . We will
describe this subgroup G for an a-adic solenoid X D †a. For the sake of simplicity,
we consider the case when a D .p; p; : : : ; p; : : : /, where p is a prime number, i.e.,
we consider the case of a p-adic solenoid †p . The corresponding reasoning can be
carried out for an arbitrary a D .a0; a1; : : : ; an; : : : /. Let u D .1; 0; : : : ; 0; : : : / 2 �p ,
B D f.n; nu/g1

nD�1 � R ��p , and †p D .R ��p/=B be the corresponding p-adic
solenoid. Consider the mapping 
 W R ��p 7! T @0 , defined by


.t;x/ D .z1; z2; : : : ; zn; : : : /; t 2 R; x D .x0; x1; : : : ; xn; : : : / 2 �p; (1.1)

zn D exp
n

2�i
pn�1

�
t �

n�1P
kD0

xkp
k
�o
: (1.2)
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It is not difficult to verify that 
 is a continuous homomorphism, Ker 
 D B and
G D 
.R ��p/ D fz D .z1; z2; : : : ; zn; : : : / 2 T @0 W zp

k
D zk�1; k � 2g is a closed

subgroup of the infinite-dimensional torus T @0 . It follows from ([59], (5.27)) and
([59], (5.29)) that G Š †p .

The consideration of the p-adic solenoid †p as the subgroup

G D fz D .z1; z2; : : : ; zn; : : : / 2 T @0 W zp

k
D zk�1; k � 2g

allows us to verify easily the following:

(a) if h D m
pn is a character of the group †p , then .z; h/ D zm

nC1, where z D
.z1; z2; : : : ; zn; : : : / 2 G;

(b) the automorphism fp operates onG by the formula fpz D .z
p
1 ; z

p
2 ; : : : ; z

p
n ; : : : /,

z D .z1; z2; : : : ; zn; : : : / 2 G;

(c) 
.R/ D f.e2�it ; e2�it=p; e2�it=p2
; : : : /; t 2 Rg is the dense one-parameter sub-

group of G.

1.16 Closed subgroups of the group Rm. Let G be a closed subgroup of the group
Rm. Then G is topologically isomorphic to the group Rp � Zq , where p C q � m.

1.17 Subgroups T n as direct factors. Let X be a locally compact Abelian group,
Y be its character group, n be a nonzero cardinal number. Then the following theorem
holds.

1. If X contains a subgroup G, and G is topologically isomorphic to T n, then G
is a topological direct factor of X ([59], (25.31)).

Taking into account Theorem 1.9.2 and the topological isomorphism .T n/� Š Zn�,
this theorem can be reformulated as follows.

2. If Y contains a closed subgroupH such that the factor group Y=H is topologi-
cally isomorphic to the group Zn�, then the group Y is topologically isomorphic
to the groupH � Zn�.

Now we come to the results concerning algebraic group theory. For this reason in
the rest of the section we assume that all groups under consideration are Abelian and
discrete.

1.18 Some more definitions. A group X is said to be reduced, if X contains no
nonzero divisible subgroups. A subgroup G of a group X is called pure if for any
natural n and g 2 G the solvability of the equation nx D g inX implies its solvability
in G. A torsion group X is called p-primary, if the order of every element of X is a
power of p.

1.19 Decomposition theorems. LetX be an Abelian group. The following theorems
hold.
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1. Let X be a torsion group. For each prime number p let Xp be the subgroup of
X consisting of elements whose order is a power of p. Then

X D P *

p2P
Xp

([50], Theorem 8.4). The subgroups Xp are called p-components of X .
2. The group X can be decomposed into a direct product X D D � N , where D

is the divisible group, and N is a reduced group. The subgroup D is uniquely
determined, and the subgroupN is uniquely determined up to isomorphism ([50],
Theorem 21.3).

3. Let X be a divisible group. Then X is isomorphic to a weak direct product

Qn0� � P *

p2P
Z.p1/np�;

where n0 and np are cardinal numbers ([59], §A.14).
4. Let X be a group generated by elements x1; : : : ; xn. Then

X D X1 � � � � �Xn;

where Xj is isomorphic to either Z or Z.nj / ([59], §A.27).

1.20 Reduced p-primary Abelian groups. Let A be a reduced p-primary Abelian
group. Put

A1 D
1T

nD1

A.pn/; A�C1 D .A� /1; A� D T
�<�

A� if � is a limit ordinal number.

Let 
 be the least ordinal number for which A� D f0g. Then the totally ordered
sequence of subgroups

A D A0 � A1 � � � � � A� � � � � � A� D f0g
is defined. The factor group A� D A�=A�C1 is called the � th Ulm factor of the
group A. The totally ordered sequence of Ulm factors

A0; A1; : : : ; A� ; : : : .� < 
/

is called the Ulm sequence of the groupA, and 
 is called the Ulm type of the groupA.
For each ordinal number � define the subgroup A.p� / as follows:

A.p0/ DA; A.p�C1/ D
�
A.p� /

�.p/
; A.p� / D

\
�<�

A.p�/ if � is a limit ordinal number.

Consider the factor group
�
A.p� /

�
.p/
=
�
A.p�C1/

�
.p/

. Its rank is called the � th Ulm–

Kaplansky invariant of the group A. We note that A� D A.p!� /.
The following two theorems are the base of the theory of countable reduced p-pri-

mary Abelian groups.
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1. A countable reduced p-primary Abelian group A of the Ulm type 
 and with the
Ulm sequence A� (0 � � < 
) exists if and only if
1/ 
 is a countable ordinal number;
2/ every group A� is a weak direct product of cyclic p-primary groups; more-
over if � C 1 < 
 , then A� contains elements of arbitrarily large order ([51],
Theorem 76.2).

2. Two countable reduced p-primary Abelian groups A and C are isomorphic if
and only if they have the same Ulm type 
 , and for every ordinal number � < 

their Ulm factors A� and C� are isomorphic.
The latter holds if and only if the Ulm–Kaplansky invariants of the groupsA and
C coincide ([51], Theorem 77.3).

It should be noted that if A is a countable group, then the number of cyclic direct
factors of order pn in the decomposition of A� coincides with the .!� C n � 1/-th
Ulm–Kaplansky invariant of the group A.

2 Probability distributions on locally compact Abelian groups

We present in this section results of probability distributions on locally compactAbelian
groups. We use for references the books by Grenander ([57]) and Parthasarathy ([89]).
We agree to assume, unless otherwise specified, that all groups considered in this
section are second countable, in spite of the fact that some of the statements below are
true without this restriction.

2.1 Main definitions and notation. LetX be a topological Abelian group, let B.X/
be the � -algebra of Borel sets, i.e., the smallest � -algebra of subsets of X which
contains all the open subsets of X . By a measure on the group X we understand a
nonnegative countable additive set function defined on B.X/.

The difference of two measures is called a signed measure. A measure � is called
a distribution if �.X/ D 1. Denote by M1.X/ the set of all distributions on X .

Denote by �.�/ the support of a distribution �, i.e., the smallest closed subset
A � X such that �.A/ D �.X/. Let �; � 2 M1.X/. We define their convolution
� 	 � 2 M1.X/ by the formula

.� 	 �/.B/ D
Z
X

�.B � x/ d�.x/; B 2 B.X/:

The set M1.X/ is a semigroup with respect to the convolution. Denote by ��n the
convolution of n distributions each of which is equal to �. If � D �1 	 �2, then
distributions �j are called factors of the distribution �. For � 2 M1.X/ define the
distribution N� 2 M1.X/ by the formula N�.B/ D �.�B/ for all B 2 B.X/.

We say that a distribution� is concentrated on a set A 2 B.X/ if�.B/ D 0 for any
B 2 B.X/ such thatB\A D ;. In general the setA does not need to be closed, andA
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is not uniquely determined. Let x 2 X . Denote by Ex the degenerate distribution
concentrated at the point x 2 X , and by D.X/ the set of all degenerate distributions
on X . The convolution � 	 Ex of a distribution � with a degenerate distribution is
called a shift of a distribution �.

Let .�;A; P / be a probability space, where� is a set, A is a � -algebra of subsets
of �, and P.A/ is a probability measure defined on A. By a random variable on
.�;A; P / with values in X we understand a function �.!/ defined on � with values
in X , and such that ��1.B/ 2 A for any Borel subset B � X . The random variable �
defines a distribution �� on B.X/ by the formula

��.B/ D P f! 2 � W �.!/ 2 B; B 2 B.X/g:
Two random variables � and 
 with values in X are called independent if the equality

P f! W �.!/ 2 A; 
.!/ 2 Bg D P f! W �.!/ 2 AgP f! W 
.!/ 2 Bg
is fulfilled for all A;B 2 B.X/. If random variables � and 
 are independent, then

��C� D �� 	 ��: (2.1)

The following simple statement proves to be useful.

Proposition 2.2. Let X be a topological Abelian group, G be a Borel subgroup of X ,
� 2 M1.G/, � D �1 	 �2, where �j 2 M1.X/. Then the distributions �j can be
replaced by their shifts �0

j in such a manner that � D �0
1 	 �0

2 and �0
j 2 M1.G/.

Proof. We deduce from the equality

1 D �.G/ D
Z
X

�1.G � x/d�2.x/

that �2fx 2 X W �1.G � x/ D 1g D 1. Hence �1.G � x1/ D 1 for some x1 2 X ,
i.e., the distribution �1 is concentrated on the set G � x1. This implies that �0

1 D
�1 	Ex1

2 M1.G/. Put �0
2 D �2 	E�x1

. Then � D �0
1 	 �0

2 and

1 D �.G/ D
Z
X

�0
2.G � x/ d�0

1.x/ D
Z
G

�0
2.G � x/ d�0

1.x/:

It follows from this that�0
1fx 2 G W �0

2.G�x/ D 1g D 1. Therefore�0
2.G�x2/ D 1

for some x2 2 G. Since G is a group, we have �0
2.G/ D 1, i.e., �0

2 2 M1.G/.

We also need the following general statement.

Suslin’s theorem 2.3 ([69], §39, IV). Let X1 be a separable complete metric space,
X2 be a metric space, p W X1 7! X2 be a continuous one-to-one mapping. If B is a
Borel set in X1, then p.B/ is a Borel set in X2.
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Proposition 2.4. Let X1 and X2 be topological Abelian groups, p W X1 7! X2 be an
algebraic isomorphism with the property that the images and preimages of Borel sets
under the mapping p are Borel. Then p generates an isomorphism of the semigroups
M1.X1/ and M1.X2/ by

.i/ p.�/.B/ D �.p�1.B//;

where � 2 M1.X1/, B 2 B.X2/ (we keep the notation p for this isomorphism).

The proof of this statement consists of some standard verifications. The statement
below follows directly from the Suslin theorem and Proposition 2.4.

Corollary 2.5. Let X1 be a complete topological Abelian metric group, X2 a topo-
logical Abelian metric group, and let p W X1 7! X2 be a continuous monomorphism.
Then p generates an isomorphism of the semigroups M1.X1/ and M1.p.X1// by for-
mula 2.4 (i).

2.6 Topology onM1.X/. LetX be a topologicalAbelian group. We introduce a weak
topology in M1.X/ as follows: a sequence of distributions �n 2 M1.X/ converges to
a distribution � 2 M1.X/ .�n ) �/ ifZ

X

f .x/ d�n.x/ !
Z
X

f .x/ d�.x/

for every bounded continuous function f .x/ on X .

2.7 Characteristic functions. Let X be a locally compact Abelian group, Y be its
character group. For every � 2 M1.X/ the characteristic function (Fourier transform)
of � is defined by

O�.y/ D
Z
X

.x; y/d�.x/:

A function f .y/ on the group Y is called characteristic if f .y/ D O�.y/ for a dis-
tribution � 2 M1.X/. We note that if � is a random variable with values in X and
distribution �, then the characteristic function of � is the expectation

O�.y/ D EŒ.�; y/�: (2.2)

The characteristic function of a random variable is the characteristic function of its
distribution. If � and 
 are random variables with values in X , then � and 
 are
independent if and only if the equality

EŒ.�; u/.
; v/� D EŒ.�; u/�EŒ.
; v/�

holds for all u; v 2 Y .
Let � 2 M1.X/. The characteristic function O�.y/ has the following properties

([57], § 3.3):
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(a) j O�.y/j � O�.0/ D 1;
(b) � is uniquely defined by the function O�.y/;
(c) .1� 	 �/.y/ D O�.y/ O�.y/, �; � 2 M1.X/;
(d) ON�.y/ D O�.y/ D O�.�y/;
(e) if H is a closed subgroup of the group Y and j O�.y/j D 1 for all y 2 H , then

there exists an element x 2 X such that O�.y/ D .x; y/ for all y 2 H ;
(f) O�.y/ is a uniformly continuous function;
(g) the inequality

j O�.y1/ � O�.y2/j2 � 2.1 � Re O�.y1 � y2//

holds for all y1; y2 2 Y ;
(h) let �n 2 M1.X/; �n ) � if and only if O�n.y/ ! O�.y/ uniformly on every

compact subset of Y ;
(i) let �n 2 M1.X/, and let the sequence O�n.y/ converge to a limit uniformly on

every compact subset of Y ; then there exists a distribution � 2 M1.X/ such that
O�n.y/ ! O�.y/ and �n ) �.

We note that properties (b)–(d) and (f) are also fulfilled for an arbitrary signed
measure.

2.8 Positive definite functions. Let Y be an arbitrary Abelian group. A function
f .y/ defined on Y is said to be positive definite if, for any natural n, any complex
numbers z1; : : : ; zn, and any points y1; : : : ; yn 2 Y , the inequality

.i/
nX

i;j D1

f .yi � yj /zi Nzj � 0

holds.

Bochner’s theorem 2.9 ([60], (33.3)). Let X be a locally compact Abelian group, Y
be its character group. A function f .y/ on the group Y is the characteristic function
of a distribution � 2 M1.X/ if and only if the following conditions hold: (i) f .y/ is
continuous; (ii) f .y/ is positive definite; (iii) f .0/ D 1.

Thanks to the Bochner theorem we can not make a difference between characteristic
functions and normalized continuous positive definite functions.

Proposition 2.10. Let X1 and X2 be locally compact Abelian groups with character
groups Y1 and Y2, respectively. Let p W X1 7! X2 be a continuous homomorphism
generating the mapping p W M1.X1/ 7! M1.X2/ by formula 2.4 (i). If � 2 M1.X1/,
then the characteristic function of the distribution p.�/ is of the form 1p.�/.y2/ D
O�. Qpy2/, where y2 2 Y2, and Qp W Y2 7! Y1 is the homomorphism adjoint of p.
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Corollary 2.11. Let X be a locally compact Abelian group, Y be its character group,
G be a closed subgroup ofX ,H D A.Y;G/, p W X 7! X=G be the natural homomor-
phism, and � 2 M1.X/. Then the restriction of the characteristic function O�.y/ toH
is the characteristic function of the distribution p.�/ 2 M1.X=G/.

The following statement is often used in construction of positive definite functions.

Proposition 2.12 ([60], (32.43)). Let Y be an arbitrary Abelian group and H be a
subgroup of Y . Let f0.y/ be a positive definite function onH , and f .y/ be the function
on Y such that

f .y/ D
(
f0.y/ if y 2 H;
0 if y 62 H:

Then f .y/ is a positive definite function.

Proposition 2.13. LetX be a locally compact Abelian group, Y be its character group,
and � 2 M1.X/. Then the set

E D fy 2 Y W O�.y/ D 1g

is a closed subgroup of Y , the characteristic function O�.y/ is E-invariant, i.e., O�.y/
takes a constant value on each coset of the group Y with respect to E, and �.�/ �
A.X;E/.

Proof. It is obvious that the inequality

1 � Re.x; y1 C y2/ � 2Œ.1 � Re.x; y1//C .1 � Re.x; y1//�

holds for all x 2 X; y1; y2 2 Y . This implies the inequality

1 � Re O�.y1 C y2/ � 2Œ.1 � Re O�.y1//C .1 � Re O�.y1//�: (2.3)

It results from (2.3) that E is a subgroup. Obviously, E is closed. Inequality 2.7 (g)
implies that if y1 �y2 2 E, then O�.y1/ D O�.y2/, i.e., the function O�.y/ isE-invariant.
Put H D Y=E. By Theorem 1.9.2, H� Š A.X;E/. As has been stated above, the
function O�.y/ can be considered as a function f .Œy�/ on H . The function f .Œy�/ is
continuous, positive definite, and f .0/ D 1. By Bochner’s theorem f .Œy�/ D O�.Œy�/,
� 2 M1.A.X;E//. We have

O�.y/ D
Z
X

.x; y/d�.x/ D f .Œy�/ D
Z

A.X;E/

.x; Œy�/d�.x/ D
Z
X

.x; y/d�.x/ D O�.y/:

It follows from 2.7 (b) that � D �.
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2.14 Haar measure and idempotent distributions. Let X be a locally compact
Abelian group, Y be its character group. There exists a measure mX on the group X
with the following properties:

(a) mX .B C x/ D mX .B/ for all B 2 B.X/, x 2 X ;
(b) mX .�B/ D mX .B/ for all B 2 B.X/.

The measuremX is called a Haar measure. IfX is a compact group, thenmX .X/ < 1.
We assume that in this case mX 2 M1.X/ ([59], Chapter 4).

LetK be a compact subgroup of X . We note that the characteristic function of the
distribution mK is of the form

.i/ ymK.y/ D
(
1 if y 2 A.Y;K/;
0 if y 62 A.Y;K/:

A distribution � 2 M1.X/ is said to be idempotent if ��2 D � 	 Ex for some
x 2 X . The set I.X/ of all idempotent distributions on the groupX coincides with the
set of all shifts of the Haar distributions mK of compact subgroups K of X . Indeed,
let ��2 D � 	 Ex . Put � D � 	 E�x . This implies that ��2 D �, hence by 2.7 (c)
O�2.y/ D O�.y/. It follows from this that either O�.y/ D 0 or O�.y/ D 1. Consider the
set E D fy 2 Y W O�.y/ D 1g. Put K D A.X;E/. By Theorem 1.9.1, E D A.Y;K/.
Taking into account 2.7 (b) we obtain that � D mK . It should be also noted that
D.X/ � I.X/.

2.15 Infinitely divisible distributions. LetX be a locally compact Abelian group, Y
be its character group. A distribution � on the group X is said to be infinitely divisible
if for each natural n there are an element xn 2 X and a distribution �n 2 M1.X/ such
that � D ��n

n 	Exn
.

We give the examples of infinitely divisible distributions:
(i) idempotent distributions, in particular, degenerate distributions;
(ii) the generalized Poisson distribution e.F / associated with a finite measure F ,

e.F / D expf�F.X/g.E0 C F C F �2=2ŠC � � � C F �n=nŠC � � � /:
We note some properties of infinitely divisible distributions:
(a) the characteristic function O�.y/ of an infinitely divisible distribution� vanishes

if and only if � has a nondegenerate idempotent factor ([89], Theorem 4.2);
(b) if� is an infinitely divisible distribution, then the setN D fy 2 Y W O�.y/ ¤ 0g

is an open subgroup of Y ([89], Lemma 5.4);
(c) the set of infinitely divisible distributions is a closed subsemigroup in M1.X/

([89], Theorem 4.1).

2.16 The Lévy–Khinchin formula. Let X be a locally compact Abelian group, Y
be its character group. The Lévy–Khinchin formula is a assertion which gives a repre-
sentation of the characteristic function of an infinitely divisible distribution on X . To
formulate it we need the following statement.

There exists a function g.x; y/ on the productX �Y with the following properties:
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(a) g.x; y/ is continuous in two variables x and y;
(b) sup

x2X

sup
y2K

jg.x; y/j < 1 for every compact subset K � Y ;

(c) g.x; y1 Cy2/ D g.x; y1/Cg.x; y2/ for all x 2 X; y1; y2 2 Y , and g.�x; y/ D
�g.x; y/;

(d) if K is an arbitrary compact in Y , then there is a neighbourhood of zero UK in
X such that .x; y/ D expfig.x; y/g for all x 2 UK and y 2 K;

(e) if K is an arbitrary compact in Y , then g.x; y/ converges to zero uniformly in
y 2 K as x tends to zero of the group X ([89], Lemma 5.3).

We now can get the group analogue of the Lévy–Khinchin formula.

Let X be a locally compact Abelian group, Y be its character group. If � is an
infinitely divisible distribution onX without idempotent factors, then the characteristic
function O�.y/ has the representation

.i/ O�.y/ D .x0; y/ exp
� Z
Xnf0g

Œ.x; y/ � 1 � ig.x; y/� dF.x/ � '.y/
�
;

where x0 is a fixed point of X , g.x; y/ is a function on X � Y which is independent
of � and has the properties mentioned above, F is a � -finite measure with finite mass
outside every neighbourhood of zero in X which satisfies the conditionZ

Xnf0g
Œ1 � Re.x; y/� dF.x/ < 1 for every y 2 Y;

and '.y/ is a nonnegative continuous function satisfying the equation

.ii/ '.uC v/C '.u � v/ D 2Œ'.u/C '.v/�; u; v 2 Y:
Conversely, any function of type (i) is the characteristic function of an infinitely divisible
distribution on the group X without idempotent factors ([89], Theorem 7.1).

Representation (i) is called the Lévy–Khinchin formula. Measure F is called the
Lévy measure of the infinitely divisible distribution �.

If � is an infinitely divisible distribution without idempotent factors, we say that �
has the representation .x0; F; '/, where x0, F , and ' are as in (i). If the characteristic
function of an infinitely divisible distribution � without idempotent factors has two
representations .x1; F1; '1/ and .x2; F2; '2/, then '1.y/ D '2.y/, y 2 Y , and F1 D
F2 on the complement of the subgroup bX . Representation (i) is unique if and only if
either bX D f0g or bX D X.2/ ([89], Chapter IV, § 8).

The following statement allows us in some cases to reduce the study of arbitrary
infinitely divisible distributions to the study of an infinitely divisible distribution without
idempotent factors.

Theorem 2.17 ([89], Theorem 7.2). Let X be a locally compact Abelian group, � be
an infinitely divisible distribution on X . Then � D mK 	 �, where K is a compact
subgroup of X , and � is an infinitely divisible distribution without idempotent factors.
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Cramér’s theorem 2.18 ([74], Theorem 6.3.2). Let � be a Gaussian distribution in
the space Rm, and � D �1 	 �2, where �j 2 M1.Rm/. Then �j are also Gaussian
distributions.

Theorem 2.19 ([74], Chapter VI, § 1). Let F.t/, t 2 Rm, be a characteristic function,
and ˆ.t/, t 2 Rm, be the restriction to Rm an entire function ˆ.z/, z 2 Cm. Assume
that U is a neighbourhood of zero in Rm and

.i/ F.t/ D ˆ.t/; t 2 U:
Then the function F.t/ can be extended to Cm as an entire function, and (i) holds for
all t 2 Rm.

Proposition 2.20. Let G be a locally compact Abelian group, X D Rm � G. Denote
by .s; h/, s 2 Rm, h 2 H elements of the group X� Š Rm � H , where H D G�.
Let � 2 M1.X/, and assume that O�.s; 0/ is an entire function in s. Then O�.s; h/ is an
entire function in s for every fixed h 2 H , and the representation

O�.s; h/ D
Z
X

eiht;si.g; h/ d�.x/

holds for all s 2 C, h 2 H .

2.21 Conditional distribution. Let X be a topological Abelian group. Let � and 

be random variables taking values in X . By the conditional distribution of the random
variable 
 given �, we understand a function P�j�.x; B/ defined on X � B.X/ such
that

(i) for every fixed x 2 X the function P�j�.x; B/ is a distribution on X ;
(ii) for each fixed B 2 B.X/ and each C 2 B.X/ the equality

P f! 2 � W �.!/ 2 C; 
.!/ 2 Bg D
Z
C

P�j�.x; B/ d��.x/

holds. We deduce from the definition of the condition distribution of the random
variable 
 given � that this distribution is symmetric, i.e.,

P�j�.x; B/ D P�j�.x;�B/
if and only if the equality

P f! 2 � W �.!/ 2 C; 
.!/ 2 Bg D P f! 2 � W �.!/ 2 C; 
.!/ 2 �Bg
holds for all B;C 2 B.X/.



Chapter II

Gaussian distributions on locally compact Abelian
groups

Let X be a second countable locally compact Abelian group. This chapter is devoted
to Gaussian distributions on X . We define Gaussian distribution on a group X and
study its properties. We describe completely groups X on which the classical Cramér
and Marcinkiewicz theorems can be extended. We also consider Gaussian distributions
in the sense of Urbanik, i.e., such distributions on X which any character transforms
into Gaussian distributions on the circle group T . We describe completely groups X
for which the class of Gaussian distributions coincides with the class of Gaussian
distributions in the sense of Urbanik.

3 Properties of Gaussian distributions

Let X be a second countable locally compact Abelian group, Y be its character group.
Following Parthasarathy, we define in this section the Gaussian distribution on the
group X and study its properties.

Definition 3.1 ([89], Chapter 4, § 6). A distribution � on a groupX is called Gaussian
if its characteristic function can be represented in the form

.i/ O�.y/ D .x; y/ expf�'.y/g; y 2 Y;
where x 2 X , and '.y/ is a continuous nonnegative function on the group Y satisfying
equation 2.16 (ii).

Denote by �.X/ the set of Gaussian distributions on X . A Gaussian distribution
is called symmetric if x D 0 in (i). Denote by �s.X/ the set of symmetric Gaussian
distributions on X .

3.2. Definition 3.1 of the Gaussian distribution for the groups X D Rk and X D T k

coincides with the classical one. The assertion with respect to X D Rk follows from
the fact that indeed, if X D Rk , then Y Š Rk , and a continuous nonnegative function
'.y/ on Rk satisfying equation 2.16 (ii) is of the form

'.y/ D hAy; yi; y D .y1; : : : ; yk/ 2 Rk;

where h � ; � i is the scalar product in Rk , and A is a symmetric positive semidefinite
matrix. In particular, if � 2 �.R/, then the characteristic function O�.s/ can be written
in the form

O�.s/ D exp
˚
ias � �2s2

2

�
; a 2 R; � � 0; s 2 R: (3.1)
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If in (3.1) � > 0, then � has density �.t/ with respect to the Lebesgue measure

�.t/ D d�

dt
D 1p

2��
e

� .t�a/2

2�2 :

For the group X D T k in accordance with the classical definition, � is a Gaussian
distribution on T k if � is an image of a Gaussian distribution � on Rk under the
natural homomorphism p W Rk 7! T k Š Rk=.2�Z/k . If the characteristic function of
a Gaussian distribution � is of the form

O�.s/ D expfiht; si � hAs; sig; s 2 Rk;

where t 2 Rk , and A is a symmetric positive semidefinite matrix, then by Proposi-
tion 2.10,

O�.n/ D 1p.�/.n/ D expfiht; ni � hAn; nig; n D .n1; n2; : : : ; nk/ 2 Zk :

We see that � is a Gaussian distribution in accordance with Definition 3.1. It is easy
to see that the converse statement is also true (compare with Proposition 3.8). We note
that if � 2 �.R/ is a nondegenerate distribution and � D p.�/ 2 �.T /, then � also
has density

%.eit / D
p
2�

�

1X
nD�1

exp
˚ � 1

2�2 .t � aC 2�n/2
�

(3.2)

with respect to the Haar distributionmT , and the characteristic function O�.n/ is of the
form

O�.n/ D exp
˚
ian � �2n2

2

�
; n 2 Z:

Remark 3.3. A continuous function '.y/ satisfying equation 2.16 (ii) is also called a
square form on a group Y . If we know a square form '.y/we can construct a 2-additive
function by the formula

 .u; v/ D 1

2
Œ'.uC v/ � '.u/ � '.v/�; u; v 2 Y: (3.3)

Obviously, the function  .u; v/ satisfies the conditions

.i/  .u; v/ D  .v; u/

.ii/  .uC v;w/ D  .u;w/C  .v;w/:

It is easy to see that if a function  .u; v/ satisfies conditions (i) and (ii), then the
function

'.y/ D  .y; y/ (3.4)

satisfies equation 2.16 (ii).
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Remark 3.4. Let '.y/ be a continuous nonnegative function on a group Y satisfying
equation 2.16 (ii), and let f .y/ D expf�'.y/g. Then f .y/ is a characteristic function,
and hence f .y/ is the characteristic function of a Gaussian distribution on the group
X . Indeed, let y1; : : : ; yk be fixed elements of Y . Consider the function '.n1y1 C
� � �Cnkyk/ as a function of integer-valued variables nj . Define the function .y1; y2/

by formula (3.3). It results from (3.4) that

'.n1y1 C � � � C nkyk/ D hAn; ni
with n D .n1; : : : ; nk/ 2 Zk , A D .˛ij /

k
i;j D1, and ˛ij D  .yi ; yj /. Since '.y/ � 0,

the matrixA is positive semidefinite. Hence the function expf�'.n1y1 C� � �Cnkyk/g
considered as a function of integer-valued variables nj , is a positive definite function
on the group Zk . It follows from what has been said that f .y/ D expf�'.y/g is
a positive definite function. Hence by the Bochner theorem, f .y/ is a characteristic
function.

Remark 3.5. If'.y/ is a continuous function on a groupY satisfying equation 2.16 (ii),
then '.yCy0/ D '.y/ for all y 2 Y; y0 2 bY , in particular, '.y/ D 0 for all y 2 bY .
Indeed, letH be a compact subgroup of Y . Consider equation 2.16 (ii), assuming that
u; v 2 H . Integrating equation 2.16 (ii) over the group H with respect to the Haar
distribution dmH .u/ and taking into account 2.14 (a), we infer that '.v/ D 0 for all
v 2 H . Hence '.v/ D 0 when v 2 bY . Fix y 2 Y and y0 2 bY . Denote by M the
smallest closed subgroup of Y containing element y0. Since y0 2 bY , the subgroup
M is compact. Consider the function P.l/ D '.yC ly0/ on the group Z. It is easy to
see that the function P.l/ satisfies the equation

P.mC n/C P.m � n/ D 2P.m/; m; n 2 Z:

This implies thatP.l/ D a0 C la1, l 2 Z, where a0; a1 are some constants depending,
generally speaking, on y and y0. The function '.y/ is continuous on the compact set
y CM , and hence it is bounded on y CM . Therefore a1 D 0. It follows from this
that '.y C y0/ D '.y/.

Let us study the support of a Gaussian distribution. Without loss of generality, we
can assume that the Gaussian distribution is symmetric.

Proposition 3.6. If � 2 �s.X/, then �.�/ D G, where G is a connected subgroup of
the group X .

Proof. Consider the set E D fy 2 Y W O�.y/ D 1g, and set G D A.X;E/. It
results from Proposition 2.13 that �.�/ � G. Hence we may consider � as a Gaussian
distribution on the group G. Set H D G�. The characteristic function O�.y/, y 2 H

has the property
fh 2 H W O�.h/ D 1g D f0g:

By Remark 3.5, bH D f0g. This implies by Theorem 1.9.3 that cG D G, i.e., G is a
connected group.
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Proposition 3.6 will be proved if we verify that �.U / > 0 for any open subset
U � G. Suppose that �.U / D 0 for some open subset U � G. Choose an open
subset U0 in U and a neighbourhood of zero V in G such that U0 C V � U . By
Theorem 1.11.2, G D L �K, where L Š Rm, m � 0, and K is a compact connected
group. Apply Theorem 1.12.2 and choose in K \ V a closed subgroup S such that
K=S Š T k �F , where F is a finite group. Since the groupK is connected, F D f0g.
It follows from this that the factor groupG=S is topologically isomorphic to the group
Rm � T k . Denote by 
 this topological isomorphism, and set p D 
 B � , where � is
the natural homomorphism � W G 7! G=S . It is obvious that p.�/ 2 �.Rm � T k/,
and

fy 2 Rm � Zk W bp.�/.y/ D 1g D f0g:
Moreover

p.�/.p.U0// D �fp�1.p.U0//g D �fU0 C Sg � �fU0 C V g � �fU g D 0;

but this is impossible because p.U0/ is an open set. The contradiction obtained proves
that �.U / > 0.

The proof of Proposition 3.6 implies directly the following statement:

Corollary 3.7. Let � be a symmetric Gaussian distribution on a group X . Assume
that fy 2 Y W O�.y/ D 1g D f0g. This implies that the group X is connected, and
�.�/ D X .

Thus studying Gaussian distributions on a group X we can restrict ourselves to the
case when X is a connected group. We will prove now that an arbitrary symmetric
Gaussian distribution on a connected group X is a continuous homomorphic image
of a Gaussian distribution in a linear space. This space is either finite-dimensional or
infinite-dimensional depending on the dimension of the group X . First consider the
case when the group X has finite dimension.

Proposition 3.8. LetX be a connected group of finite dimension l . Then there exists a
continuous homomorphismp W Rl 7! X with the property: for any symmetricGaussian
distribution � 2 �s.X/ there is a symmetric Gaussian distribution � 2 �s.Rl/ such
that � D p.�/.

Proof. By Theorem 1.11.2 the group X is topologically isomorphic to the group
Rm � K, where m � 0, and K is a compact connected group. First assume that
X D K. Put D D K�. We conclude from Theorems 1.6.1 and 1.6.2 that D is a
discrete torsion-free group. By Theorem 1.6.3, r.D/ D l . Choose in D a maximal
independent system of elements d1; : : : ; dl . Then for every d 2 D there exist integers
k; k1; : : : ; kl such that

kd D k1d1 C � � � C kldl : (3.5)

The independence of the set fd1; : : : ; dlg implies that the rational numbers fkj =kgl
j D1

are uniquely determined by d . Since D is a torsion-free group, the mapping

�d D .k1=k; : : : ; kl=k/ (3.6)
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is a monomorphism � W D 7! Rl .
Let a function '.d/ on the group D satisfy equation 2.16 (ii). Taking into account

Remark 3.3 we define the function  .y1; y2/ by formula (3.3). It results from (3.5)
and (3.4) that

k2'.d/ D k2 .d; d/ D  .kd; kd/ D  .k1d1 C � � � C kldl ; k1d1 C � � � C kldl/

D
lX

i;j D1

˛ijkikj ;

where ˛ij D  .di ; dj /, 1 � i; j � l . Hence

'.d/ D
lX

i;j D1

˛ij .ki=k/.kj =k/ D hA�d; �d i; (3.7)

where A D .˛ij /
l
i;j D1. If '.d/ � 0 for all d 2 D, then the symmetric matrix A is

positive semidefinite, i.e., the square form hAs; si is nonnegative for all s 2 Rl .
Let � 2 �s.K/. Assume that the function '.d/ in 3.1 (i) corresponds to the

characteristic function O�.d/. We deduce from (3.7) that

O�.d/ D expf�hA�d; �d ig; d 2 D: (3.8)

Let � be a Gaussian distribution on the group Rl with the characteristic function

O�.s/ D expf�hAs; sig; s 2 Rl : (3.9)

Denote by p W Rl 7! K the homomorphism adjoint to the homomorphism � . It follows
from Proposition 2.10 and (3.9) that1p.�/.d/ D expf�hA�d; �d ig; d 2 D: (3.10)

From (3.8), (3.10) and 2.7 (b) we conclude that � D p.�/.
Assume now that the group X is noncompact. Then X Š Rm �K, where m � 1,

and K is a compact connected group of finite dimension n, mC n D l . Put D D K�.
Then by Theorem 1.7.1, Y Š Rm�D. By Theorems 1.6.1 and 1.6.2,D is a discrete

torsion-free group. By Theorem 1.6.3, r.D/ D n.
To avoid introducing new notation we will suppose that Y D Rm�D. Denote byH

the subgroup of Y of the formH D Qm �D. It is obvious thatH is dense in Y . Con-
sider in Qm a maximal independent system of elements e1 D .1; 0; : : : ; 0/; : : : ; em D
.0; : : : ; 0; 1/. Let d1; : : : ; dn be a maximal independent system of elements inD. Then
e1; : : : ; em; d1; : : : ; dn are a maximal independent system of elements in H . Denote
by y D .s; d/, s 2 Rm, d 2 D elements of the group Y . Let h 2 H . Then there exist
integers k; p1; : : : ; pm; k1; : : : ; kn such that

kh D p1e1 C � � � C pmem C k1d1 C � � � C kndn:
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The mapping
�h D .p1=k; : : : ; pm=k; k1=k; : : : ; kn=k/

is a monomorphism � W H 7! Rl . As is easily seen, the restriction of � to Qm is the
identity mapping. Hence the monomorphism � can be extended by continuity fromH

to Y by the formula

�.s; d/ D .s; k1=k; : : : ; kn=k/; .s; d/ 2 Y (3.11)

(we keep the notation � for the extended monomorphism). Reasoning as in the case
whenX D K, we make sure that the restriction of the function '.y/ toH has the form

'.h/ D hA�h; �hi; h 2 H; (3.12)

where A D .˛ij /
l
i;j D1 is a symmetric positive semidefinite matrix, ˛ij D  .ei ; ej /,

1 � i; j � m, ˛i;j Cm D  .ei ; dj /, 1 � i � m, 1 � j � n, ˛iCm;j Cm D  .di ; dj /,
1 � i; j � n. Since the function '.y/ is continuous on Y , equality (3.12) is true for
every y 2 Y . Furthermore � in the right side of (3.12) is defined by (3.11). The proof
can be completed as in the case where X D K.

Corollary 3.9. LetX be a connected group of finite dimension l . Then any symmetric
Gaussian distribution � on X is a continuous monomorphic image of a Gaussian
distribution on a group Rm � T n.

Proof. Let � 2 �s.Rl/ and p W Rl 7! X be as in Proposition 3.8. We note that
L D �.�/ is a subspace in Rl . Denote by q the restriction of p to L. Put E D Ker q.
Then by Theorem 1.16, E Š Ra � Zn. Denote by 
 the natural homomorphism

 W L 7! L=E. It is obvious thatL=E Š Rm �T n. To avoid introducing new notation
we will suppose that L=E D Rm � T n. Then 
.�/ 2 �.Rm � T n/. Set r D q
�1. It
is obvious that r is a continuous monomorphism from Rm �T n toX and � D r.
.�//.

Consider now the case when a connected groupX has infinite dimension. We recall
that the group X is assumed to be second countable. This implies by Theorems 1.6.3
and 1.11.2 that if the dimension of the group X is infinite, then dimX D @0. In what
follows we need the concept of a Gaussian distribution in the space R@0 .

3.10 Gaussian distributions in the space R@0 . Denote by R@0 the space of all se-
quences of real numbers in the product topology. The convergence of elements

t .k/ D .t
.k/
1 ; : : : ; t .k/

n ; : : : / ! t D .t1; : : : ; tn; : : : /

in this topology is the coordinate-wise convergence. The space R@0 can be regarded
as the projective limit of a directed set of spaces Rn. We note that the topological
group R@0 is not locally compact. It is possible to introduce a metric in the group R@0

inducing the product topology by the formula

�.u; v/ D
1X

nD1

1

2n

jun � vnj
1C jun � vnj ;
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u D .u1; : : : ; un; : : : /; v D .v1; : : : ; vn; : : : / 2 R@0 . With respect to this metric R@0

is a complete separable group.
Denote by R@0� the space of all finitary sequences of real numbers with the topology

of strictly inductive limit of spaces Rn. The convergence of elements

s.k/ D .s
.k/
1 ; : : : ; s.k/

n ; 0; : : : / ! s D .s1; : : : ; sn; 0; : : : /

in this topology means that all s.k/ belong to one space Rn and converge there. The
topological group R@0� is not locally compact either. Let t D .t1; : : : ; tn; : : : / 2 R@0

and s D .s1; : : : ; sn; 0; : : : / 2 R@0�. Set ht; si D P1
j D1 tj sj . Fix s 2 R@0� and

consider the function
.t; s/ D expfiht; sig (3.13)

on the group R@0 . This function is a continuous homomorphism of the group R@0 into
the circle group T , i.e., it is a character of the group R@0 . It is easily seen that every
character of the group R@0 is of the form (3.13). Denote by B.R@0/ the � -algebra
of Borel sets in R@0 , i.e., the smallest � -algebra generated by the sets of the form
U n

J � R@0nJ , where U n
J is an open set in Rn

J , J D .j1; : : : ; jn/, Rn
J D ft 2 R@0 W tj D

0 for j … J g, and R@0nJ D ft 2 R@0 W tj D 0 for all j 2 J g. Taking into account the
definition of the topology in R@0 and the � -algebra B.R@0/, it is easy to see that every
continuous function on the group R@0 is B.R@0/-measurable. Let � be a distribution
on R@0 . We define the characteristic function of � by the formula

O�.s/ D
Z

R@0

.t; s/ d�.t/; s 2 R@0�:

It is easily seen that the characteristic function O�.s/ has the properties:

(a) O�.0/ D 1;
(b) the function O�.s/ is continuous;
(c) the function O�.s/ is positive definite on every subspace Rn

J � R@0�.

It results from Kolmogorov’s theorem and from Bochner’s theorem for the group Rn

that every functiong.s/ on the group R@0� satisfying properties (a)–(c) defines a unique
distribution �g on the group R@0 such that O�g.s/ D g.s/. Let A D .˛ij /

1
i;j D1 be a

symmetric positive semidefinite matrix, i.e., the square form hAs; si D P1
i;j D1 ˛ij sisj

is nonnegative for all s 2 R@0�. We can define now a Gaussian distribution on the
group R@0 .

A distribution � on the group R@0 is called Gaussian if its characteristic function
is represented in the form

O�.s/ D .t; s/ expf�hAs; sig; s 2 R@0�; (3.14)

where t 2 R@0 , and A D .˛ij /
1
i;j D1 is a symmetric positive semidefinite matrix.

Denote by �.R@0/ the set of Gaussian distributions on the group R@0 . A Gaussian
distribution is called symmetric if in (3.14) t D 0. Denote by �s.R@0/ the set of
symmetric Gaussian distributions on the group R@0 .
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We will prove now an analogue of Proposition 3.8 for connected groups of infinite
dimension.

Proposition 3.11. LetX be a connected group and let dimX D @0. Then there exists
a continuous homomorphism p W R@0 7! X with the property: for any symmetric
Gaussian distribution � 2 �s.X/ there is a symmetric Gaussian distribution � 2
�s.R@0/ such that � D p.�/.

Proof. By Theorem 1.11.2 the groupX is topologically isomorphic to the group Rm �
K, wherem � 0, andK is a compact connected group. First assume thatX D K. Put
D D K�. Then by Theorems 1.6.1 and 1.6.2, D is a discrete torsion-free group. By
Theorem 1.6.3, r.D/ D @0. Choose in D a maximal independent system of elements
d1; : : : ; dl ; : : : . Then for every d 2 D there exist integers k; k1; : : : ; kl such that

kd D k1d1 C � � � C kldl :

The independence of the set fd1; : : : ; dlg implies that the rational numbers fkj =kgl
j D1

are uniquely determined by d . Since D is a torsion-free group, the mapping

�d D .k1=k; : : : ; kl=k; 0; : : : / (3.15)

is a monomorphism � W D 7! R@0�.
Define the mapping p W R@0 7! K by the equality .pt; d/ D .t; �d/ for all t 2

R@0 ; d 2 D. It is easy to verify that p is a continuous homomorphism. We observe
that if ˛ is an arbitrary distribution on the group R@0 , then the characteristic function
of the distribution p.˛/ 2 M1.K/ is of the formbp.˛/.d/ D Ǫ .�d/; d 2 D: (3.16)

Note that (3.16) does not follow from Proposition 2.10 but must be proved indepen-
dently, because the groups R@0 and R@0� are not locally compact.

Just as in the proof of Proposition 3.8 it is easy to make sure that every nonnegative
function '.d/ on the group D satisfying equation 2.16 (ii) is represented in the form

'.d/ D hA�d; �d i; d 2 D; (3.17)

where A D .˛ij /
1
i;j D1 is a symmetric positive semidefinite matrix, ˛ij D  .di ; dj /,

and �d is defined by (3.15).
Let � 2 �s.K/ and let the function '.d/ correspond to the characteristic function

O�.d/ in 3.1 (i). We deduce from (3.17) that

O�.d/ D expf�hA�d; �d ig; d 2 D: (3.18)

Let � be a Gaussian distribution on the group R@0 with the characteristic function

O�.s/ D expf�hAs; sig; s 2 R@0�: (3.19)
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It follows from (3.16) and (3.19) that1p.�/.d/ D expf�hA�d; �d ig; d 2 D: (3.20)

Comparing (3.18) and (3.20) and using 2.7 (b), we conclude that � D p.�/.
The general case, i.e., when X Š Rm � K, where m � 1, and K is a compact

connected group, dimK D @0, can be considered as in Proposition 3.8. In so doing
the monomorphism � W Y 7! R@0� is defined by

�.s; d/ D .s; k1=k; : : : ; kl=k; 0; : : : /; .s; d/ 2 Y: (3.21)

Remark3.12. It was proved in Proposition 3.6 that the support of a symmetric Gaussian
distribution on a group X is a connected subgroup G of X . It results from Proposi-
tions 3.8 and 3.11 that for every connected groupX there exists a symmetric Gaussian
distribution � 2 �s.X/ such that �.�/ D X . Indeed, since on the group Rm there
exists a symmetric Gaussian distribution � 2 �s.Rm/ such that �.�/ D Rm, by Theo-
rem 1.11.2 it suffices to prove this statement for a compact connected group. So, let
us assume that a group X is connected and compact, and � is either a homomorphism
such as in the proof of Proposition 3.8 if dimX D l < 1, or such as in the proof of
Proposition 3.11 if dimX D @0. In both cases the required distribution � 2 �.X/ is
a distribution � with the characteristic function

O�.y/ D expf�h�y; �yig; y 2 D:
This follows from the fact that O�.y/ D 1 if and only if y D 0 and from Corollary 3.7.

It should be noted that the proofs of Propositions 3.8 and 3.11 imply directly that if
f .y/ D expf�'.y/g, where '.y/ is a continuous nonnegative function on the group
Y satisfying equation 2.16 (ii), then f .y/ is a characteristic function (compare with
Remark 3.4).

3.13. Let X be a nondiscrete group and � be a measure on X . Expand the measure �
into the sum

.i/ � D �ac C �s C �d ;

where �ac is a measure absolutely continuous with respect to mX , �s is a measure
singular with respect tomX , and �d is a discrete measure. We will call such expansion
the structure of the measure � . Let us study the structure of a Gaussian distribution.
Taking into account Proposition 3.6 we can assume that the group X is connected.
We first verify that if � is a nondegenerate Gaussian distribution on X , then �d D 0

in (i). By Theorem 1.11.2, X Š Rm �K, wherem � 0 andK is a compact connected
group. Put D D K�. By Theorems 1.7.1, 1.6.1, and 1.6.2, Y Š Rm � D, where D
is a discrete torsion-free group. Let y0 2 Y be an arbitrary element. Denote by M
the subgroup of Y generated by the element y0. It is obvious that M Š Z, and hence
M � Š T . By Theorem 1.9.2, M � Š X=A.X;M/. Thus X=A.X;M/ Š T . Denote
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this topological isomorphism by 
 and set p D 
 B � , where � W X 7! X=A.X;M/

is the natural homomorphism. Then p W X 7! T is a continuous homomorphism. If
�.fx0g/ > 0, then we have p.�/.fpx0g/ D �.p�1.fpx0g// � �.fx0g/ > 0, but this is
impossible because p.�/ 2 �.T /, and every nondegenerate Gaussian distribution on
the circle group T is absolutely continuous.

We will study the structure of Gaussian distributions separately for not locally
connected groups and for locally connected groups. We recall that by Theorem 1.11.3
every second countable connected locally connected locally compact Abelian groupX
is topologically isomorphic to the group Rm � T n, where m � 0 and n � @0.

Proposition 3.14. Let X be a connected and not locally connected group, and � be a
nondegenerate symmetric Gaussian distribution on X . Then in 3.13 (ii), � D �s .

Proof. Denote byL either the group Rm, wherem � 0 if dimX D m, or the group R@0

if dimX D @0. It follows from Propositions 3.8 and 3.11 that there exist a continuous
homomorphism p W L 7! X and a Gaussian distribution � on L such that � D p.�/.
Hence the distribution � is concentrated on the subgroup p.L/. Let us verify that p.L/
is a Borel subgroup. PutG D L=Ker p. The homomorphism p defines the continuous
monomorphism � W G 7! X by the formula �Œt � D pt . We note that because L is a
complete separable metric group and the kernel Ker p is a closed subgroup ofL, thenG
is also a complete separable metric group. Applying the Suslin theorem to the mapping
� and taking into account that �.G/ D p.L/, we conclude that p.L/ is a Borel set.
The subgroup p.L/ can not coincide with the groupX . Indeed, ifX D p.L/, then the
group X is the union of its one-parameter subgroups, and hence X must be arcwise
connected. Then by Theorem 1.11.3, X Š Rm � T n, which contradicts the condition
of the proposition.

Now we note that if a group X is second countable and B is a Borel set in X such
that mX .B/ > 0, then the difference set B � B D fx 2 X W x D u � v; u; v 2 Bg
contains a neighbourhood of zero of the group X ([59], (20.17)). This implies that if
X is a connected group and B is a measurable subgroup of X such that mX .B/ > 0,
then B D X . It follows from what has been said above that mX .p.L// D 0. Hence
� D �s .

3.15. Assume now that a group X is connected and locally connected. If dimX D
l < 1, then by Theorem 1.11.3, X Š Rm � T n; where m � 0, n � 0, mC n D l .
Let � be a symmetric nondegenerate Gaussian distribution on X . By Proposition 3.8,
� D p.�/, where � is a Gaussian distribution in Rl . Set G D �.�/. Then G is a
subspace in Rl . It follows from this that ifG D Rl , then � D �ac , and ifG ¤ Rl , then
� D �s .

Assume now that dimX D @0. Then by Theorem 1.11.3, X Š Rm � T @0 , where
m � 0. Let us now make use of the following theorem by Kakutani ([67]).

Theorem. Let f�igand f�igbe two sequences of distributions on aprobability space�.
Assume that for all i D 1; 2; : : : the distributions �i and �i are mutually absolutely
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continuous. Then the direct products of the distributions

.i/ � D
1O

iD1

�i ; � D
1O

iD1

�i

are mutually absolutely continuous, if the infinite product

.ii/
1Y

iD1

Z
	

s
d�i

d�i

d�i

converges (d�i=d�i is the Radon–Nikodym derivative), they are mutually singular if
this product diverges.

The Kakutani theorem allows us to construct on the groupX both absolutely contin-
uous Gaussian distributions and singular Gaussian distributions. To simplify notation
we suppose that X D T @0 . Then by Proposition 3.11 the characteristic function of a
distribution � 2 �s.T @0/ is of the form

O�.n/ D expf�hAn; nig; n D .n1; n2; : : : / 2 Z@0�; (3.22)

where A D .˛ij /
1
i;j D1 is a symmetric positive semidefinite matrix.

Let �i be a symmetric Gaussian distribution on the circle group T with the char-
acteristic function

O�i .n/ D expf��2
i n

2=2g; �i > 0; n 2 Z;

and let �i D mT . Then in (i)� 2 �.T @0/, and the matrixA D .˛ij /
1
i;j D1 correspond-

ing to the Gaussian distribution � in representation .3.22/ is diagonal, i.e., ˛ij D 0 for
all i ¤ j , ˛i i D 1

2
�2

i . Moreover � D mT @0 . We note that the density d
i

d�i
.eit / can be

written in the form

d�i

d�i

.eit / D
1X

nD�1
expf��2

i n
2=2C intg:

It is easily seen that if �2
i D i , i D 1; 2; : : : , then infinite product (ii) converges and

hence � D �ac . If �2
i D 1, i D 1; 2; : : : , then infinite product (ii) diverges and hence

� D �s .
An interesting and unsolved problem is to find out whether there exists a Gaussian

distribution � on the infinite-dimensional torus T @0 such that in 3.13 (i) �ac > 0 and
�s > 0.

Now we will formulate two criteria in order that a distribution � on the groupX be
Gaussian.

Proposition 3.16. A distribution � on a groupX is Gaussian if and only if the following
conditions are satisfied:

(i) � is an infinitely divisible distribution;
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(ii) if � D e.ˆ/	˛, whereˆ is a finite measure onX , and ˛ is an infinitely divisible
distribution, then the measure ˆ is degenerated at zero.

The proof follows directly from the Lévy–Khinchin formula and from the unique-
ness of the function '.y/ in representation 2.16 (i).

Proposition 3.17. A distribution � on a groupX is Gaussian if and only if the following
conditions are satisfied:

(i) � is an infinitely divisible distribution;

(ii) y.�/ 2 �.T / for all characters y 2 Y .

Proof. It is obvious that a Gaussian distribution on a group X satisfies conditions (i)
and (ii). Let � be an infinitely divisible distribution satisfying condition (ii). Assume
that � D e.ˆ/ 	 ˛, where ˆ is a finite measure on X , and ˛ is an infinitely divisible
distribution. Then y.�/ and y.˛/ are infinitely divisible distributions on the circle
group T , and y.�/ D e.y.ˆ// 	 y.˛/. By condition (ii), y.�/ 2 �.T /. By Propo-
sition 3.16 the measure y.ˆ/ is degenerated at zero. Hence the measure ˆ is also
degenerated at zero. Applying Proposition 3.16 once again we obtain that � 2 �.X/.

In what follows we need the following statement.

Lemma 3.18. Let H be an open subgroup of a group Y , '0.h/ be a continuous
nonnegative function onH satisfying equation 2.16 (ii). Then there exists a continuous
nonnegative function'.y/ onY satisfying equation 2.16 (ii) and such that its restriction
toH coincides with '0.h/.

Proof. Let y1 … H . The standard reasoning show, that it suffices to extend the
function '0.h/ retaining its properties from the subgroup H to the open subgroup
H1 D fy 2 Y W y D ny1 C h; n 2 Z; h 2 H g. Two cases are possible:

1. ny1 \H D ; for all n 2 Z, n ¤ 0. Set '.ny1 C h/ D '0.h/, n 2 Z, h 2 H .
2. ny1 2 H for some n 2 Z, n ¤ 0. Let n0 be the minimal natural number such

that n0y1 2 H . Then n0y 2 H for all y 2 H1. Set '.y/ D '0.n0y/=n
2
0, y 2 H1.

It is obvious that the function '.y/ defined above is continuous and nonnegative.
We have,

'.uC v/C '.u � v/ D '0.n0.uC v//=n2
0 C '0.n0.u � v//=n2

0

D 2.'0.n0u/=n
2
0 C '0.n0v/=n

2
0/

D 2Œ'.u/C '.v/�:

Thus the function '.y/ has the desired properties.

3.19. In conclusion we will prove some statements about the properties of the class
�.X/.

(a) The set �.X/ is a subsemigroup of M1.X/.
The proof follows directly from Definition 3.1.
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(b) LetK be a compact subgroup of the groupX , �0 2 �.X=K/, andp W X 7! X=K

be the natural homomorphism. Then there exists a Gaussian distribution � 2 �.X/

such that �0 D p.�/.
To prove this, setH D A.Y;K/. By Theorem 1.9.4,H is an open subgroup of Y . It

results from Theorems 1.9.1 and 1.9.2 that .X=K/� Š H . For this reason the character-
istic function O�0.h/ is of the form O�0.h/ D .Œx0�; h/ expf�'0.h/g, where Œx0� 2 X=K
and '0.h/ is a continuous nonnegative function on H satisfying equation 2.16 (ii).
Take x 2 Œx0�. By Lemma 3.18 there exists a function '.y/ extending the function
'0.h/ from the subgroup H to Y and retaining its properties. Consider on the group
Y the function f .y/ D .x; y/ expf�'.y/g. By Remark 3.4, f .y/ is the characteristic
function of a Gaussian distribution � on X . By Corollary 2.11, �0 D p.�/.

(c) Denote by IC .X/ the set of the Haar distributions of compact connected sub-
groups of the group X . Then the equality

�.X/ D �.X/ 	 IC .X/ (3.23)

holds true.
Let us first prove the inclusion

�.X/ � �.X/ 	 IC .X/: (3.24)

Let K be a compact connected subgroup of X , and H D A.Y;K/. By Remark 3.12
there is a symmetric Gaussian distribution � 2 �s.K/ such that �.�/ D K. The
distribution � can be considered as a Gaussian distribution on the group X . Let the
characteristic function O�.y/ have the representation

O�.y/ D expf�'.y/g; y 2 Y:
It is obvious that '.y/ D 0 for all y 2 H . By Proposition 2.13 it follows from
�.�/ D K that '.y/ > 0 for all y … H . Let k be a natural number, and �k be a
Gaussian distribution on X with the characteristic function

O�k.y/ D expf�k'.y/g; y 2 Y:
It is clear that O�k.y/ D 1 for all y 2 H , and limk!1 �k.y/ D 0 for all y … H . Taking
into account 2.14 (i) we see that the sequence O�k.y/ pointwise converges to ymK.y/. It
is easily seen that the sequence O�k.y/ converges to ymK.y/ uniformly on every compact
subset of Y . We deduce from 2.7 (h) that �k ) mK , i.e., mK 2 �.X/. This implies
that for every distribution � 2 �.X/ the convergence

� 	 �k ) � 	mK

holds. Thus (3.24) is true.
Let us prove the converse inclusion. Let �k 2 �.X/, � 2 M1.X/, and �k ) �.

It follows from 2.7 (h) that O�k.y/ ! O�.y/ uniformly on every compact subset of Y .
By 2.15 (c), � is an infinitely divisible distribution. Therefore, by 2.15 (b) the set
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N D fy 2 Y W O�.y/ ¤ 0g is an open subgroup of Y . By Theorem 1.9.4,K D A.X;N /

is a compact subgroup of X . Let O�k.y/ D .xk; y/ expf�'k.y/g, where xk 2 X , and
'k.y/ is a continuous nonnegative function on Y satisfying equation 2.16 (ii). It is
obvious that for all y 2 N there exists the limit

lim
k!1

'k.y/ D '0.y/;

where '0.y/ is a continuous nonnegative function on Y satisfying equation 2.16 (ii).
Since .xk; y/ D O�k.y/=j O�k.y/j, there exists the limit limk!1.xk; y/ for all y 2 N .
Obviously, this limit is a character of the groupN , and hence by Theorem 1.9.2 can be
written in the form .x; y/, where x 2 X . By Lemma 3.18 there exists a function '.y/,
extending the function '0.h/ from the subgroup N to Y and retaining its properties.
Consider on the group Y the function f .y/ D .x; y/ expf�'.y/g. By Remark 3.4
f .y/ is the characteristic function of a Gaussian distribution � on X . By 2.14 (i) and
2.7 (b), � D � 	mK .

Let us verify that K is a connected group. By Theorem 1.6.2, it suffices to show
thatK� is a torsion-free group. By Theorems 1.9.1 and 1.9.2,K� Š Y=N . Obviously,
Y=N is a torsion-free group if and only if the subgroup N has the property: for every
natural m if my 2 N , then y 2 N . We have

j O�.y/j D lim
k!1

j O�k.y/j D lim
k!1

expf�'k.y/g:

This implies that y 2 N if and only if the sequence f'k.y/g is bounded. Since
'k.my/ D m2'k.y/, the boundedness of the sequence f'k.my/g implies the bound-
edness of the sequence f'k.y/g. Thus if my 2 N , then y 2 N . We proved that

�.X/ � �.X/ 	 IC .X/;

hence (3.23) is also proved.

4 Cramér’s theorem on the decomposition of a Gaussian
distribution on locally compact Abelian groups

Let X be a second countable locally compact Abelian group, Y be its character group.
According to the classical Cramér theorem a Gaussian distribution on the real line has
only Gaussian factors. On the other hand every nondegenerate Gaussian distribution
on the circle group T has non-Gaussian factors. In this section we study the problem
of decomposition of Gaussian distributions on the group X . We describe in particular
all groups X on which every Gaussian distribution has only Gaussian factors.

4.1 Decomposition of a Gaussian distribution on the circle group T . Let X be a
compact group, � 2 M1.X/, and 0 < a < 1. Assume that the distribution � satisfies
the condition

.i/ �.E/ � amX .E/
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for any Borel set E 2 B.X/. Then � may be decomposed in the form

.ii/ � D � � amX

1 � a 	 Œ.1 � a/E0 C amX �:

To prove this it suffices to remove the parentheses on the right-hand side of (ii) and
note that for every � 2 M1.X/ the equality � 	mX D mX is valid.

If � 2 �.T / is a nondegenerate distribution, then (3.2) implies that the distribution
� satisfies condition (i). Hence decomposition (ii) holds true. Obviously, both factors
in (ii) are non-Gaussian. Thus any nondegenerate Gaussian distribution on the circle
group T has non-Gaussian factors.

As appears from the above, the followign condition is necessary in order to assure
that every Gaussian distribution on the group X has only Gaussian factors: the group
X contains no subgroup topologically isomorphic to the circle group T . It turns out
that this condition is also sufficient. To prove this statement we need the following
lemmas.

Lemma 4.2. Let X be a connected group containing no subgroup topologically iso-
morphic to the circle group T , let dimX D @0, and let� W Y 7! R@0� be the monomor-
phism defined by (3.21). Then the image �.Y / is dense in R@0�.

Proof. By Theorem 1.11.2 the group X is topologically isomorphic to the group
Rm � K, where m � 0, and K is a compact connected group, dimK D @0. By
Theorem 1.7.1, Y Š Rm � D, where D D K�. By Theorems 1.6.1 and 1.6.2, D is
a discrete torsion-free group. By Theorem 1.6.3, r.D/ D @0. To avoid introducing
new notation we will assume that Y D Rm � D. Since the restriction of � to Rm

coincides with the identity mapping, it suffices to prove the lemma in the case when
X D K; Y D D. We will assume that for all n the group Zn is embedded in the
natural way in Rn. Moreover the natural embeddings

R � R2 � � � � Rn � � � � � R@0�

hold. Put Hn D �.D/ \ Rn. Then Hn is a closed subgroup of Rn and by Theo-
rem 1.16.1, Hn Š Rln � Zkn . Since Zn � Hn � Rn, we have ln C kn D n. We will
verify that kn D 0 for all n. Thus the lemma will be proved.

Assume the contrary, i.e., kn > 0 for some n. We use the following property of
closed subgroups of the group Rm: a closed subgroup G of the group Rm is a direct
product of its closed subgroup G1 and another closed subgroup G2, if and only if G1

is an intersection of G with a subspace of Rm ([14], Chapter VII, § 1). It follows from
Hn D HnC1 \ Rn that Hn is a topological direct factor of HnC1. Hence the group
�.D/ contains a subgroup F topologically isomorphic to Z as a direct factor, i.e.,
�.D/ D F � G. Let e be a generator of the group F . Consider an arbitrary element
a0 D e C g0 2 .e C G/ \ �.D/. Denote by M the subgroup of �.D/ generated
by element a0. Then obviously, M Š Z and �.D/ D M � .�.D/ \ G/. Thus the
group �.D/ contains a subgroup isomorphic to Z as a direct factor. Hence the group
D contains a subgroup isomorphic to Z as a direct factor. We deduce from this that the
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groupK contains a subgroup topologically isomorphic to the circle group T , contrary
to the assumption of the lemma.

Lemma 4.3. Let X be a connected group of finite dimension l containing no sub-
group topologically isomorphic to the circle group T , and let � W Y 7! Rl be the
monomorphism defined by (3.11). Then the image �.Y / is dense in Rl .

The proof of Lemma 4.3 is analogous to that of Lemma 4.2, and we omit it.

Lemma 4.4. Let � be a symmetric Gaussian distribution on a group X , and assume
that it is a continuous monomorphic image of a Gaussian distribution either in the
space Rl or in the space R@0 . Then � has only Gaussian factors.

Proof. By Proposition 3.6 without loss of generality we can suppose that X is a con-
nected group. Assume first that � D p.�/, where p W Rl 7! X is a continuous
monomorphism, � 2 �.Rl/. The distribution � is concentrated on the subgroup
p.Rl/. Let � D �1 	 �2, �j 2 M1.X/. By Proposition 2.2 the distributions �j can be
replaced by their shifts � 0

j in such a manner that

� D � 0
1 	 � 0

2; (4.1)

and the distributions � 0
j are concentrated on the subgroup p.Rl/. It follows from

Corollary 2.5 and (4.1) that � D p�1.�/ D p�1.� 0
1/ 	 p�1.� 0

2/. By Theorem 2.18,
p�1.� 0

j / 2 �.Rl/. This implies that � 0
j D p.p�1.� 0

j // 2 �.X/. Thus in the case when
� is a continuous monomorphic image of a Gaussian distribution in a finite-dimensional
linear space, the lemma is proved.

Let � D p.�/, where p W R@0 7! X is a continuous monomorphism, � 2 �.R@0/.
To prove the lemma in this case we note that Theorem 2.18 implies directly that the
corresponding statement is also true for the group R@0 . In all other respects the proof
remains the same.

In connection with Lemma 4.4 we mention the following assertion.

Proposition 4.5. Let X be a connected group of finite dimension l . Assume that
� 2 �s.X/ and � has only Gaussian factors. Then there exist a finite-dimensional
linear space G, a Gaussian distribution � 2 �.G/, and a continuous monomorphism
p W G 7! X such that � D p.�/.

Proof. Let homomorphisms � W Y 7! Rl and p W X 7! Rl be the same as in the
proof of Proposition 3.8. By Proposition 3.8, � D p.�/, where � 2 �.Rl/, and the
characteristic functions of the distributions � and � are of the form

O�.s/ D expf�hAs; sig; s 2 Rl ;

O�.y/ D expf�hA�y; �yig; y 2 Y; (4.2)

where A D .˛ij /
l
i;j D1 is a symmetric positive semidefinite matrix. The matrix A

defines a linear operatorA W Rl 7! Rl , i.e., a continuous homomorphism of the group Rl
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into itself. Set G D �.�/. Then G coincides with the annihilator G D A.Rl ;KerA/.
We will verify that G \ Ker p D f0g. Thus the desired statement will be proved.

The kernel Ker p is a closed subgroup of Rl . By Theorem 1.16.1, Ker p D F �S ,
where F Š Rn, S Š Zm. We note that in fact Ker p D S . Indeed, if �t0 2 Ker p for
some t0 2 Ker p and all � 2 R, then

.�t0; �y/ D .p.�t0/; y/ D 1

for all y 2 Y . But this is impossible because the subspace generated by the image
�.Y / coincides with Rl by construction. Thus Ker p D S Š Zm. Assume that there
exists an element a 2 G \ Ker p, a ¤ 0. Since Ker p Š Zm, we can assume that the
element a is chosen in such a way that �a … G \ Ker p for all � 2 .0; 1/. Note now
that the bilinear form hA � ; � i defines a scalar product on the factor space Rl=KerA,
and h � ; ai is a linear functional on Rl=KerA. This implies that the inequality

hAs; si � "hs; ai2; s 2 Rl ; (4.3)

holds for some " > 0. Consider a Gaussian distribution �1 on the group Rl with the
characteristic function

O�1.s/ D expf�"hs; ai2g; s 2 Rl : (4.4)

We deduce from (4.2) and (4.3) that �1 is a factor of the distribution �. Hence the
distribution �1 D p.�1/ is a factor of the distribution � . Moreover (4.4) implies that
H D �.�1/ D ft 2 Rl W t D �a; � 2 Rg, i.e., H Š R. Since p.a/ D 0 and
p.�a/ ¤ 0 for all � 2 .0; 1/, we have p.H/ Š T . It follows from 4.1 that the
Gaussian distribution �1 has non-Gaussian factors. Hence the distribution � also has
non-Gaussian factors. The obtained contradiction proves that G \ Ker p D f0g. Thus
Proposition 4.5 is proved.

Now we will prove the main theorem of this section.

Theorem 4.6. Every Gaussian distribution on a groupX has only Gaussian factors if
and only if X contains no subgroup topologically isomorphic to the circle group T .

Proof. If a groupX contains a subgroupK topologically isomorphic to the circle group
T , then a Gaussian distribution on K may be considered as a Gaussian distribution
on X . Hence the necessity follows directly from 4.1.

Let us prove sufficiency. Assume that a groupX contains no subgroup topologically
isomorphic to the circle group T , and � 2 �.X/. Without loss of generality, we may
suppose that � 2 �s.X/. It follows from Proposition 3.6 that �.�/ D G, where
G is a connected subgroup of X , i.e., � 2 �s.G/, and the group G contains no
subgroup topologically isomorphic to the circle group T . Hence we can assume from
the beginning that X is a connected group.

If dimX D l < 1, then define the homomorphism � W Y 7! Rl by formula (3.11)
and put p D Q� . By Proposition 3.8 we have � D p.�/, where � 2 �.Rl/. Since



36 II Gaussian distributions on locally compact Abelian groups

the group X contains no subgroup topologically isomorphic to the circle group T ,
by Lemma 4.3 the subgroup �.Y / is dense in Rl . By 1.13 (b) this yields that p is a
monomorphism. Applying Lemma 4.4 we obtain that the distribution � D p.�/ has
only Gaussian factors.

If dimX D @0, then define the homomorphism � W Y 7! R@0� by formula (3.21).
Define the homomorphism p W R@0 7! X by the equality .pt; y/ D .t; �y/ for all
t 2 R@0 , y 2 Y , and argue as in the previous case. Instead of Proposition 3.8 we
use Proposition 3.11. By Lemma 4.2 the subgroup �.Y / is dense in R@0�. In contrast
to the case when dimX < 1 we can not apply 1.13 (b) and conclude that p is a
monomorphism because the groups R@0 and R@0� are not locally compact. We prove
this fact directly. Applying Lemma 4.4 we obtain that the distribution � D p.�/ has
only Gaussian factors.

Corollary 4.7. Let a group Y contain no closed subgroup H such that Y=H Š Z.
Let '.y/ be a continuous nonnegative function on Y satisfying equation 2.16 (ii). Let
fj .y/ be continuous normalized positive definite functions on the group Y such that

expf�'.y/g D f1.y/f2.y/; y 2 Y:
Then

fj .y/ D .xj ; y/ expf�'j .y/g; y 2 Y;
where xj 2 X , and 'j .y/ are continuous nonnegative functions on Y satisfying equa-
tion 2.16 (ii).

Proof. By Theorem 1.9.2 the following conditions are equivalent:

(i) the groupX contains no subgroup topologically isomorphic to the circle group T ,
and

(ii) the group Y contains no closed subgroup H such that Y=H Š Z

Remark 4.8. It should be noted that in the class of infinitely divisible distributions a
Gaussian distribution on a group X has only Gaussian factors. To prove this assume
that

�0 D �1 	 �2; (4.5)

where �0 2 �.X/, and �j are infinitely divisible distributions. Let the distribution �0

have the representation .x0; 0; '0/, and the distributions �j have the representations
.xj ; Fj ; 'j / (see 2.16). We deduce from (4.5) that the distribution �0 has two represen-
tations .x0; 0; '0/ and .x1 C x2; F1 C F2; '1 C '2/. The uniqueness of the function
' in the Lévy–Khinchin formula implies that '0 D '1 C '2. Hence the infinitely
divisible distributions with the representations .x1; F1; 0/ and .x2; F2; 0/ are factors
of the degenerate distribution Ex0

. This implies that the measures Fj are degenerated
at zero, i.e., �j 2 �.X/.

We describe now the groups X on which every Gaussian distribution has non-
Gaussian factors. Taking into account Proposition 3.6 we may assume that X is a
connected group.
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Proposition 4.9. Let X be a connected group. Every Gaussian distribution on the
groupX such that �.�/ D X has non-Gaussian factors if and only ifX is topologically
isomorphic to the group

.i/ Rm � T :

Proof. By Theorem 1.11.2, the group X is topologically isomorphic to the group
Rm � K, where m � 0, and K is a compact connected group. Assume that X is
not topologically isomorphic to a group of the form (i). Then K is not topologically
isomorphic to the circle group T . By Theorem 1.7.1, Y Š Rm �D, where D D K�.
By Theorems 1.6.1 and 1.6.2 D is a discrete torsion-free group. Moreover by Theo-
rem 1.6.3, if dimK D l then r.D/ D l , and if dimK D @0 then r.D/ D @0. Denote
by � either the homomorphism � W D 7! Rl defined by (3.6) if dimK D l , or the
homomorphism � W D 7! R@0� defined by (3.15) if dimK D @0. If dimK D l , then
denote by A D fa1; : : : ; alg a finite independent set of real numbers. If dimK D @0,
then denote by A D fa1; : : : ; an; : : : g an infinite independent set of real numbers. Let
either a D .a1; : : : ; al/ if dimK D l , or a D .a1; : : : ; an; : : : / if dimK D @0. Since
K 6Š T , we haveD 6Š Z. This implies that the setB D ft 2 R W t D h�d; ai; d 2 Dg
is dense in R.

Denote by y D .s; d/, s D .s1; : : : ; sm/ 2 Rm, d 2 D elements of the group Y .
Consider the continuous homomorphism �1 W Y 7! RmC1 defined by

�1.s; d/ D .s; h�d; ai/:
Set p1 D Q�1, p1 W RmC1 7! X . It follows from the independence of the set A that �1

is a monomorphism, and hence by 1.13 (b) the image p1.RmC1/ is dense inX . On the
other hand, since the set B is dense in R, the set �1.Y / is dense in RmC1. Then by
1.13 (b), p1 is a monomorphism. Let � be a Gaussian distribution on the group RmC1

with the characteristic function

O�.s1; : : : ; sm; smC1/ D expf�.s2
1 C � � � C s2

m C s2
mC1/g:

By Proposition 2.10 the characteristic function of the distribution � D p1.�/ is of the
form

O�.y/ D O�.s1; : : : ; sm; d / D expf�.s2
1 C � � � C s2

m C h�d; ai2/g:
Put � D p1.�/. Since p1.RmC1/ D X , we have �.�/ D X . Taking into account that
p1 is a monomorphism, by Lemma 4.4 the distribution � has only Gaussian factors.
The necessity is proved.

Let us prove sufficiency. Let X D Rm � T . Then Y Š Rm � Z. Denote by
y D .s; k/, s 2 Rm, k 2 Z, elements of the group Y . Without loss of generality, we
may assume that � is a symmetric distribution, i.e., the characteristic function O�.y/
is of the form O�.y/ D expf�'.y/g, where '.y/ is a continuous nonnegative function
on Y satisfying equation 2.16 (ii). It follows from the proof of Proposition 3.8 that the
function '.y/ D '.s1; : : : ; sm; k/ has the representation

'.s1; : : : ; sm; k/ D hAs; si C 2khˇ; si C bk2;
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where s D .s1; : : : ; sm/ 2 Rm, A D .˛ij /
m
i;j D1 is a symmetric positive semidefinite

matrix, ˇ 2 Rm, b � 0. Since �.�/ D X , it follows from Proposition 2.13 that
'.y/ D 0 if and only if y D 0. This implies that the inequality

hAs; si C 2snC1hˇ; si C bs2
nC1 > 0 (4.6)

holds for all .s; snC1/ 2 RmC1, .s; snC1/ ¤ 0.
It follows from (4.6) that there exists " > 0 such that the inequality

hAs; si C 2snC1hˇ; si C bs2
nC1 � ".s2

1 C � � � C sm C smC1/

is valid for all .s; snC1/ 2 RmC1. For this reason the distribution � has a factor �1 with
the characteristic function

O�1.y/ D O�1.s1; : : : ; sm; k/ D expf�"k2g:
Since �.�1/ D T and �1 2 M1.T /, by 4.1 the distribution �1 has non-Gaussian factors.
Hence the distribution � also has non-Gaussian factors.

Proposition 4.9 implies directly the following statement.

Corollary 4.10. Each nondegenerate Gaussian distribution on a group X has non-
Gaussian factors if and only if X is topologically isomorphic to the circle group T .

Remark 4.11. Let X be a connected group. The reasoning given in the proof of
necessity of Proposition 4.9 gives us one more construction of a Gaussian distribution
� 2 �.X/ such that �.�/ D X (compare with Remark 3.12).

5 Polynomials on locally compact Abelian groups and the
Marcinkiewicz theorem

Let X be a second countable locally compact Abelian group, Y be its character group.
According to the classical Marcinkiewicz theorem, if � is a distribution on the real
line and the characteristic function O�.s/ is of the form O�.s/ D expfP.s/g, where P.s/
is a polynomial, then � is a Gaussian distribution. In the first part of this section we
obtain the canonical representation for an algebraic polynomial on an arbitrary Abelian
group without the assumption of local compactness. Then we study the properties of
continuous polynomials on locally compactAbelian groups and describe such groupsX
for which the Marcinkiewicz theorem holds.

Lemma 5.1. Let R be a commutative ring with identity 1 and RŒx1; : : : ; xn� be the
polynomial ring over R. Then there exists a nonnegative integer p such that the
polynomial

.nŠ/2
p

nY
iD1

.xi � 1/
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belongs to the ideal J generated by the polynomials

.xi1xi2 : : : xik � 1/n; 1 � i1 < i2 < � � � < ik � n:

In other words, there exist polynomialsPi1;:::;ik .x1; : : : ; xn/ 2 RŒx1; : : : ; xn� such that

.i/ .nŠ/2
p

nY
iD1

.xi � 1/ D
X

1�i1<i2<���<ik�n

Pi1;:::;ik .x1; : : : ; xn/.xi1xi2 : : : xik � 1/n:

Proof. We first verify the identity

nX
kD1

.�1/k
X

1�i1<i2<���<ik�n

.xi1xi2 : : : xik � 1/n D
nX

mD1

.�1/mCm
n

nY
iD1

.xm
i � 1/: (5.1)

For this purpose we remove parentheses in both sides of (5.1). Each of the obtained
expressions contains only the monomial of the form

.xi1xi2 : : : xik /
m; (5.2)

where 1 � i1 < i2 < � � � < ik � n and 0 � m � n. If m > 0, then the coefficients of
monomial (5.2) on both sides of (5.1) is equal to

.�1/k.�1/n�mCm
n :

It remains to verify the equality of constant terms in both sides of (5.1). Taking into
account what we have already proved we know that the difference of the left-hand side
and the right-hand side of (5.1) is a constant. Let us verify that this constant is equal
to zero. Substitute x1 D x2 D � � � D xn D 1 into (5.1). Then both sides of (5.1) are
equal to zero. Hence identity (5.1) is proved.

Let P be the polynomial which is equal to each side of identity (5.1). It follows
from (5.1) that P 2 J and P is divided by .x1 � 1/.x2 � 1/ : : : .xn � 1/. We have

P D Q

nY
iD1

.xi � 1/; (5.3)

where

Q D
nX

mD1

.�1/mCm
n

nY
iD1

� m�1X
kD0

xk
i

�
:

This formula implies that

Q.1; : : : ; 1/ D
nX

mD1

.�1/mCm
n m

n D .�1/nnŠ (5.4)

(we used here the well-known combinatorial identity, see for instance [48], § 12, Ex-
ercise 16).
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Let us introduce new variables yi D xi �1, i D 1; 2; : : : ; n. We deduce from (5.3)
and (5.4) that

P D .�1/ny1y2 : : : yn.nŠ � zQ/; (5.5)

where zQ is a polynomial in the variables yi with zero constant term. Multiplying both
sides of (5.5) by

S D
p�1Y
kD0

	
.nŠ/2

k C . zQ/2k 

;

we get
.�1/nSP D y1y2 : : : yn

	
.nŠ/2

p � . zQ/2p 

:

It follows from this that

.nŠ/2
p

y1y2 : : : yn D .�1/nSP C y1y2 : : : yn. zQ/2p

: (5.6)

Since the polynomial zQ has zero constant term, we can choose p so large that every
term in the expansion of . zQ/2p

is divisible by at least one of the polynomials yn�1
i ,

i D 1; 2; : : : ; n. Since P 2 J and, obviously, yn
i 2 J for all i D 1; 2; : : : ; n, formula

(5.6) implies the inclusion .nŠ/2
p
y1y2 : : : yn 2 J . This is equivalent to (i).

5.2 Application of Lemma 5.1 to finite difference operators. Let Y be an Abelian
group, f .y/ be a function on Y , and h be an arbitrary element of Y . Denote by Eh the
shift operator

Ehf .y/ D f .y C h/:

Then
�h D Eh � E0:

Denote by E the set of finite sums of the form

E D ˚ P
mi Eui

W mi 2 Z; ui 2 Y �
:

It is obvious that E is a commutative ring with identity. Let t1; : : : ; tn 2 Y be fixed
elements and let P.x1; : : : ; xn/ 2 ZŒx1; : : : ; xn�. The mapping

P.x1; : : : ; xn/ 7! P.Et1 ; : : : ;Etn/

is a homomorphism from ZŒx1; : : : ; xn� to E . Substituting Eti for xi into formula
5.1 (i) we arrive at the identity

.nŠ/2
p

�t1�t2 : : : �tn D
X

k

mkEuk
�n

vk
; (5.7)

where mk 2 Z, and uk; vk 2 Y depend on t1; : : : ; tn. Identity (5.7) implies directly
the following proposition.
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Proposition 5.3. Let Y be an Abelian group, f .y/ be a function on Y . If the function
f .y/ satisfies the equation

�n
hf .y/ D 0; y; h 2 Y;

then f .y/ satisfies the equation

.i/ �h1
�h2

: : : �hn
f .y/ D 0; y; h1; h2; : : : ; hn 2 Y:

5.4 n-additive functions. Let Y be an Abelian group. A function g.y1; y2; : : : ; yn/

defined on Y n is said to be n-additive if the equality

g.y1;y2; : : : ; y
0
k C y00

k ; : : : ; yn/

D g.y1; y2; : : : ; y
0
k; : : : ; yn/C g.y1; y2; : : : ; y

00
k ; : : : ; yn/

holds for all k D 1; 2; : : : ; n. It is convenient in what follows to call the constants by
0-additive functions.

A function g.y1; y2; : : : ; yn/ is called symmetric if

g.y1; y2; : : : ; yn/ D g.yi1 ; yi2 ; : : : ; yin/

for all permutations i1; i2; : : : ; in of the sequence 1; 2; : : : ; n. For a given function
g.y1; y2; : : : ; yn/ we define the function g�.y/ by the formula

g�.y/ D g.y; y; : : : ; y/:

Let us verify that if g.y1; y2; : : : ; yn/ is a symmetric n-additive function, then the
equality

�u1
�u2

: : : �up
g�.y/ D

(
0 if p > n;

nŠg.u1; u2; : : : ; un/ if p D n
(5.8)

holds.
1. First we consider the case when p > n. If n D 1, then g� D g, and in view of

additivity property of the function g.y/ we have

�u1
�u2

g�.y/ D �u1
�u2

g.y/ D 0:

Next we argue by induction. We define the function gk;u.y1; y2; : : : ; yk/ by the func-
tion g.y1; y2; : : : ; yn/ via gk;u.y1; y2; : : : ; yk/ D g.y1; y2; : : : ; yk; u; : : : ; u/. Mak-
ing use of the symmetry and additivity properties of the function g.y1; y2; : : : ; yn/ we
find

�up
g�.y/ D g�.y C up/ � g�.y/

D g.y C up; : : : ; y C up/ � g.y; : : : ; y/

D
n�1X
kD0

C k
n g.y; : : : ; y„ ƒ‚ …

k

; up; : : : ; up„ ƒ‚ …
n�k

/ D
n�1X
kD0

C k
n g

�
k;up

.y/;
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i.e.,

�up
g�.y/ D

n�1X
kD0

C k
n g

�
k;up

.y/: (5.9)

By the induction hypothesis we may assume that the equality

�u1
�u2

: : : �up�1
g�

k;up
.y/ D 0 (5.10)

holds for all k D 0; 1; : : : ; n � 1. Applying the operator �u1
�u2

: : : �up�1
to both

sides of equality (5.9) and using (5.10) we obtain

�u1
�u2

: : : �up
g�.y/ D 0:

Thus the first part of (5.8) is proved.
2. Now let p D n. If n D 1, then g� D g and we have

�u1
g�.y/ D �u1

g.y/ D g.y C u1/ � g.y/ D g.u1/:

Again we argue by induction. Formula (5.9) is also true for p D n, namely

�un
g�.y/ D

n�1X
kD0

C k
n g

�
k;un

.y/: (5.11)

Applying the operator�u1
�u2

: : : �un�1
to both sides of equality (5.11) and using the

result proved in case 1 we get

�u1
�u2

: : : �un
g�.y/ D n�u1

�u2
: : : �un�1

g�
n�1;un

.y/: (5.12)

By the induction hypothesis we have

�u1
�u2

: : : �un�1
g�

n�1;un
.y/ D .n � 1/Šgn�1;un

.u1; : : : ; un�1/

D .n � 1/Šg.u1; : : : ; un/:
(5.13)

Substituting (5.13) into (5.12) we prove the second part of (5.8).
Now we can find the canonical representation for a polynomial on an Abelian

group Y . We recall that by a polynomial on Y we understand a function f .y/ satisfying
the equation

�nC1
h

f .y/ D 0; y; h 2 Y; (5.14)

for some n.

Theorem 5.5. Let Y be an Abelian group, f .y/ be a function on Y satisfying equa-
tion (5.14). Then there exist symmetric k-additive functions gk.y1; y2; : : : ; yk/, k D
0; 1; : : : ; n, such that

.i/ f .y/ D
nX

kD0

g�
k.y/; y 2 Y;

where g�
k
.y/ D gk.y; : : : ; y/.
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Proof. Let the function f .y/ satisfy equation (5.14). By Proposition 5.3, f .y/ satisfies
the equation

�u1
�u2

: : : �unC1
f .y/ D 0; y; u1; u2; : : : ; unC1 2 Y: (5.15)

It means that the function �u1
�u2

: : : �un
f .y/ does not depend on y, i.e., it is a

constant. Define the function gn.u1; u2; : : : ; un/ by the formula

gn.u1; u2; : : : ; un/ D 1

nŠ
�u1

�u2
: : : �un

f .y/: (5.16)

It is obvious that the function gn.u1; u2; : : : ; un/ is symmetric. We will verify that the
function gn.u1; u2; : : : ; un/ is n-additive. Taking into account (5.15) we get

nŠŒgn.u
0
1 C u00

1; u2; : : : ; un/ � gn.u
0
1; u2; : : : ; un/ � gn.u

00
1; u2; : : : ; un/�

D �u0
1

Cu00
1
�u2

: : : �un
f .y/ ��u0

1
�u2

: : : �un
f .y/ ��u00

1
�u2

: : : �un
f .y/

D .�u0
1

Cu00
1

��u0
1

��u00
1
/�u2

: : : �un
f .y/

D �u0
1
�u00

1
�u2

: : : �un
f .y/ D 0:

Thus the functiongn.u1; u2; : : : ; un/ is additive in the variableu1. In view of symmetry
of gn.u1; u2; : : : ; un/ we obtain that gn.u1; u2; : : : ; un/ is n-additive.

We will prove the theorem by induction. Obviously, the theorem is true for n D 0.
Let n � 1. Put h.y/ D f .y/ � g�

n.y/. We have

�n
uh.y/ D �n

uf .y/ ��n
ug

�
n.y/:

Note that in view of (5.8),
�n

ug
�
n.y/ D nŠg�

n.u/:

On the other hand it follows from (5.16) that

nŠg�
n.u/ D �n

uf .y/:

Hence the equality
�n

uh.y/ D 0

holds for all y; u 2 Y . Then by the induction hypothesis

h.y/ D
n�1X
kD0

g�
k.y/; y 2 Y;

where the functions gk.y1; : : : ; yk/ are symmetric and k-additive. Therefore

f .y/ D h.y/C g�
n.y/ D

nX
kD0

g�
k.y/; y 2 Y:
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Remark 5.6. Let Y be a locally compact Abelian group. We give two simple examples
of continuous polynomials on Y . Let l.y/ be a continuous real character of the
group Y , i.e., a continuous homomorphism l W Y 7! R. If l.y/ 6
 0, then l.y/ is a
continuous polynomial of degree 1. Let '.y/ be a continuous function on Y satisfying
equation 2.16 (ii). If '.y/ 6
 0, then '.y/ is a continuous polynomial of degree 2.

It is not difficult to check that for the group Y D Rm the set of all continuous
polynomials, i.e., the set of all continuous functions on Y satisfying equation (5.14)
coincides with the set of ordinary polynomials.

We use representation 5.5 (i) to prove the following property of continuous poly-
nomials on a locally compact Abelian group.

Proposition 5.7. Let Y be a locally compact Abelian group, f .y/ be a continuous
polynomial on Y . Then

.i/ f .y C h/ D f .y/

for all y 2 Y , h 2 bY . In particular, f .y/ D const for y 2 bY .

Proof. First we note that if H is a compact Abelian group and l.h/ is a continuous
additive function onH , then l.h/ 
 0. Indeed, in this case l.H/ is a compact subgroup,
but f0g is the only compact subgroup of the groups R and C. It follows from this that if
a function A.y1; y2; : : : ; yn/ defined on Y n is n-additive, then A.y1; y2; : : : ; yn/ D 0

once yk 2 bY for some k.
Letf .y/be a continuous polynomial on the groupY . We make use of representation

5.5 (i). It follows from 5.5 (i) that it suffices to prove (i) for the functions g�
k
.y/,

k D 1; 2; : : : ; n. We have

g�
k.y C h/ � g�

k.y/ D gk.y C h; : : : ; y C h/ � gk.y; : : : ; y/

D
kX

lD1

C l
kgk.h; : : : ; h„ ƒ‚ …

l

; y; : : : ; y„ ƒ‚ …
k�l

/ D 0

in view of what has been said above.

Corollary 5.8. Let X be a second countable locally compact Abelian group, � 2
M1.X/. Assume that the characteristic function O�.y/ is of the form

O�.y/ D expf .y/g;  .0/ D 0; y 2 Y;
where  .y/ is a continuous polynomial. Then �.�/ � cX .

Proof. We deduce from 5.7 (i) that .y/ D  .0/ D 0 fory 2 bY . Hence O�.y/ D 1 for
y 2 bY . By Proposition 2.13, �.�/ � A.X; bY /. By Theorem 1.9.3, A.X; bY / D cX .
Thus �.�/ � cX .

Remark 5.9. Let f .y/ be a continuous polynomial on a locally compact Abelian
group Y . By Proposition 5.7 the function f .y/ is invariant with respect to the sub-
group bY . Hence the function f .y/ defines a continuous polynomial Qf .Œy�/ on the
factor group Y=bY by the formula Qf .Œy�/ D f .y/.
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To prove the main theorem of this section we need the following lemma.

Lemma 5.10. Let K be a compact connected Abelian group, dimK D @0. Assume
that K contains no subgroup topologically isomorphic to the circle group T . Let
D D K�, and let � W D 7! R@0� be the monomorphism defined by (3.15). Then for
arbitrary a1; a2 2 D there exists a subgroupB � D of finite rank such that a1; a2 2 B
and �.B/ Š Rl , where l is a rank of B .

Proof. First we check that for eachn there exists a numberp such that Rn � �.D/ \ Rp .
Indeed, choose a set E D fx1; : : : ; xkg � Rn in such a way that the subgroup
M.E/ D fx 2 Rn W x D Pk

j D1mjxj , mj 2 Zg is dense in Rn. By Lemma 4.2,

�.D/ D R@0�. This implies that for every element xj , j D 1; 2; : : : ; k, there exists a

sequence fu.j /
i g1

iD1 � �.D/ such that u.j /
i ! xj . By definition of topology on R@0�

all elements fu.j /
i g1

iD1, j D 1; 2; : : : ; k, belong to some Rp and they converge in Rp .
Therefore xj 2 �.D/ \ Rp , j D 1; 2; : : : ; k, and hence Rn � �.D/ \ Rp .

By Theorem 1.16.1 we have �.D/ \ Rp D G � F , where G Š Rtp , F Š Zsp ,
tp C sp D p. Therefore Rn � G. Let �a1; �a2 2 �.D/ \ Rn. Put A D �.D/ \ G

and B D ��1.A/. Then xA D G. Taking into account that r.B/ D r.A/ D tp , we see
that B is the required subgroup.

Now we will prove the maim theorem of this section.

Theorem 5.11. Let X be a second countable locally compact Abelian group, Y be its
character group. Assume thatX contains no subgroup topologically isomorphic to the
circle group T . Let � 2 M1.X/, and let the characteristic function O�.y/ be of the
form

.i/ O�.y/ D expf .y/g;  .0/ D 0; y 2 Y;
where  .y/ is a continuous polynomial. Then � 2 �.X/.
Proof. By Corollary 5.8 without loss of generality we can suppose thatX is a connected
group. Then by Theorem 1.11.2, X Š Rm � K, where m � 0 and K is a compact
connected group. To avoid introducing new notation we will assume that X D K.
Moreover we restrict ourselves to the proof for the case when dimK D @0. The
case when dimK < 1 is easier and may be considered analogously. Set D D K�.
By Theorems 1.6.1 and 1.6.2, D is a discrete torsion-free group. By Theorem 1.6.3,
r.D/ D @0.

Set '.y/ D � Re .y/, l.y/ D Im .y/. Obviously, the functions '.y/ and
l.y/ are also polynomial on Y . We will prove that the function '.y/ satisfies the
equation 2.16 (ii), and the function l.y/ satisfies the equation

l.uC v/ D l.u/C l.v/; u; v 2 Y: (5.17)

Thus we will prove that � 2 �.X/.
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Let a1; a2 2 D be arbitrary but fixed elements, let � W D 7! R@0� be the monomor-
phism defined by (3.15). Since the group K contains no subgroup topologically iso-
morphic to the circle group T , by Lemma 5.10 there exists a subgroupB � D of finite
rank l such that a1; a2 2 B and �.B/ Š Rl . Put G D �.B/.

Letb1; : : : ; bl be a maximal independent system of elements in�.B/, and e1; : : : ; el

be the standard basis in Rl . We will construct the homomorphism 
 W �.B/ 7! Rl just
as the monomorphism � was constructed in Proposition 3.8. We have 
bj D ej ,
j D 1; 2; : : : ; l . Put h D 
 B � , A D h.B/. It follows from �.B/ D G that xA D Rl .

Consider the function �.a/ D  .h�1a/ on the group A. Obviously, �.a/ is a
polynomial. If we consider the group A in the discrete topology, then by the Bochner
theorem expf�.a/g is a characteristic function. It is easy to see that the theorem will
be proved if we prove the following statement.

Let A be a group such that Zl � A � Ql � Rl , xA D Rl . Assume that �.a/ is a
polynomial on the group A such that expf�.a/g is a characteristic function. Then the
functions �1.a/ D Re �.a/ and �2.a/ D Im �.a/ satisfy equations 2.16 (ii) and (5.17)
respectively.

Let 
.a/ be an arbitrary polynomial of degreem on the group A. Then the equality

�mC1
b


.a/ D 0

is fulfilled for all a; b 2 Zl . It is easily verified that this yields the representation


.a/ D
mX

pD0

X
kkkDp

cka
k; (5.18)

where k D .k1; : : : ; kl/, kkk D k1 C � � � C kl , a D .n1; : : : ; nl/ 2 Zl , ak D
n

k1

1 : : : n
kl

l
. We deduce from (5.18) that if F is a subgroup of Ql such that F Š Zl ,

Zl � F � A and 
.a/ D 0 for a 2 Zl , then 
.a/ D 0 for all a 2 F .
Represent the group A as a union of an increasing sequence of subgroups Aj :

A D
1[

j D1

Aj ; A1 D Zl ; Aj � Aj C1; Aj Š Zl ; j D 1; 2; : : : :

Denote by 
.a/ the restriction of the polynomial �.a/ to the subgroup Zl . We note
that the polynomial 
.a/ on the subgroup Zl can be represented in the form (5.18). By
formula (5.18) the polynomial 
.a/ can be extended to the group Rl , in particular to
the group A. Denote by Q
.a/ this extension. Consider on the group A the polynomial
ı.a/ D �.a/ � Q
.a/, a 2 A. It is obvious that ı.a/ D 0, a 2 Zl . Then, as has been
noted above ı.a/ D 0 for all a 2 Aj , j D 1; 2; : : : . Hence ı.a/ 
 0 on the group A.

From what has been said it follows that the polynomial �.a/ on the group A can be
represented in the form

�.a/ D
mX

pD0

X
kkkDp

cka
k; (5.19)
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where k D .k1; : : : ; kl/, a D .r1; : : : ; rl/ 2 A, ak D r
k1

1 : : : r
kl

l
. The polynomial �.a/

is extended by formula (5.19) from the group A to Rl . Denote by Q�.s/ this extension.
Since expf�.a/g is a positive definite function on the groupA and the groupA is dense
in Rl , the extended function expf Q�.s/g, s 2 Rl , is a positive definite function on the
group Rl . By the Bochner theorem expf Q�.s/g is a characteristic function.

Fix s0 2 Rl . Then the function Q�.ts0/, t 2 R, is a polynomial on R and expf Q�.ts0/g
is a characteristic function on R. By the classical Marcinkiewicz theorem (see e.g. [74],
Chapter II, § 5) expf Q�.ts0/g is the characteristic function of a Gaussian distribution on
R. We deduce from this that expf Q�.s/g is the characteristic function of a Gaussian distri-
bution on the group Rl . Hence the function Q�1.s/ D Re Q�.s/ satisfies equation 2.16 (ii),
and the function Q�2.s/ D Im Q�.s/ satisfies equation (5.17) on the group Rl . It follows
from this that the functions �1.a/ and �2.a/ also satisfy equations 2.16 (ii) and (5.17)
on the group A.

Remark 5.12. The following statement results from the proof of Theorem 5.11. Let
Y D Rp � Zq , let �.y/ be a continuous polynomial on the group Y of degreem. Then
the polynomial �.y/ is represented in the form

�.y/ D
mX

iD0

X
kkkDi

cky
k;

where k D .k1; : : : ; kp; kpC1; : : : ; kpCq/, y D .s1; : : : ; sp; n1; : : : ; nq/ 2 Rp � Zq ,

yk D s
k1

1 : : : s
kp
p n

kpC1

1 : : : n
kpCq
q . To prove this we note that by virtue of continuity, the

polynomial �.y/ is defined by its restriction to the subgroupA D Qp �Zq � Rp �Zq .
Then we use representation (5.19).

Theorem 5.11 is sharp. Namely, the following result holds.

Proposition 5.13. Let X be a second countable locally compact Abelian group, Y be
its character group. Assume that X contains a subgroup topologically isomorphic to
the circle group T . Then for every m > 2 there exists a distribution �m 2 M1.X/

such that �m … �.X/, but the characteristic function O�m.y/ is of the form

O�m.y/ D expf m.y/g;  m.0/ D 0; y 2 Y;
where  m.y/ is a continuous polynomial of degree m.

Proof. Obviously, it suffices to prove the proposition for the circle group X D T .
Then Y Š Z. We will suppose without loss of generality that Y D Z. Consider the
function

 m.n/ D
(

�n2 C inm; n 2 Z; if m is odd,

�nm; n 2 Z; if m is even,

on the group Z. It is clear that  m.n/ is a polynomial of degreem on the group Z. Set

gm.n/ D expf m.n/g; n 2 Z:
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It is easy to verify that X
n2Z;n¤0

gm.n/ < 1:

This implies that

�m.t/ D 1C
X

n2Z;n¤0

gm.n/ expf�intg > 0; t 2 R:

It is also obvious that

1

2�

�Z
��

�m.t/ dt D 1:

Let �m be the distribution on the circle group T with density rm.eit / D �m.t/ with
respect to mT . Then �m … �.T / and the characteristic function O�m.n/ D gm.n/,
n 2 Z, has the desired form.

Remark 5.14. It is easy to see that Proposition 5.13 fails for the circle group X D T
whenm D 2. It means that the conditionm > 2 in Proposition 5.13 can not be replaced
by the conditionm � 2. Nevertheless the statement of Proposition 5.13 also holds true
form D 2, if we assume that a group X contains a subgroup topologically isomorphic
to the two-dimensional torus T 2. Obviously, it suffices to prove the statement for the
group X D T 2. Then Y Š Z2. We will suppose without loss of generality that
Y D Z2. Denote by y D .m; n/; m; n 2 Z, elements of the group Y . Consider on
the group Z2 the function

 .m; n/ D �a.m2 C n2/C i�mn; .m; n/ 2 Z2:

It is clear that  .m; n/ is a polynomial of degree 2. Choose a > 0 in such a way that
the inequality X

.m;n/2Z2

.m;n/¤.0;0/

expf�a.m2 C n2/g < 1

is fulfilled. It follows from this that the inequality

�.t; s/ D 1C
X

.m;n/2Z2

.m;n/¤.0;0/

expf .m; n/ � i.mt C ns/g > 0; .t; s/ 2 R2;

holds. Also, obviously

1

4�2

�Z
��

�Z
��

�.t; s/ dtds D 1:

Let � be the distribution on T 2 with density r.eit ; eis/ D �.t; s/ with respect tomT 2 .
Then � … �.T 2/, and the characteristic function

O�.m; n/ D expf .m; n/g; .m; n/ 2 Z2;

has the required form.
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We will prove below (see Proposition 9.8) that if X is a second countable lo-
cally compact Abelian group containing no subgroup topologically isomorphic to the
two-dimensional torus T 2, � 2 M1.X/, and the characteristic function O�.y/ is repre-
sented in the form 5.11 (i), where  .y/ is a continuous polynomial of degree 2, then
� 2 �.X/.

6 Gaussian distributions in the sense of Urbanik

Let X be a second countable locally compact Abelian group, Y be its character group.
Urbanik defined Gaussian distributions on the group X as distributions � having the
following properties: (i) � is an infinitely divisible distribution; (ii) y.�/ 2 �.T /
for each character y 2 Y ([100]). As has been proved in Proposition 3.17 the class
of such distributions coincides with the class of Gaussian distributions in the sense of
Definition 3.1. In this section we describe completely groups X with the following
property: if a distribution � on X satisfies (ii), then � satisfies (i), i.e., � is Gaussian.

Definition 6.1. A distribution � on a group X is called a Gaussian distribution in the
sense of Urbanik, if y.�/ 2 �.T / for every y 2 Y .

Denote by �U .X/ the set of Gaussian distributions in the sense of Urbanik on
the group X . We note that for any distribution � 2 M1.X/ and for any y 2 Y the
characteristic function of the distribution y.�/ has the formby.�/.n/ D O�.ny/; n 2 Z:

It follows that
�.X/ � �U .X/: (6.1)

6.2 Infinitely divisible elements. Let n 2 Z, n ¤ 0. We say that an element x0 2 X
is divisible by n if x0 2 X .n/. To say it in other words, an element x0 2 X is divisible
by n if there exists an element x 2 X such that x0 D nx. An element x0 2 X different
from zero is called infinitely divisible, if it is divisible by infinitely many integers.

To prove the main theorem we need the following lemmas.

Lemma 6.3. If a groupX contains no infinitely divisible elements, thenX is a discrete
torsion-free group.

Proof. Let X be an arbitrary locally compact Abelian group. By Theorem 1.11.1,
X Š Rm �G, wherem � 0, andG contains a compact open subgroupK. Obviously,
if X contains no infinitely divisible elements, then m D 0, and G is a torsion-free
group. In particular,K is a torsion-free group. By Theorem 1.11.4,K is topologically
isomorphic to a group of the form

.†a/
n � P

p2P
�

np
p ;
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where a D .2; 3; 4; : : : /, n and np are cardinal numbers. We note that all nonzero
elements of the groups †a and �p are infinitely divisible. Hence K D f0g, i.e., X is
a discrete torsion-free group.

Lemma 6.4. On the group X D R � T there exists a distribution �0 such that
�0 2 �U .X/, �0 … �.X/, and O�0.y/ > 0 for all y 2 Y .

Proof. We have Y Š R � Z. To avoid introducing new notation we will assume that
Y D R � Z, and denote by y D .s; n/, s 2 R, n 2 Z, elements of the group Y . Let
a > 0, b > 0, c > 0. Consider on the group Y the function

'0.s; n/ D
(
as2 if n D 0;

bs2 C cn2 if n ¤ 0:
(6.2)

Let ˛a be a Gaussian distribution on the group X with the characteristic function
Ǫa.s; n/ D expf�as2g, and ˇc be a Gaussian distribution on the group X with the
characteristic function Ǒ

c.s; n/ D expf�cn2g. Obviously, �.˛a/ D R, �.ˇc/ D T ,
i.e., ˛a can be considered as a Gaussian distribution on R, and ˇc can be considered
as a Gaussian distribution on T . Choose a, b and c in such a way that 2˛a � ˛b ,
2ˇc � mT . Put

�0 D ˛a 	mT � ˛b 	mT C ˇc 	 ˛b: (6.3)

It is easy to see that we can transform (6.3) to the form

�0 D .˛a � 1
2
˛b/ 	mT C .ˇc � 1

2
mT / 	 ˛b:

This implies that �0 2 M1.X/. Taking into account 2.7 (c), it follows from (6.2) and
(6.3) that

O�0.y/ D expf�'0.y/g; y 2 Y: (6.4)

We note that the equality

'0.ky/ D k2'0.y/; y 2 Y; (6.5)

holds for all k 2 Z. It follows from (6.4) and (6.5) that�0 2 �U .X/. Choosing a ¤ b

we obtain that �0 … �.X/.
6.5. LetX be a discrete torsion-free group. An element x 2 X is said to be dependent
on elements x1; : : : ; xl 2 X if there exist n; n1; : : : ; nl 2 Z such that nx D n1x1 C
� � � C nlxl . Denote by Lx the set of elements depending on x. Obviously, Lx is a
subgroup and Lx is isomorphic to some subgroup of Q.

We can prove now the main theorem of this section.

Theorem 6.6. For a group X the equality

�.X/ D �U .X/

holds if and only if one of the following conditions is satisfied:
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(i) for any closed subgroup B � Y; B ¤ Y , the factor group Y=B contains an
infinitely divisible element;

(ii) the group Z is topologically isomorphic to the factor group of Y by the subgroup
bY of all compact elements in Y .

Proof. Necessity. Assume that there exists a closed subgroup B � Y such that the
factor group Y=B D H contains no infinitely divisible elements. By Lemma 6.3, in
this case H is a discrete torsion-free group. Two cases are possible.

1. H is not topologically isomorphic to the group Z. It follows from this that
the rank r.H/ > 1. Indeed, if r.H/ D 1, then the group H is isomorphic to some
subgroupA of the group Q. SinceA is not isomorphic to Z, all nonzero elements ofA
are infinitely divisible. Hence all nonzero elements of H are also infinitely divisible.
This contradicts the condition.

For each h 2 H , h ¤ 0, let Lh be the subgroup of H of all elements depending
on h. By condition the subgroup Lh contains no infinitely divisible elements and
r.Lh/ D 1. This implies that Lh Š Z for all h 2 H , h ¤ 0. Since the group X
is second countable, the group H is countable. Obviously, the group H is at most a
countable union of different subgroupsLhk

such thatLhi
\Lhj

D f0g, i ¤ j . Denote
by h0

k
a generator of the groupLhk

. We haveH D S
k Lhk

, and each element h 2 H ,
h ¤ 0, can be uniquely represented in the form h D mh0

k
, m 2 Z, h0

k
2 Lhk

. Define
on the group H the function

'0.h/ D
(
akm

2 if h D mh0
k
; h ¤ 0;

0 if h D 0;

where the numbers ak are chosen in such a way thatX
k

X
m¤0

expf�akm
2g < 1: (6.6)

Set G D H�. It follows from (6.6) that we can define the continuous function �0.g/

on the group G by the formula

�0.g/ D 1C
X

h2H;h¤0

expf�'0.h/g.g; h/; g 2 G:

It is obvious that �0.g/ > 0 and
R

G
�0.g/dmG.g/ D 1. Let �0 be the distribution on

G with density �0.g/ with respect tomG . Then the characteristic function O�0.h/ is of
the form

O�0.h/ D expf�'0.h/g; h 2 H:
Since r.H/ > 1, the numbers ak can be chosen in such a way that �0 … �.G/. On
the other hand, �0 2 �U .G/ because the function '.h/ satisfies the equation

'.nh/ D n2'.h/; h 2 H;
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for all n 2 Z. By Theorem 1.9.2, G Š A.X;B/. Therefore we can consider �0 as a
distribution onA.X;B/. Hence�0 can be considered as a distribution on the groupX .
In the case 1 the necessity is proved.

2. H is topologically isomorphic to the group Z. By Theorem 1.17.2, Y D B �L,
where L Š Z. We note that the subgroup B contains a noncompact element, because
otherwise condition (ii) would be satisfied. Put G D cB� . By Theorem 1.9.3, G ¤
f0g. Taking into consideration Theorem 1.7.1, we obtain that the group X contains a
subgroupF such thatF Š G�T . Since the groupG is connected, by Theorem 1.11.2,
G Š Rm � K, where m � 0 and K is a compact connected group. If m > 0, then
the group X contains a subgroup M Š R � T . Applying Lemma 6.4 we construct a
distribution �0 2 M1.X/ such that �0 2 �U .X/ and �0 … �.X/. If m D 0, then
F Š K � T . Assume for definiteness that the group K has infinite dimension. Then
dimK D @0. Set D D K�. Let � W D 7! R@0� be the homomorphism defined
by (3.15), i.e., �d D .k1=k; : : : ; kl=k; 0; : : : /. Denote by .d; n/, d 2 D, n 2 Z,
elements of the group F � Š D � Z. Define the homomorphism 
 W F � 7! R � Z by
the formula 
.d; n/ D .k1=k; n/. Put q D Q
 , q W R � T 7! F , and � D q.�0/, where
�0 is the distribution constructed in Lemma 6.4. By Proposition 2.10, O�.d; n/ D1q.�0/.d; n/ D O�0.
.d; n// D expf�'0.
.d; n//g. It follows from Lemma 6.4 that
� 2 �U .F / and � … �.F /. Hence � 2 �U .X/ and � … �.X/. The necessity is
proved.

Sufficiency. Suppose that � 2 �U .X/. We will verify that � 2 �.X/. Assume
first that condition (i) is satisfied. In particular it follows from this that any factor
group of the group X is not topologically isomorphic to Z. Then by Theorem 1.9.2
the group X contains no subgroup topologically isomorphic to the circle group T .
Taking into account Theorem 4.6 we see that it suffices to verify that the distribution
� D � 	 N� 2 �.X/.

Note that it follows from � 2 �U .X/ that O�.y/ ¤ 0 for all y 2 Y . Hence by 2.7 (c)
and 2.7 (d), O�.y/ D j O�.y/j2 > 0, and the function O�.y/ has the representation

O�.y/ D expf�'.y/g; y 2 Y;
where '.y/ is a continuous nonnegative function on the groupY satisfying the equation

'.ky/ D k2'.y/; y 2 Y; (6.7)

for all k 2 Z. We will verify that if condition (i) is satisfied, then the function '.y/
satisfies equation 2.16 (ii). Denote by A the set of all elements y 2 Y for which there
exists a sequence of elements fyng � Y such that yn 2 Y .n/ and '.y � yn/ ! 0.

We will prove first that A is a subgroup of Y . Let u; v 2 A and let fung and fvng
be sequences of elements of Y such that un; vn 2 Y .n/ and

'.u � un/ ! 0; '.v � vn/ ! 0:

Applying inequality 2.7 (g) we obtain

j1 � O�.u � v � un C vn/j � jO�.u � v � un C vn/ � O�.v � vn/j C j1 � O�.v � vn/j
� p

2j1 � O�.u � un/j1=2 C j1 � O�.v � vn/j:
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Let fyng � Y be an arbitrary sequence. It is obvious that '.yn/ ! 0 if and only if
O�.yn/ ! 1. Therefore it follows from the above inequality that'.u�v�unCvn/ ! 0.
It is clear that un � vn 2 Y .n/. So, u � v 2 A. Thus we proved that A is an algebraic
subgroup of Y .

Now we will verify that the subgroupA is closed. Indeed, let fu.j /g � A, u.j / ! u,
and let fu.j /

n g be the sequence corresponding to the element u.j /. Applying equal-
ity 2.7 (g) we obtain

j1 � O�.u � u.j /
n /j � jO�.u � u.j /

n / � O�.u.j / � u.j /
n /j C j1 � O�.u.j / � u.j /

n /j
� p

2j1 � O�.u � u.j //j1=2 C j1 � O�.u.j / � u.j /
n /j:

(6.8)

As has been noted above, '.yn/ ! 0 if and only if O�.yn/ ! 1. Therefore (6.8) implies
the completeness of A.

We will prove that the factor group Y=A contains no infinitely divisible elements.
Assume the contrary. Then there exist an element u0 … A, an unbounded sequence of
numbers fpng � Z, and a sequence fyng � Y such that

u0 � pnyn 2 A (6.9)

for all natural n. Without loss of generality, we assume that the inequality pn � n2 is
satisfied. Therefore there exists a sequence of integers fqng such that

nqn

pn

! 1: (6.10)

It follows from the definition of the set A and (6.9) that there exists an element vn 2 Y
such that vn 2 Y .pn/ and '.u0 � pnyn � vn/ is arbitrarily small. Thus there exists a
sequence fwng � Y such that wn 2 Y .pn/ and '.u0 � wn/ ! 0. Put

un D nqnwn

pn

; n D 1; 2; : : : :

Applying inequality 2.7 (g) we get

j1 � O�.u0 � un/j � jO�.u0 � un/ � O�.u0 � wn/j C j1 � O�.u0 � wn/j
� p

2j1 � O�.un � wn/j1=2 C j1 � O�.u0 � wn/j:
(6.11)

It follows from '.u0 � wn/ ! 0 that O�.u0 � wn/ ! 1. Taking into account inequal-
ity 2.7 (g), we conclude that O�.wn/ ! O�.u0/. Hence

'.wn/ ! '.u0/: (6.12)

Taking into account (6.7), it follows from (6.10) and (6.12) that

'.un � wn/ D '

�
.nqn � pn/wn

pn

�
D

�
nqn

pn

� 1
�2

'.wn/ ! 0:
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Therefore, O�.un � wn/ ! 1. Hence we find from (6.11) that O�.u0 � un/ ! 1, i.e.,
'.u0 � un/ ! 0. Since un 2 Y .n/, this contradicts the assumption that u0 … A.

Thus we have proved that the equality Y D A follows from condition (i). Let
u; v 2 Y . Then we can find sequences fung and fvng such that un; vn 2 Y .n/ and
'.u � un/ ! 0, '.v � vn/ ! 0. We deduce from inequality 2.7 (g) that in this case
the convergences

'.un/ ! '.u/; '.vn/ ! '.v/;

'.un C vn/ ! '.uC v/; '.un � vn/ ! '.u � v/ (6.13)

hold. By the Bochner theorem the function expf�'.y/g is positive definite. Therefore
for all y1; y2; : : : ; ym 2 Y and z1; z2; : : : ; zm 2 C, inequality 2.8 (i) is fulfilled, i.e.,

mX
i;j D1

expf�'.yi � yj /gzi Nzj � 0:

Putting here m D 4, y1 D �y2 D un=n, y3 D �y4 D vn=n, z1 D z2 D �z3 D
�z4 D n we obtain

Œ2 expf�.4=n2/'.un/g C 2 expf�.4=n2/'.vn/g
� 4 expf�.1=n2/'.un � vn/g � 4 expf�.1=n2/'.un C vn/g C 4�n2 � 0:

Proceeding to the limit as n ! 1 and taking into account (6.13) we find

4'.uC v/C 4'.u � v/ � 8'.u/ � 8'.v/ � 0;

or
2Œ'.u/C '.v/� � '.uC v/C '.u � v/: (6.14)

Replacing here u by uC v and v by u � v and taking into consideration (6.7), we get

'.uC v/C '.u � v/ � 2Œ'.u/C '.v/�: (6.15)

It follows from (6.14) and (6.15) that the function '.y/ satisfies equation 2.16 (ii),
i.e., � 2 �.X/. So, �U .X/ � �.X/, and hence taking into account (6.1), sufficiency
of condition (i) is proved.

To prove the sufficiency of condition (ii) we note that the support of a distribution
� 2 �U .X/ is contained in a coset of the connected component of zero cX of the group
X . Indeed, let � D � 	 N� . Taking into account Proposition 2.2, it suffices to show that
�.�/ � cX . Let y0 2 bY . Since y0 is a compact element, we have nly0 ! Qy 2 Y for
some sequence nl ! 1. Taking into consideration (6.7), we get

'.y0/ D lim
nl !1

'. Qy/
n2

l

D 0:

Hence '.y/ D 0 for all y 2 bY . It follows from Proposition 2.13 that �.�/ �
A.X; bY /. By Theorem 1.9.3, A.X; bY / D cX . Hence �.�/ � cX .
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Now it is easy to verify the sufficiency of condition (ii). Replace the distribution �
by its shift � 0 D �	Ex such that �.� 0/ � cX . But if the groupX satisfies condition (ii),
then by Theorems 1.9.2 and 1.9.3, cX Š T . Since �U .T / D �.T / and � 0 2 �U .cX /,
we have � 0 2 �.cX /. Hence � 2 �.X/. So �U .X/ � �.X/. Taking into account
(6.1), sufficiency of condition (ii) is also proved.



Chapter III

The Kac–Bernstein theorem for locally compact
Abelian groups

According to the classical Kac–Bernstein theorem, if �1 and �2 are independent random
variables and their sum and difference are also independent, then �j are Gaussian.
Let X be a second countable locally compact Abelian group. In this chapter we study
the distributions of independent random variables �1 and �2 taking values in X and
having independent sum and difference. We give a complete description of groups X
on which such distributions are invariant with respect to some compact subgroupK of
X and, under the natural homomorphism X 7! X=K, induce Gaussian distributions
on the factor group X=K. It holds if and only if the connected component of zero
of a group X contains no elements of order 2. Hence if the connected component of
zero of a group X contains elements of order 2, then for such groups the following
natural problem arises: to describe distributions of independent random variables �j
taking values inX and having independent sum and difference. We solve this problem
for the group R � T and for a-adic solenoids †a. We also study the distributions of
independent identically distributed random variables �1 and �2 taking values in a group
X and having independent sum and difference (Gaussian distributions in the sense of
Bernstein).

7 Locally compactAbelian groups for which the Kac–Bernstein
theorem holds

Let X be a second countable locally compact Abelian group, Y be its character group.
In this section we describe groups X with the property: if �1 and �2 are independent
random variables with values in X and distributions �1, �2 and �1 C �2 and �1 � �2

are independent, then �j are invariant with respect to some compact subgroup K of
the group X and under the natural homomorphism X 7! X=K �j induce Gaussian
distributions on the factor group X=K.

Lemma 7.1. Let �1 and �2 be independent random variables with values in a groupX
and distributions�1 and�2. The sum �1C�2 and the difference �1��2 are independent
if and only if the characteristic functions O�j .y/ satisfy the equation

.i/ O�1.uC v/ O�2.u � v/ D O�1.u/ O�2.u/ O�1.v/ O�2.�v/; u; v 2 Y:
Proof. We recall that if � is a random variable with values in a groupX and distribution
�, then the characteristic function of � is the expectation O�.y/ D EŒ.�; y/�. If �1 and
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�2 are random variables taking values in X , then �1 and �2 are independent if and only
if the equality

EŒ.�1; u/.�2; v/� D EŒ.�1; u/�EŒ.�2; v/� (7.1)

is fulfilled for allu; v 2 Y . It follows from (7.1) that �1C�2 and �1��2 are independent
if and only if

EŒ.�1 C �2; u/.�1 � �2; v/� D EŒ.�1 C �2; u/�EŒ.�1 � �2; v/�; u; v 2 Y: (7.2)

Taking into account that the random variables �1 and �2 are independent, we transform
the left-hand side of equality (7.2) as follows:

EŒ.�1 C �2; u/.�1 � �2; v/� D EŒ.�1; uC v/.�2; u � v/�
D EŒ.�1; uC v/�EŒ.�2; u � v/�
D O�1.uC v/ O�2.u � v/; u; v 2 Y .

Analogously, we transform the right-hand side of equality (7.2)

EŒ.�1 C �2; u/�EŒ.�1 � �2; v/� D EŒ.�1; u/.�2; u/�EŒ.�1; v/.�2;�v/�
D EŒ.�1; u/�EŒ.�2; u/�EŒ.�1; v/�EŒ.�2;�v/�
D O�1.u/ O�2.u/ O�1.v/ O�2.�v/; u; v 2 Y: �

Equation (i) is called theKac–Bernstein functional equation. In particular, it follows
from (i) that an arbitrary Gaussian distribution � 2 �.X/ has the property: if �1 and �2

are independent identically distributed random variables with values in the groupX and
distribution � , then �1 C�2 and �1 ��2 are independent. Some idempotent distributions
on the group X have the same property. Denote by IB.X/ the set of such idempotent
distributions. In other words, mK 2 IB.X/ if �1 and �2 are independent identically
distributed random variables with values in the group X and distribution mK , then
�1 C �2 and �1 � �2 are independent. To describe the set IB.X/ we need the following
lemma.

Lemma 7.2. Let n be a natural number, and G be a closed subgroup of a group X .
Then the following statements are equivalent:

(i) G.n/ D G;
(ii) if ny 2 A.Y;G/, then y 2 A.Y;G/.

Proof. (i) H) (ii). By Theorem 1.9.2 G� Š Y=A.Y;G/. It is obvious that (ii) is
equivalent to the fact that .Y=A.Y;G//.n/ D f0g. Therefore the equivalence of (i) and
(ii) follows from Theorem 1.9.5.

7.3 Corwin groups. A group X is called a Corwin group if X .2/ D X . We will give
some examples.

The groups R, T , Q, Z.2k � 1/, Z.p1/, †a, �p , for p ¤ 2 are Corwin groups.
The groups Z, Z.2k/, �2 are not Corwin groups.
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Proposition 7.4. Let K be a compact subgroup of a group X . Then the following
statements are equivalent:

(i) K is a Corwin group;

(ii) if 2y 2 A.Y;K/, then y 2 A.Y;K/;
(iii) mK 2 IB.X/.

Proof. The equivalence of (i) and (ii) follows from Lemma 7.2 because K.2/ D K.2/.
(ii) H) (iii). As has been noted in Lemma 7.1, we should verify that the characteristic

function ymK.y/ satisfies equation 7.1 (i) which takes the form

ymK.uC v/ ymK.u � v/ D ym2
K.u/ ym2

K.v/; u; v 2 Y: (7.3)

We use representation 2.16 (i) of the characteristic function ymK.y/. If u; v 2 A.Y;K/,
then u ˙ v 2 A.Y;K/ and both sides of equation (7.3) are equal to 1. If either
u 2 A.Y;K/, v … A.Y;K/ or v 2 A.Y;K/, u … A.Y;K/, then uC v … A.Y;K/ and
both sides of equation (7.3) are equal to zero. If u; v … A.Y;K/, then the right-hand
side of equation (7.3) is equal to zero. If the left-hand side of equation (7.3) is not equal
to zero, we have u˙ v 2 A.Y;K/. This implies that 2u 2 A.Y;K/, and hence by (ii)
u 2 A.Y;K/, that contradicts the condition. Hence the left-hand side of equation (7.3)
is also equal to zero.

(iii) H) (ii). By Lemma 7.1 the characteristic function ymK.y/ satisfies equa-
tion (7.3). Let 2y 2 A.Y;K/. Substitute u D v D y in (7.3). Then the left-hand side
of equation (7.3) is equal to 1. Hence the right-hand side of equation (7.3) is equal
to 1. Taking into account 2.16 (i), this means that y 2 A.Y;K/.

Our aim is to describe all groupsX which have the following property: if �1 and �2

are independent random variables with values inX and distributions�1 and�2, then the
independence of �1 C �2 and �1 � �2 implies that �j 2 �.X/ 	 I.X/. This inclusion
means that the distributions �j are invariant with respect to a compact subgroup K
of the group X and under the natural homomorphism X 7! X=K induce Gaussian
distributions on the factor group X=K.

To prove the main theorem of this section we need the following lemmas.

Lemma 7.5. Let �1 and �2 be independent random variables with values in a groupX
and distributions �1 and �2. If �1 C �2 and �1 � �2 are independent, then distributions
�j can be replaced by their shifts �0

j in such a manner that �.�0
j / � M , j D 1; 2,

whereM is a subgroup ofX such thatM is topologically isomorphic to a group of the
form Rm �K, where m � 0 and K is a compact Corwin group.

Proof. Taking into account Theorem 1.11.1, we can assume without loss of generality
that X D Rm � G, Y D Rm �H , where m � 0, H Š G� and each of the groups G
and H contains a compact open subgroup. Denote by L a compact open subgroup of
H . Put

N1 D fy 2 Y W O�1.y/ ¤ 0g; N2 D fy 2 Y W O�2.y/ ¤ 0g; N D N1 \N2:
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By Lemma 7.1 the characteristic functions O�j .y/ satisfy equation 7.1 (i). It follows
from 7.1 (i) that N is a subgroup of Y . Obviously, N is an open subgroup.

Consider the intersection B D N \ L. Since every open subgroup is closed, B
is a compact open subgroup of H . Putting u D v D y and then u D �v D y into
equation 7.1 (i) and taking into account 2.7 (d) we obtain

O�1.2y/ D O�2
1.y/j O�2.y/j2; O�2.2y/ D j O�1.y/j2 O�2

2.y/; y 2 Y: (7.4)

We deduce from (7.4) that for every natural n the functions O�j .y/ satisfy the equation

j O�j .2
ny/j D j O�1.y/ O�2.y/j22n�1

; j D 1; 2; y 2 Y: (7.5)

For n D 1 this yields that

j O�1.y/j D j O�2.y/j; y 2 Y .2/: (7.6)

Let y 2 B . As B is compact, there exists a convergent subsequence 2mky ! y0 2 B .
We obtain from (7.5) that

j O�j .y0/j D lim
k!1

j O�j .2
mky/j D lim

k!1
j O�1.y/ O�2.y/j22mk�1

; j D 1; 2; y 2 Y: (7.7)

If j O�1.y/ O�2.y/j < 1, then the limit on the right-hand side of (7.7) is equal to zero,
contrary to the fact that y0 2 B � N . Hence j O�1.y/j D j O�2.y/j D 1 for all y 2 B .

Taking into consideration 2.7 (e), we can replace the distributions �j by their shifts
�0

j in such a way that O�0
j .y/ D 1 for all y 2 B . It is obvious that the charac-

teristic functions O�0
j .y/ also satisfy equation 7.1 (i). Applying Proposition 2.13 we

get �.�0
j / � A.X;B/. It follows from Theorems 1.7.1 and 1.9.2 that A.X;B/ Š

.Y=B/� D ..Rm �H/=B/� Š Rm � .H=B/�. Put F D .H=B/�. Since B is an open
subgroup of H , the factor group H=B is discrete. Hence by Theorem 1.6.1, F is a
compact group.

Thus we have reduced the proof of the lemma to the case when X D Rm � F ,
Y D Rm � D, where F is a compact group, D Š F �, and �j are distributions
on X with characteristic functions satisfying equation 7.1 (i). By Theorem 1.6.1, D
is a discrete group. Let D2 be the 2-component of the group D, i.e., the subgroup
of D consisting of all elements y 2 D such that the order of y is a power of the
number 2. Let y 2 D2. Then 2ny D 0 for some natural n. We deduce from (7.5)
that j O�1.y/j D j O�2.y/j D 1 for all y 2 D2. Applying 2.7 (e) we can replace the
distributions �j by their shifts �0

j in such a way that O�0
j .y/ D 1 for all y 2 D2.

By Proposition 2.13, �.�0
j / � A.X;D2/. Put M D A.X;D2/. It is obvious that

M Š Rm � K, where K is a compact group. It follows from Theorems 1.9.1 and
1.9.2 that M � Š Y=D2. It is clear that the factor group Y=D2 contains no elements

of order 2. By Theorem 1.9.5, M .2/ D M . We conclude from M .2/ D M .2/ that
M is a Corwin group. Hence K is also a Corwin group. Returning to the original
distributions �j , we obtain the required statement.
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Lemma 7.6. Let n be a natural number. The following statements are equivalent:

(i) for any compact subgroup G of a group X satisfying the condition G.n/ D G,
the equality .G�/.n/ D G� is fulfilled;

(ii) the connected component of zero cX of a group X has the property fx 2 cX W
nx D 0g D f0g.

Proof. (i) H) (ii). By Theorem 1.11.2, cX Š Rm�K, wherem � 0 andK is a compact
connected group. By Theorem 1.9.6, for every natural number l the equalityK.l/ D K

is fulfilled. Then it follows from (i) that .K�/.n/ D K�. Hence .c�
X /

.n/ D c�
X . By

Theorem 1.9.5 the last equality implies (ii).
(ii) H) (i). Let G be a compact subgroup of X such that G.n/ D G. Set H D G�.

By Theorem 1.6.1,H is a discrete group. We will verify thatH .n/ D H . Consider the
subgroup zH of the group H consisting of all infinitely divisible by n elements, i.e.,

zH D
1T

lD1

H .nl /:

First we will verify that the factor group L D H= zH contains no nonzero elements
that are infinitely divisible byn, andL contains no elements of finite order. Let Œh0� 2 L
be an infinitely divisible by n element. Then the equation

nl Œt � D Œh0� (7.8)

has a solution in L for every natural l . Equality (7.8) is equivalent to the fact that
nl t � h0 2 zH , i.e., nl t � h0 D nly for some y 2 H . It follows from this that
h0 D nl.t � y/, i.e., h0 2 zH . Hence Œh0� D 0. We have proved that L contains no
nonzero elements infinitely divisible by n. Assume now that Œh0� 2 L is an element
of finite order p. We can suppose without loss of generality that p is a prime number.
If n is not divided by p, then Œh0� is an element infinitely divisible by n. As has been
proved above, Œh0� D 0. Therefore we can assume that p is a factor of n. We have
pŒh0� D 0, i.e., ph0 2 zH . So for every natural l there exists an element z 2 H such
that ph0 D nlC1z. We conclude from this that

p

�
h0 � nlC1

p
z

�
D 0: (7.9)

Taking into account that G.n/ D G we have fh 2 H W nh D 0g D f0g by Theo-
rem 1.9.5. Since p is a factor of n,

fh 2 H W ph D 0g D f0g: (7.10)

We obtain from (7.9) and (7.10) that h0 D nl
�

nz
p

�
, i.e., h0 2 zH , and hence Œh0� D 0.

Thus L is a discrete torsion-free group. By Theorems 1.6.1 and 1.6.2 the group L�
is compact and connected. By Theorem 1.9.2,L� Š A.G; zH/. HenceA.G; zH/ � cX ,
and (ii) implies that

fx 2 A.G; zH/ W nx D 0g D f0g:
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By Theorem 1.9.5 it follows from this that L.n/ D L, i.e., the group L consists
of elements infinitely divisible by n. Hence L D f0g. Thus H D zH , and hence
H .n/ D H .

Lemma 7.7. The following statements are equivalent:

(i) for any compactCorwin subgroupK of a groupX the factor groupX=K contains
no subgroup topologically isomorphic to the circle group T ;

(ii) ifK is a compact Corwin subgroupK of a groupX , thenK� is a Corwin group.

Proof. (i) H) (ii). Let K be a compact Corwin subgroup of X . Put L D K�. By
Theorem 1.6.1, L is a discrete group. We will verify that L.2/ D L. It follows
from Theorem 1.9.5 that L contains no elements of order 2. This implies that all
elements of finite order of the group L have odd order. Hence they belong to L.2/. We
will verify that every element of infinite order of L belongs to L.2/. Let h0 … L.2/.
Denote by M D fh 2 L W h D nh0; n 2 Zg the subgroup of L generated by the
element h0. Then M Š Z. Let h 2 L and let 2h 2 M . If 2h D .2m � 1/h0, then
h0 D 2.mh0 � h/ 2 L.2/, which contradicts the choice of h0. Hence if 2h 2 M ,
then 2h D 2mh0. Inasmuch as L contains no elements of order 2, h D mh0. Thus
the subgroup M has the property that if 2h 2 M , then h 2 M . Taking into account
Theorem 1.9.1, it follows from Lemma 7.2 that the annihilator A.K;M/ is a Corwin
group. Obviously, A.K;M/ is compact. Applying Theorems 1.9.1 and 1.9.2 we get
.K=A.K;M//� Š M Š Z. By Theorem 1.17.2 the subgroup M is a direct factor of
L. Hence the factor groupK=A.K;M/ contains a subgroup topologically isomorphic
to the circle group T .

Note now that if a groupX satisfies condition (i), then every closed subgroup ofX
also satisfies condition (i). We obtain a contradiction with (i). Thus (ii) is true.

(ii) H) (i). First we verify that ifG is a compact subgroup ofX , then the factor group
X=G also satisfies condition (ii). Let p W X 7! X=G be the natural homomorphism,K
be a compact Corwin subgroup ofX=G. Put zK D p�1.K/. ThenK Š zK=G. In view
of compactness of the groups K and G the group zK is also compact. Obviously, zK is
a Corwin group. We deduce from (ii) that zK� is a Corwin group. By Theorem 1.9.2,
K� Š A. zK�; G/. Let y 2 A. zK�; G/. Then y D 2y0, y0 2 zK�. Since G is a Corwin
group, by Lemma 7.2, y0 2 A. zK�; G/, i.e., K� is a Corwin group.

If condition (i) is not satisfied, then there exists a compact Corwin subgroup K0

such that the factor group X=K0 contains a subgroup F topologically isomorphic to
the circle group T . Since T is a compact Corwin group, it follows from what has been
said above thatF � is also a Corwin group. But it is obviously false. Hence condition (i)
is fulfilled.

Lemma 7.8. Let X D T . Then there exist independent random variables �1 and �2

with values in T and distributions �1 and �2 such that �1 C �2 and �1 � �2 are
independent, O�j .y/ ¤ 0 for all y 2 Y and �j … �.T /, j D 1; 2.
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Proof. We have Y Š Z. We will suppose without loss of generality that Y D Z.
Consider on the group Z the functions

g1.n/ D
(

expf�an2g if n 2 Z.2/;

b expf�an2g if n … Z.2/;

g2.n/ D
(

expf�an2g if n 2 Z.2/;

b�1 expf�an2g if n … Z.2/:

(7.11)

Choose real numbers a and b in such a way thatX
n2Z;n¤0

gj .n/ < 1; j D 1; 2:

It follows from this that

�j .t/ D
1X

nD�1
gj .n/ expf�intg > 0; t 2 R; j D 1; 2:

It is also obvious that

1

2�

�Z
��

�j .t/ dt D 1; j D 1; 2:

Let �j be the distribution on the circle group T with density rj .eit / D �j .t/ with
respect to mT . Then O�j .n/ D gj .n/. Let �1 and �2 be independent random variables
with values in T and distributions �1 and �2. It is obvious that �j … �.T / and
O�j .n/ ¤ 0 for all n 2 Z. We will verify that �1 C �2 and �1 � �2 are independent.
Thus the lemma will be proved.

By Lemma 7.1 it suffices to show that the characteristic functions O�j .n/ satisfy
equation 7.1 (i). By considering separately the casesm; n 2 Z.2/;m 2 Z.2/, n … Z.2/;
n 2 Z.2/, m … Z.2/; m; n … Z.2/ we are convinced of this fact.

As will be proved in Section 8 (see Corollary 8.6), if �1 and �2 are independent
random variables with values in the circle group T and distributions �1 and �2 with
non-vanishing characteristic functions, then the independence of �1 C �2 and �1 � �2

implies that the distributions �j can be replaced by their shifts �0
j in such a way that

the characteristic functions of the distributions �0
j are defined by (7.11).

Lemma 7.9. Let a group X contain no subgroup topologically isomorphic to the
circle group T . Let �1 and �2 be independent random variables with values in X and
distributions �1 and �2 with non-vanishing characteristic functions. If �1 C �2 and
�1 � �2 are independent, then �j 2 �.X/ and �1 D �2 	Ex , x 2 X .
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Proof. By Lemma 7.1 the characteristic functions O�j .y/ satisfy equation 7.1 (i). Re-
placing in equation 7.1 (i) v by �v, we obtain

O�1.u � v/ O�2.uC v/ D O�1.u/ O�2.u/ O�1.�v/ O�2.v/; u; v 2 Y: (7.12)

Put � D �1 	 �2. We conclude from 2.7 (b) that O�.y/ D O�1.y/ O�2.y/. Multiplying
equations 7.1 (i) and (7.12) and taking into account 2.7 (d), we get

O�.uC v/ O�.u � v/ D O�2.u/j O�.v/j2; u; v 2 Y: (7.13)

Let � D � 	 N�. Applying 2.7 (c) and 2.7 (d) we obtain O�.y/ D j�.y/j2 > 0 and find
from (7.13) that

O�.uC v/ O�.u � v/ D O�2.u/ O�2.v/; u; v 2 Y: (7.14)

Put '.y/ D � ln O�.y/. It follows from (7.14) that the characteristic function O�.y/ is
represented in the form

O�.y/ D expf�'.y/g; y 2 Y;
where '.y/ is a continuous nonnegative function on Y satisfying equation 2.16 (ii).
So, � 2 �.X/. The distributions �j are factors of �. Since the group X contains no
subgroup topologically isomorphic to the circle group T , by Theorem 4.6,�j 2 �.X/.
Hence

O�j .y/ D .xj ; y/ expf�'j .y/g;
where xj 2 X , and 'j .y/ is a continuous nonnegative function on the group Y sat-
isfying equation 2.16 (ii). Putting the expression for O�j .y/ into equation 7.1 (i) we
get

'1.uC v/C '2.u � v/ D '1.u/C '2.u/C '1.v/C '2.�v/; u; v 2 Y: (7.15)

We use Remark 3.3 and pass in equation (7.15) to the corresponding 2-additive functions
 j .u; v/. We have

 1.u; v/ D  2.u; v/; u; v 2 Y;
and hence '1.y/ D '2.y/, y 2 Y . Thus �1 D �2 	Ex , x 2 X .

It should be noted that the statement of Lemma 7.9 does not remain valid if the
group X contains a subgroup topologically isomorphic to the circle group T . This
results from Lemma 7.8.

Now we prove the main theorem of this section.

Theorem 7.10. The following statements are valid:

(I) Assume that the connected component of zero of a groupX contains no elements
of order 2. Let �1 and �2 be independent random variables with values inX and
distributions �1 and �2 such that �1 C �2 and �1 � �2 are independent. Then
�j 2 �.X/ 	 IB.X/ and �1 D �2 	Ex , x 2 X .
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(II) If the connected component of zero of a group X contains elements of order 2,
then there exist independent random variables �1 and �2 with values in X and
distributions �j … �.X/ 	 I.X/ such that �1 C �2 and �1 � �2 are independent.

Proof. (I). By Lemma 7.5, we can assume thatX D Rm �K, wherem � 0 andK is a
compact Corwin group. Applying Lemma 7.6 for n D 2we obtain that .K�/.2/ D K�,

and hence Y .2/ D Y . It is also obvious that X .2/ D X . Since X .2/ D X .2/, it follows
from 1.13 (b) and 1.13 (d) that f2 is a topological automorphism of the groups X and
Y , i.e., X and Y are groups with unique division by 2.

By Lemma 7.1 the characteristic functions O�j .y/ satisfy equation 7.1 (i). Hence
they also satisfy equations (7.5) and (7.6). Since Y .2/ D Y , it follows from (7.6) that
j O�1.y/j D j O�2.y/j, y 2 Y . Therefore

fy 2 Y W O�1.y/ ¤ 0g D fy 2 Y W O�2.y/ ¤ 0g D N:

Equation 7.1 (i) implies that N is a subgroup of Y . It is obvious that N is an open
subgroup. By equation (7.5) for n D 1 we get that if 2y 2 N , then y 2 N . Applying
Lemma 7.2 for n D 2 we obtain that F D A.X;N / is a Corwin group. Since N
is an open subgroup, by Theorem 1.9.4, F is a compact subgroup. It follows from
Theorems 1.9.1 and 1.9.2 that .X=F /� Š N . It is also easily seen that X=F and N
are groups with unique division by 2.

Consider the restrictions of the characteristic functions O�1.y/ and O�2.y/ to the
subgroup N . In view of Corollary 2.11 and Lemma 7.1 these restrictions are the char-
acteristic functions of some independent random variables �1 and �2 taking values in
the factor groupX=F and having the property that �1 C�2 and �1 ��2 are independent.
Since X=F is a group with unique division by 2, X=F contains no subgroup topo-
logically isomorphic to the circle group T . Applying Lemma 7.9 to the factor group
X=F we get that the restrictions of the characteristic functions O�j .y/ to the subgroup
N have the representations

O�j .y/ D .xj ; y/ expf�'.y/g; y 2 N; (7.16)

where xj 2 X , and '.y/ is a continuous nonnegative function on N satisfying equa-
tion 2.16 (ii). By Lemma 3.18 we can extend the function '.y/ from the subgroup N
to Y in such a manner that its properties are preserved. Let Q'.y/ denote the extended
function.

Let �j be Gaussian distributions on the group X with the characteristic functions

O�j .y/ D .xj ; y/ expf� Q'.y/g; y 2 Y; j D 1; 2: (7.17)

By Theorem 1.9.1, N D A.Y; F /. Then it follows from 2.14 (i) that the characteristic
function of the Haar distribution mF of the subgroup F is of the form

ymF .y/ D
(
1 if y 2 N;
0 if y 62 N: (7.18)
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We deduce from (7.16)–(7.18) that O�j .y/ D O�j .y/ ymF .y/. Hence applying 2.7 (b)
and 2.7 (c), we get �j D �j 	 mF . Since �1 D �2 	 Ex , we have �1 D �2 	 Ex .
Statement (I) is proved.

Let us prove (II). Assume that the connected component of zero of the group X
contains elements of order 2. Applying Lemma 7.6 for n D 2we get that there exists a
compact Corwin subgroupG of the groupX such thatG� is not a Corwin group. Then
by Lemma 7.7 there exists a compact subgroup K of the group X such that the factor
group X=K contains a subgroup F topologically isomorphic to the circle group T .
For this reason the distributions �j on the circle group T constructed in Lemma 7.8
can be considered as distributions on the factor group X=K. We will retain for them
the notation �j . Taking into account that by Theorem 1.9.2, .X=K/� Š A.Y;K/, we
can assume that the characteristic functions O�j .y/ are defined on A.Y;K/. Consider
on the group Y the functions

hj .y/ D
(

O�j .y/ if y 2 A.Y;K/;
0 if y … A.Y;K/:

Since A.Y;K/ is a subgroup and O�j .y/ are positive definite functions, by Proposi-
tion 2.12, hj .y/ are also positive definite functions. Since K is a compact group, by
Theorem 1.9.4 the annihilatorA.Y;K/ is an open subgroup. Hence the functions hj .y/

are continuous. By the Bochner theorem there exist distributions �j 2 M1.X/ such
that O�j .y/ D hj .y/. Let �j be independent random variables with values in the group
X and distributions �j .

It is easy to verify that �1 C �2 and �1 � �2 are independent. Indeed by Lemma 7.1
it suffices to show that the characteristic functions O�j .y/ satisfy equation 7.1 (i). Let
u; v 2 A.Y;K/. Then it is obvious that 7.1 (i) holds, because the functions O�j .y/ satisfy
equation 7.1 (i). If either u 2 A.Y;K/, v … A.Y;K/ or v 2 A.Y;K/, u … A.Y;K/,
then both sides of equation 7.1 (i) are equal to zero. If u; v … A.Y;K/, then the right-
hand side of equation 7.1 (i) is equal to zero. If the left-hand side of equation 7.1 (i) is
not equal to zero, then u ˙ v 2 A.Y;K/. This implies that 2u 2 A.Y;K/. Since K
is a compact Corwin group, applying Lemma 7.2 for n D 2 we get that u 2 A.Y;K/.
This contradicts the assumption. Thus the left-hand side of 7.1 (i) is also equal to zero.
We have proved that the characteristic functions O�j .y/ satisfy equation 7.1 (i). Since
�j … �.X/	I.X/, it is obvious that �j … �.X/	I.X/. Statement (II) is also proved.

Remark 7.11. We note that in the proof of statement (I) in Theorem 7.10 we did not use
the Kac–Bernstein theorem. Hence this theorem follows from Theorem 7.10, because
the only compact Corwin subgroup K of the group R is K D f0g.

Remark 7.12. The proof of statement (I) in Theorem 7.10 is based on Lemma 7.9. To
prove Lemma 7.9 we used Theorem 4.6 (the group analogue of the Cramér theorem).
In turn the proof of Theorem 4.6 is based on the Cramér theorem for the group Rm

(see Theorem 2.18). All known proofs of Theorem 2.18 use functions of a complex
variable, in particular the theory of entire functions.
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It is easy to see that to prove statement (I) in Theorem 7.10 it suffices to prove the
following statement which is weaker than Lemma 7.9.

Let X be a group with unique division by 2. Let �1 and �2 be independent random
variables with values in X and distributions �1 and �2 with non-vanishing charac-
teristic functions. If �1 C �2 and �1 � �2 are independent, then �j 2 �.X/ and
�1 D �2 	Ex , x 2 X .

Below we give two proofs of this statement without using Theorem 4.6, and hence
without using the theory of entire functions. We need the following lemma.

Lemma 7.13. Let �1 and �2 be independent random variables with values in a groupX
and distributions�1 and�2 with non-vanishing characteristic functions. Let p W X 7!
X=X.2/ be the natural homomorphism. If �1 C �2 and �1 � �2 are independent, then
p.�j / 2 �.X=X.2// and p.�1/ D p.�2/ 	EŒx�, Œx� 2 X=X.2/.

Proof. By Lemma 7.1 the characteristic functions O�j .y/ satisfy equation 7.1 (i). Hence
they satisfy equation (7.6). In view of 2.7 (d) we have

j O�2.�v/j D j O�2.v/j; v 2 Y: (7.19)

It follows from equation 7.1 (i) and (7.19) that the functions j O�j .y/j satisfy the equation

j O�1.uC v/jj O�2.u � v/j D j O�1.u/jj O�1.v/jj O�2.u/jj O�2.v/j; u; v 2 Y: (7.20)

Using (7.6) and (7.20) we obtain

j O�j .uC v/jj O�j .u � v/j D j O�j .u/j2j O�j .v/j2; u; v 2 Y .2/; j D 1; 2:

This implies that '.y/ D � ln j O�j .y/j is a continuous nonnegative function on the

group Y .2/ satisfying equation 2.16 (ii).
Let us check that the functions

lj .y/ D O�j .y/=j O�j .y/j

are characters of the group Y .2/. Note that

jlj .y/j D 1; lj .�y/ D lj .y/; lj .0/ D 1; j D 1; 2; y 2 Y: (7.21)

It is obvious that the functions lj .y/ satisfy equation 7.1 (i) which takes the form

l1.uC v/l2.u � v/ D l1.u/l1.v/l2.u/l2.�v/; u; v 2 Y: (7.22)

Putting u D v D y and then u D �v D y into equation (7.22) we get

l1.2y/ D l21 .y/; l2.2y/ D l22 .y/; y 2 Y: (7.23)

Changing places of u and v in (7.22) we infer that

l1.uC v/l2.�.u � v// D l1.u/l1.v/l2.�u/l2.v/; u; v 2 Y:
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Multiplying this equation and equation (7.22) and taking into account (7.21), we obtain

l21 .uC v/ D l21 .u/l
2
1 .v/; u; v 2 Y: (7.24)

In view of (7.23) equality (7.24) implies that

l1.uC v/ D l1.u/l1.v/; u; v 2 Y .2/:

A similar argument proves that the function l2.y/ is also a character of the group Y .2/.
By Theorem 1.9.2 the characters lj .y/ can be represented in the form lj .y/ D .xj ; y/,

xj 2 X , y 2 Y .2/. Thus we have proved that the characteristic functions O�j .y/ on the

subgroup Y .2/ can be represented in the form

O�j .y/ D .xj ; y/ expf�'.y/g; y 2 Y .2/: (7.25)

We note that by Theorem 1.9.5, Y .2/ D A.Y;X.2//. Let p W X 7! X=X.2/ be the
natural homomorphism. Since by Corollary 2.11 the restriction of the characteristic

function O�j .y/ to the subgroup Y .2/ is the characteristic function of the distribution
p.�j / 2 X=X.2/, the lemma is proved.

Corollary 7.14. Let a group X satisfy the condition X.2/ D f0g. Let �1 and �2 be
independent random variables with values in X and distributions �1 and �2 with
non-vanishing characteristic functions. If �1 C �2 and �1 � �2 are independent, then
�j 2 �.X/ and �1 D �2 	Ex , x 2 X .

Obviously, Corollary 7.14 yields the statement presented in Remark 7.12.

Remark 7.15. It is easy to see that we can conclude from the proof of Lemma 7.13
the following statement. Let Y be an arbitrary Abelian group. Let the functions fj .y/

on the group Y satisfy the equation

f1.uC v/f2.u � v/ D f1.u/f2.u/f1.v/f2.�v/; u; v 2 Y; (7.26)

and the conditions fj .�y/ D fj .y/, y 2 Y , fj .0/ D 1, j D 1; 2. Then on the
subgroup Y .2/ the representation

fj .y/ D lj .y/ expf'.y/g; y 2 Y .2/; (7.27)

holds. Here lj .y/ are functions on the subgroup Y .2/ satisfying the equation

lj .uC v/ D lj .u/lj .v/; u; v 2 Y .2/; (7.28)

and '.y/ is a function on the subgroup Y .2/ satisfying the equation 2.14 (ii).
If we assume additionally that Y is a locally compact group and the functions fj .y/

are continuous, we can assert that on the subgroup Y .2/ the representation

fj .y/ D .xj ; y/ expf'.y/g; y 2 Y .2/; (7.29)

holds. Here xj 2 X D Y �, and the function '.y/ is continuous and satisfies equa-
tion 2.14 (ii).
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Below we give another proof of the statement presented in Remark 7.12. It is of
independent interest. For groups with unique division by 2, denote by x0=2 the solution
of the equation 2x D x0.

7.16. If X is a group with unique division by 2, then Y D Y .2/. Hence as has been
noted in the proof of Lemma 7.13,

j O�j .y/j D expf�'.y/g; y 2 Y;
where '.y/ is a continuous nonnegative function on Y satisfying equation 2.16 (ii).
We will prove that the functions lj .y/ D O�j .y/=j O�j .y/j are characters of the group Y .
In view of (7.6) it follows from (7.4) that

O�j .y/ D . O�j .y=2
n//2

n j O�j .y=2
n/j22n�2n

; y 2 Y; j D 1; 2: (7.30)

Note that the equality '.y=2n/ D .1=22n/'.y/ implies that

lim
n!1 j O�j .y=2

n/j22n�2n D j O�j .y/j; y 2 Y; j D 1; 2: (7.31)

Rewrite (7.30) in the form

O�j .y/

j O�j .y=2n/j22n�2n
D . O�j .y=2

n/2
n

; y 2 Y; j D 1; 2:

Passing here to the limit as n ! 1 and taking into account (7.31), we get

lj .y/ D O�j .y/

j O�j .y/j D lim
n!1. O�j .y=2

n//2
n

; y 2 Y; j D 1; 2:

Obviously, the functions lj .y/ are continuous. Since the functions lj .y/ are limits of
a sequence of positive definite functions, the functions lj .y/ are also positive definite.
By the Bochner theorem lj .y/ are characteristic functions. It follows from jlj .y/j D 1,
y 2 Y , and 2.7 (e) that lj .y/ D .xj ; y/, xj 2 X . Thus O�j .y/ D .xj ; y/ expf�'.y/g,
y 2 Y . This implies that �j 2 �.X/, j D 1; 2, and �1 D �2 	 Ex , x 2 X . The
assertion is proved.

Remark 7.17. Let �1 and �2 be independent random variables with values in a groupX
and infinitely divisible distributions �1 and �2. If �1 C �2 and �1 � �2 are independent,
then�j 2 �.X/	IB.X/ and�1 D �2 	Ex , x 2 X . Indeed, in view of Lemma 7.1 the
characteristic functions O�j .y/ satisfy equation 7.1 (i). Hence they also satisfy equation
(7.4). We conclude from 2.15 (b) that the sets Nj D fy 2 Y W O�j .y/ ¤ 0g, j D 1; 2,
are subgroups of Y , and (7.4) implies that N1 D N2.

The further reasoning is the same as in the proof of Theorem 7.10, but instead of
Lemma 7.9 we use the following statement.

Let �1 and �2 be independent random variables with values in a group X and
infinitely divisible distributions�1 and�2 with non-vanishing characteristic functions.
If �1 C �2 and �1 � �2 are independent, then �j 2 �.X/ and �1 D �2 	Ex , x 2 X .

The proof of this assertion is similar to the proof of Lemma 7.9, but instead of
Theorem 4.6 one should use Remark 4.8.
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8 Random variables with values in the group R � T and in the
a-adic solenoid †a

Let X be a second countable locally compact Abelian group, Y be its character group.
According to Theorem 7.10, if the connected component of zero of the groupX contains
no elements of order 2 and �1 and �2 are independent random variables with values
in X and distributions �1 and �2 such that their sum and difference are independent,
then �j are invariant with respect to some compact subgroup K of X and under the
natural homomorphism X 7! X=K induce Gaussian distributions on the factor group
X=K. Assume that the connected component of zero of a groupX contains elements of
order 2. The following natural problem arises: to describe distributions of independent
random variables �j taking values in X and having independent sum and difference.
In this section we solve this problem for the group R � T and for a-adic solenoids†a.

8.1. Consider the groupX D R�T . It is convenient to assume that the real line R, the
circle group T and the multiplicative group ofmth roots of unity Z.m/ are embedded in
the natural way intoX . The character group of the groupX is topologically isomorphic
to the group R�Z. To avoid introducing new notation we will suppose that Y D R�Z.
We will also assume that the real line R and the group of integers Z are also embedded
in the natural way into Y . We denote by x D .t; z/, t 2 R, z 2 T , elements of the
group X , and by y D .s; n/, s 2 R, n 2 Z, elements of the group Y .

To prove the main theorems of this section we need the following lemmas.

Lemma 8.2. Assume that complex-valued functions hj .n/ on the group Z satisfy the
equation

.i/ h1.mC n/h2.m � n/ D h1.m/h1.n/h2.m/h2.�n/; m; n 2 Z;

and the conditions

.ii/ h1.n/h2.n/ ¤ 0; hj .�n/ D hj .n/; hj .0/ D 1; j D 1; 2; n 2 Z:

Then the functions hj .n/ can be represented in the form

h1.n/ D expf��n2 C in�1 C �.1 � .�1/n/g; n 2 Z;

h2.n/ D expf��n2 C in�2 � �.1 � .�1/n/g; n 2 Z;

where �; � 2 R, 0 � �j < 2� , j D 1; 2.

Proof. It follows from equation (i) and condition (ii) that the functions jhj .n/j satisfy
the equation

jh1.mC n/jjh2.m � n/j D jh1.m/jjh1.n/jjh2.m/jjh2.n/j; m; n 2 Z: (8.1)

Put f .n/ D � ln jh1.n/j, g.n/ D � ln jh2.n/j. From (8.1) we find

f .mC n/C g.m � n/ D P.m/C P.n/; m; n 2 Z; (8.2)
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where P.m/ D f .m/C g.m/.
We employ the finite-difference method for solving equation (8.2). Let k be an

arbitrary element of Z. Substitute m C k for m and n C k for n in equation (8.2).
Subtracting (8.2) from the resulting equation we obtain

�2kf .mC n/ D �kP.m/C�kP.n/; k;m; n 2 Z: (8.3)

Puttingm D 0 in (8.3) and subtracting the resulting equation from (8.3) we obtain that

�2k�mf .n/ D �kP.m/ ��kP.0/; k;m; n 2 Z: (8.4)

Let l be an arbitrary element of Z. Substitute nC l for n in equation (8.4) and subtract
(8.4) from the resulting equation. We have

�2k�m�lf .n/ D 0; k;m; l; n 2 Z:

Putting here m D l we get

�2k�
2
l f .n/ D 0; k; l; n 2 Z: (8.5)

Put l D k in (8.5) and rewrite the obtained equation in the form

f .nC 4k/ � 2f .nC 3k/C 2f .nC k/ � f .n/ D 0; k; n 2 Z:

Putting here k D 1 we have

f .nC 4/ � 2f .nC 3/C 2f .nC 1/ � f .n/ D 0; n 2 Z: (8.6)

We have arrived at a finite difference equation on Z. The corresponding character-
istic equation is of the form

qnC4 � 2qnC3 C 2qnC1 � qn D 0:

This implies that the general solution of equation (8.6) can be written as follows

f .n/ D a1 C b1nC c1n
2 C d1.�1/n; n 2 Z;

where a1, b1, c1, d1 are arbitrary real constants (see, e.g., [53], Chapter V, § 4). Since
f .0/ D 0 and f .n/ D f .�n/ for all n 2 Z, we obtain that b1 D 0 and d1 D �a1.
Thus f .n/ D c1n

2 C a1.1 � .�1/n/.
Arguing as above we find that g.n/ D c2n

2 C a2.1 � .�1/n/. Substituting the
obtained expressions for functions f .n/ and g.n/ into (8.2) we find that c1 D c2,
a2 D �a1. Put c1 D �, a1 D ��. Thus f .n/ D �n2 � �.1 � .�1/n/, g.n/ D
�n2 C �.1 � .�1/n/, i.e.,

jh1.n/j D expf��n2 C �.1 � .�1/n/g;
jh2.n/j D expf��n2 � �.1 � .�1/n/g; n 2 Z:

(8.7)
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Consider the functions

lj .n/ D hj .n/=jhj .n/j; n 2 Z: (8.8)

Then jlj .n/j D 1, lj .�n/ D lj .n/, lj .0/ D 1, j D 1; 2; n 2 Z. We deduce from (i)
that the functions lj .n/ satisfy the equation

l1.mC n/l2.m � n/ D l1.m/l1.n/l2.m/l2.�n/; m; n 2 Z: (8.9)

Since jlj .1/j D 1, we have lj .1/ D ei
j for some 0 � �j < 2� , j D 1; 2. In view of
equation (8.9) it is easy to prove by induction that

lj .n/ D ein
j ; j D 1; 2; n 2 Z: (8.10)

The assertion of the lemma follows from (8.7), (8.8) and (8.10).

Lemma 8.3. For a given � 2 R the functions

a1.s; n/ D expf�.1 � .�1/n/g; a2.s; n/ D expf��.1 � .�1/n/g
on the group R � Z are the characteristic functions of the signed measures

.i/ �1 D 1

2
.1C e2�/E.0;1/ C 1

2
.1 � e2�/E.0;�1/;

and

.ii/ �2 D 1

2
.1C e�2�/E.0;1/ C 1

2
.1 � e�2�/E.0;�1/;

concentrated on the subgroup Z.2/ � R � T . Moreover �1 	 �2 D E.0;1/.

Proof. Direct verification.

8.4. Consider the group X D R � T . Let 
 W X 7! X be the homomorphism defined
by


.t; z/ D .t; z2/; .t; z/ 2 R � T : (8.11)

Then the adjoint homomorphism Q
 W Y 7! Y is of the form Q
.s; n/ D .s; 2n/, .s; n/ 2
R � Z. Let � 2 M1.X/. We conclude from Proposition 2.10 that the characteristic
function of the distribution 
.�/ is of the form b
.�/.s; n/ D O�.s; 2n/. Now we can
prove the main theorem of this section.

Theorem 8.5. Let �1 and �2 be independent random variables with values in the group
X D R � T and distributions �1 and �2. If �1 C �2 and �1 � �2 are independent, then
one of the following statements is true:

(i) �j D � 	 �j 	 Exj
, where � 2 �.X/, xj 2 X , and �j are signed measures

concentrated on the subgroup Z.2/ such that �1 	 �2 D E.0;1/;
(ii) �j D � 	mZ.p/ 	�j 	Exj

, where � 2 �.X/, xj 2 X , p is an odd number, and
�j are signed measures concentrated on the subgroup Z.2/ such that �1 	�2 D
E.0;1/;
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(iii) either 
.�1/ D � 	mT 	Ex1
and �2 D � 	mT 	Ex2

or �1 D � 	mT 	Ex1

and 
.�2/ D � 	mT 	Ex2
, where the homomorphism 
 W X 7! X is defined by

(8.11), � 2 �.R/, xj 2 R.

Proof. By Lemma 7.1 the characteristic functions O�j .y/ satisfy equation 7.1 (i). Hence
they also satisfy equations (7.4), (7.6) and (7.20). Put

N1 D fy 2 Y W O�1.y/ ¤ 0g; N2 D fy 2 Y W O�2.y/ ¤ 0g; N D N1 \N2:

It follows from equation 7.1 (i) that N is an open subgroup of Y . It is easy to see that
there are three possibilities for N : N D R � Z, N D R � Z.p/, where p ¤ 1, and
N D R.

1. N D R � Z. First we will find representations for the functions j O�j .y/j,
j D 1; 2. Put f .y/ D � ln j O�1.y/j, g.y/ D � ln j O�2.y/j. We deduce from equation
(7.20) that the functions f .y/ and g.y/ satisfy the equation

f .uC v/C g.u � v/ D P.u/C P.v/; u; v 2 Y; (8.12)

where P.y/ D f .y/ C g.y/. Apply the finite-difference method for solving equa-
tion (8.12). Arguing as in the proof of Lemma 8.2 we get that the function f .y/ satisfies
the equation

�2v�
2
wf .u/ D 0; v; w; u 2 Y: (8.13)

We note that by Theorem 1.9.5, Y .2/ D A.Y;X.2//. Then by Lemma 7.13 the

restrictions of the characteristic functions O�j .y/ to the subgroup Y .2/ D R � Z.2/ are
of the form

�1.y/ D .x1; y/ expf�'.y/g; �2.y/ D .x2; y/ expf�'.y/g; y 2 Y .2/;

where xj 2 X , and '.y/ is a continuous nonnegative function on the subgroup Y .2/

satisfying equation 2.16 (ii). Taking into account Remark 5.12 we find

f .s; n/ D g.s; n/ D �s2 C 2ˇsnC �n2; .s; n/ 2 R � Z.2/: (8.14)

Setting in equation (8.13) w D v, rewrite the obtained equation in the form

f .uC 4v/ � 2f .uC 3v/C 2f .uC v/ � f .u/ D 0; u; v 2 Y:
Setting here u D .s; n/, v D .0; 1/ we find

f .s; nC 4/� 2f .s; nC 3/C 2f .s; nC 1/� f .s; n/ D 0; .s; n/ 2 R � Z: (8.15)

Put fs.n/ D f .s; n/, s 2 R, and rewrite equation (8.15) in the form

fs.nC 4/ � 2fs.nC 3/C 2fs.nC 1/ � fs.n/ D 0; n 2 Z:

Solving this equation in the same way as equation (8.6) we obtain

fs.n/ D a1.s/C b1.s/nC c1.s/n
2 C d1.s/.�1/n; n 2 Z;
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where a1.s/, b1.s/, c1.s/, d1.s/ are some functions in s. Representation (8.3) for the
function fs.n/ D f .s; n/ on the subgroup R � Z.2/ implies that a1.s/Cd1.s/ D �s2,
b1.s/ D 2ˇs, c1.s/ D �. Hence

f .s; n/ D �s2 C 2ˇsnC �n2 � d1.s/.1 � .�1/n/; .s; n/ 2 R � Z: (8.16)

We find similarly

g.s; n/ D �s2 C 2ˇsnC �n2 � d2.s/.1 � .�1/n/; .s; n/ 2 R � Z: (8.17)

Let us prove now that d1.s/ D �d2.s/ D const.
Substituting u D .s; 0/, v D .s0; 0/ in equation 7.1 (i) we get

O�1.s C s0; 0/ O�2.s � s0; 0/ D O�1.s; 0/ O�1.s
0; 0/ O�2.s; 0/ O�2.�s0; 0/; s 2 R:

Taking into account (8.16) and (8.17) it follows from the Kac–Bernstein theorem that
the solutions of this equation are of the form

O�j .s; 0/ D expf��s2 C i tj sg; s 2 R; � � 0; tj 2 R: (8.18)

Putting u D .0; n/, v D .0; n0/ in equation 7.1 (i) we find that

O�1.0; nCn0/ O�2.0; n�n0/ D O�1.0; n/ O�1.0; n
0/ O�2.0; n/ O�2.0;�n0/; n 2 Z: (8.19)

In view of (8.16) and (8.17) it follows from Lemma 8.2 that all solutions of equation
(8.19) are of the form

O�1.0; n/ D expf��n2 C in�1 C �.1 � .�1/n/g; n 2 Z; (8.20)

O�2.0; n/ D expf��n2 C in�2 � �.1 � .�1/n/g; n 2 Z; (8.21)

where � � 0, 0 � �j < 2� , � D d1.0/ D �d2.0/.
Substitute u D .s; 0/, v D .0;�n/ in equation (7.20). Taking into account (8.18),

(8.20), and (8.21) we obtain from the resulting equation

j O�1.s;�n/jj O�2.s; n/j D expf�2�s2 � 2�n2g; .s; n/ 2 R � Z:

Thus
f .s;�n/C g.s; n/ D 2�s2 C 2�n2; .s; n/ 2 R � Z:

Substituting here expressions (8.16) and (8.17) we find .d1.s/Cd2.s//.1�.�1/n/ D 0.
Thus

d1.s/ D �d2.s/; s 2 R: (8.22)

Put u D .s1; n1/, v D .s2; n2/ in (8.12) and substitute expressions (8.16) and (8.17)
for the functions f .s; n/ and g.s; n/ into (8.12). Rearranging the obtained equality we
get

.d1.s1 C s2/C d2.s1 � s2//.1 � .�1/n1Cn2/

D .d1.s1/C d2.s1//.1 � .�1/n1/C .d1.s2/C d2.�s2//.1 � .�1/n2/:
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Setting here n1 D 1, n2 D 0 and taking into account (8.22) we obtain d1.s1 C s2/ D
d1.s1 � s2/. Substituting here s1 D s2 D s=2 we find

d1.s/ D d1.0/ D �: (8.23)

Finally from (8.16), (8.17), (8.22), and (8.23) we obtain

f .s; n/ D �s2 C 2ˇsnC �n2 � �.1 � .�1/n/; .s; n/ 2 R � Z;

g.s; n/ D �s2 C 2ˇsnC �n2 C �.1 � .�1/n/; .s; n/ 2 R � Z:

Hence

j O�1.s; n/j D expf��s2 � 2ˇsn � �n2 C �.1 � .�1/n/g; .s; n/ 2 R � Z;

j O�2.s; n/j D expf��s2 � 2ˇbsn � �n2 � �.1 � .�1/n/g; .s; n/ 2 R � Z:

Put
l1.y/ D O�1.y/=j O�1.y/j; l2.y/ D O�2.y/=j O�2.y/j; y 2 Y;

and prove that the functions lj .y/, j D 1; 2, are characters of the group Y . We note
that

jlj .y/j D 1; lj .�y/ D lj .y/; lj .0/ D 1; y 2 Y; j D 1; 2:

Since the characteristic functions O�j .y/ satisfy equation 7.1 (i), the functions lj .y/
also satisfy equation 7.1 (i), i.e.,

l1.uC v/l2.u � v/ D l1.u/l1.v/l2.u/l2.�v/; u; v 2 Y: (8.24)

Put aj .y/ D aj .s; n/ D expfi tj sC i�jng and zlj .y/ D lj .y/=aj .y/, j D 1; 2. Taking
into account that the functions aj .y/ satisfy equation (8.24), the functions zlj .y/ also
satisfy equation (8.24), i.e.,

zl1.uC v/zl2.u � v/ D zl1.u/zl1.v/zl2.u/zl2.�v/; u; v 2 Y: (8.25)

It follows from (8.18), (8.20), and (8.21) that

zlj .s; 0/ D zlj .0; n/ D 1; j D 1; 2; .s; n/ 2 R � Z: (8.26)

Putting u D .0; n/, v D .s; 0/ and then u D .s; 0/, v D .0; n/ into equation (8.25) and
taking into account (8.26) we find

zl1.s; n/zl2.�s; n/ D 1; .s; n/ 2 R � Z; (8.27)

zl1.s; n/zl2.s;�n/ D 1; .s; n/ 2 R � Z: (8.28)

Multiplying (8.27) and (8.28) and using the equality zl2.y/zl2.�y/ D 1 we arrive at

zl12
.s; n/ D 1; .s; n/ 2 R � Z: (8.29)
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Putting u D v D .s=2; n/ into equation (8.25) and considering (8.29) we get

zl1.s; 2n/ D 1; .s; n/ 2 R � Z: (8.30)

Put u D .s; n/, v D .0; n/ in equation (8.25) and make use of (8.26) and (8.30). We
find

zl1.s; n/zl2.s; n/ D 1; .s; n/ 2 R � Z: (8.31)

Substituting u D .s=2; n/, v D .s=2; 0/ into equation (8.25) and taking into account
(8.26) and (8.31) we arrive at

zl1.s; n/ D 1; .s; n/ 2 R � Z: (8.32)

We conclude from (8.31) and (8.32) that

zl2.s; n/ D 1; .s; n/ 2 R � Z:

Returning to the original characteristic functions O�j .s; n/, we obtain the representations

O�1.s; n/ D expf��s2 � 2ˇsn � �n2 C �.1 � .�1/n/g C i t1s C in�1g; (8.33)

O�2.s; n/ D expf��s2 � 2ˇbsn � �n2 � �.1 � .�1/n/C i t2s C in�2g; (8.34)

.s; n/ 2 R � Z. By Lemma 8.3, a1.s; n/ D expf�.1� .�1/n/g, .s; n/ 2 R � Z, is the
characteristic function of the signed measure �1 which is defined by 8.3 (i). Obviously,
the function b.s; n/ D expf��s2 � 2ˇsn� �n2g, .s; n/ 2 R � Z, is the characteristic
function of a Gaussian distribution � 2 �.X/. It follows from (8.33) that

O�1.s; n/ D O�.s; n/�1.s; n/ expfi t1s C in�1g; .s; n/ 2 R � Z: (8.35)

Taking into account 2.7 (b) and (c) we find from (8.35) �1 D � 	 �1 	 Ex1
, where

x1 D .t1; e
i
1/ 2 X . Arguing as above we obtain the representation for the distribution

�2. So, we have proved that in the case whenN D R � Z, assertion (i) of the theorem
holds.

2. N D R � Z.p/, where p ¤ 1. We deduce from (7.4) that the subgroup N has
the property: if 2y 2 N , then y 2 N . This implies that p is an odd number.

Let us verify thatN1 D N2 D N . Note that in view of 2.7 (d) we have j O�1.�v/j D
j O�1.v/j. Replacing v by �v in (7.20) we find

j O�1.u � v/jj O�2.uC v/j D j O�1.u/jj O�1.v/j O�2.u/j O�2.v/j; u; v 2 Y: (8.36)

Observe that the equality

j O�1.t C t 0; mCm0/jj O�2.t � t 0; m �m0/j
D j O�1.t � t 0; m �m0/jj O�2.t C t 0; mCm0/j; .t; m/; .t 0; m0/ 2 R � Z,

follows from (7.20) and (8.36). This implies

j O�1.s; n/jj O�2.s
0; n0/j D j O�1.s

0; n0/jj O�2.s; n/j; (8.37)
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where s, s0 are arbitrary real numbers, and n, n0 are integers with the same parity.
Assume that there is an element .s0; n0/ 2 N1 such that .s0; n0/ … N2. Let .s0; n0/ 2 N ,
where n0 and n0 have the same parity. Then (8.37) implies that O�2.s

0; n0/ D 0, contrary
to the assumption. Hence N1 � N2. The same reasoning shows that N2 � N1. So,
N1 D N2 D N .

Consider the restriction of equation 7.1 (i) to the subgroup N . In view of N D
R � Z.p/ Š R � Z we obtain from (8.33) and (8.34) the following representation of
solutions of equation 7.1 (i):

O�1.s; n/D
(

expf��s2 � 2ˇsn � �n2 C �.1 � .�1/n/C i t1s C in�1g if n 2 Z.p/;

0 if n 62 Z.p/;

O�2.s; n/D
(

expf��s2 � 2ˇsn � �n2 � �.1 � .�1/n/C i t1s C in�1g if n 2 Z.p/;

0 if n 62 Z.p/:

Note that A.R � Z;Z.p// D R � Z.p/. Then by 2.14 (i) the characteristic function of
the Haar distribution mZ.p/ is of the form

ymZ.p/.s; n/ D
(
1 if n 2 Z.p/;

0 if n 62 Z.p/:

Reasoning as in the final part of the proof of the theorem in case 1, we get that in the
case when N D R � Z.p/, where p ¤ 1, assertion (ii) of the theorem holds.

3. N D R. It follows from equation (7.6) that j O�1.s; 2n/j D j O�2.s; 2n/j for all
s 2 R, n 2 Z. Since N D R, we have j O�1.s; 2n/j D j O�2.s; 2n/j D 0 for all s 2 R,
n 2 Z, n ¤ 0. Assume that there exist s0 2 R and an odd integer n0 2 Z such that
O�1.s0; n0/ ¤ 0. Then O�2.s0; n0/ D 0 and (8.37) implies that O�2.s

0; n0/ D 0 for all
s0 2 R and any odd integer n0. In view of (8.18) it follows from this that

O�1.s; 2n/ D
(

expf��s2 C i t1sg if n D 0;

0 if n ¤ 0;

O�2.s; n/ D
(

expf��s2 C i t2sg if n D 0;

0 if n ¤ 0:

Observe that A.R � Z, T / D R. Then by 2.14 (i) the characteristic function of the
Haar distribution mT 2 M1.X/ is of the form

ymT .s; n/ D
(
1 if n D 0;

0 if n ¤ 0:

The function �.s; n/ D expf��s2g, .s; n/ 2 R � Z, is the characteristic function of a
Gaussian distribution � supported on R. Hence

O�1.s; 2n/ D O�.s; n/ ymT .s; n/ expfi t1sg;
O�2.s; n/ D O�.s; n/ ymT .s; n/ expfi t2sg: (8.38)
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Taking into account 2.7 (b), 2.7 (c), and 8.4 we find from (8.38) that 
.�1/ D � 	mT 	
E.t1;1/, and �2 D � 	mT 	E.t2;1/, where 
 is defined by (8.11).

Reasoning similarly in the case when there exists an odd integer n0 2 Z such that
O�2.s; n0/ ¤ 0 we find that �1 D � 	 mT 	 E.t1;1/ and 
.�2/ D � 	 mT 	 E.t2;1/.
Thus we have proved that in the case whenN D R, assertion (iii) of the theorem holds.

Corollary 8.6. Let �1 and �2 be independent random variables with values in the circle
group T and distributions �1 and �2. If �1 C �2 and �1 � �2 are independent, then
one of the following statements is true:

(i) �j D � 	 �j 	 Exj
, where � 2 �.T /, xj 2 T , and �j are signed measures

concentrated on the subgroup Z.2/ such that �1 	 �2 D E1;
(ii) �j D �	mZ.n/	�j 	Exj

, where � 2 �.T /, n is an odd number, xj 2 T , and�j

are signed measures concentrated on the subgroup Z.2/ such that�1 	�2 D E1;
(iii) either the random variables 2�1 and �2 are identically distributed with distri-

bution mT or the random variables �1 and 2�2 are identically distributed with
distribution mT .

If we assume additionally that the characteristic functions of the distributions �j do
not vanish, then only case (i) is possible.

8.7. Let a D .a0; a1; : : : ; an; : : : / be a fixed but arbitrary infinite sequence of integers,
where each of an is greater than 1, let†a be the a-adic solenoid (see 1.2 (g)). Consider
now the case when independent random variables �1 and �2 take values in the group
X D †a and have distributions �1 and �2. If X.2/ D f0g, then by Theorem 7.10 the
independence of �1 C�2 and �1 ��2 implies that�j D � 	mK 	Exj

, where � 2 �.X/,
xj 2 X , and K is a compact Corwin subgroup of the group X . We will study the case
when X.2/ ¤ f0g. The following theorem holds.

Theorem 8.8. Let X D †a be an a-adic solenoid such that X.2/ ¤ f0g. Let �1 and
�2 be independent random variables with values in X and distributions �1 and �2. If
�1 C �2 and �1 � �2 are independent, then one of the following statements is true:

(i) �j D � 	 mK 	 Exj
, where � 2 �.X/, xj 2 X , and K is a compact Corwin

subgroup of X ;
(ii) �j D � 	 mK 	 �j 	 Exj

, where � 2 �.X/, xj 2 X , K is a compact Corwin
subgroup of X , and �j are signed measures concentrated on the subgroup X.2/

such that �1 	 �2 D E0;
(iii) either the random variables 2�1 and �2 are identically distributed with distri-

bution mX or the random variables �1 and 2�2 are identically distributed with
distribution mX .

Proof. We note that the character group Y D †�
a is topologically isomorphic to a

subgroup of Q of the form Ha, where Ha D f m
a0a1:::an

W n D 0; 1; : : : Im 2 Zg
(see 1.10 (e)). To avoid introducing new notation we will assume that Y D Ha. By
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Theorem 1.9.5, X.2/ D A.X; Y .2//. It follows from this that the condition X.2/ ¤ f0g
is fulfilled if and only if Y ¤ Y .2/. It is easy to see that in this case the group Y
contains only elements of the form p=2kq, where p 2 Z, q is an odd number, and k
does not exceed a positive integer. Replacing the group Y by its isomorphic group
we can assume without loss of generality that every element of the group Y is of the
form p=q, where p 2 Z, and q is an odd number. Obviously, we can also assume that
the greatest common factor of all numerators p of the elements p=q of the group Y is
equal to 1. We conclude from this that the group Y has the property: if p=q 2 Y , then
1=q 2 Y .

By Lemma 7.1 the characteristic functions O�j .y/ satisfy equation 7.1 (i). Hence
they also satisfy equations (7.4), (7.6), and (7.20). As in the proof of Theorem 8.5,
consider the sets

N1 D fy 2 Y W O�1.y/ ¤ 0g; N2 D fy 2 Y W O�2.y/ ¤ 0g;
and the subgroup N D N1 \ N2. There are two possibilities for N : N ¤ f0g and
N D f0g.

1. N ¤ f0g. Note that it follows from (7.4) that the subgroup N has the property:
if 2y 2 N , then y 2 N . This implies that the subgroup N contains elements of the
form p=q, where p is an odd integer. Note also that equation (8.36) follows from
equation (7.20). Let us check that N1 D N2 D N . For this purpose observe that it
follows from equations (7.20) and (8.36) that

j O�1.uC v/jj O�2.u � v/j D j O�1.u � v/jj O�2.uC v/j; u; v 2 Y:
Hence for any elements p=q; p0=q0 2 Y such that the integers p and p0 have the same
parity the equality

j O�1.p=q/jj O�2.p
0=q0/j D j O�1.p

0=q0/jj O�2.p=q/j (8.39)

is true. Assume that there exists an element p0=q0 2 N1 such that p0=q0 … N2. Let
p0=q0 2 N , where p0 has the same parity as p0. Then it follows from (8.39) that
O�2.p

0=q0/ D 0, contrary to the assumption. Hence N1 � N2. The same reasoning
shows that N2 � N1, so N1 D N2 D N . Since N is a subgroup of Y , and Y is
a subgroup of Q, N is also a subgroup of Q. Two cases are possible: N 6Š Z and
N Š Z.

A. N 6Š Z. It follows from the Pontryagin duality theorem and 1.10 (e) that the
character group N � is topologically isomorphic to a group †b. Denote by gj .y/ the
restriction of the characteristic function O�j .y/ to the subgroup N . By the Bochner
theorem, gj .y/ are the characteristic functions of some distributions �j 2 M1.†b/.
The characteristic functions gj .y/ also satisfy equation 7.1 (i) and gj .y/ ¤ 0 for all
y 2 N . Since the group†b contains no subgroup topologically isomorphic to the circle
group T , it follows from Lemmas 7.1 and 7.9 that �j 2 �.†b/, and the characteristic
functions gj .y/ are of the form

g1.y/ D l1.y/ expf�'.y/g; g2.y/ D l2.y/ expf�'.y/g; y 2 N;
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where lj .y/ are characters of the group N , and '.y/ is a nonnegative function on N
satisfying equation 2.16 (ii).

It is easy to see that the function '.y/ is of the form '.y/ D �y2, y 2 N .
By Theorem 1.9.2 the characters lj .y/ are represented in the form lj .y/ D .xj ; y/,
xj 2 †a, y 2 N . Hence we have

g1.y/ D .x1; y/ expf��y2g; g2.y/ D .x2; y/ expf��y2g; y 2 N:

We deduce from this that the characteristic functions O�j .y/ are represented in the form

O�1.y/ D
(
.x1; y/ expf��y2g if y 2 N;
0 if y 62 N;

O�2.y/ D
(
.x2; y/ expf��y2g if y 2 N;
0 if y 62 N:

(8.40)

PutK D A.X;N / and observe that the subgroupN has the property: if 2y 2 N , then
y 2 N . By Proposition 7.4 this yields that K is a Corwin group. By Theorem 1.9.1,
N D A.Y;K/ and in view of 2.14 (i) the characteristic function ymK.y/ is of the form

ymK.y/ D
(
1 if y 2 N;
0 if y 62 N: (8.41)

The function expf��y2g, y 2 Y , is the characteristic function of a Gaussian distribu-
tion � 2 �.X/. It follows from (8.40) and (8.41) that O�j .y/ D O�.y/ ymK.y/.xj ; y/.
By 2.7 (b) and 2.7 (c) this yields that �j D � 	mK 	Exj

, j D 1; 2.
So, we have proved statement (i) of the theorem in the case when N is not topo-

logically isomorphic to the group Z.
B. Let N Š Z and let r0 be a generator of the group N , i.e., N D fnr0 W n 2 Zg,

where r0 D p0=q0 2 Y . The subgroup N has the property: if 2y 2 N , then y 2 N .
Hence p0 is an odd integer. Moreover, q0 is also an odd integer. We conclude from
Lemma 8.2 that the restrictions of the characteristic functions O�j .y/ to the subgroup
N are of the form

O�1.y/ D expf��n2 C in�1 C �.1 � .�1/n/g;
O�2.y/ D expf��n2 C in�2 � �.1 � .�1/n/g; (8.42)

where y D nr0, n 2 Z, � � 0, 0 � �j < 2� , � 2 R. Since r0 D p0=q0, where p0, q0

are odd integers, we have .�1/n D .�1/nr0 D .�1/y and we can rewrite (8.42) in the
form

O�1.y/ D expf��0y2 C iy� 0
1 C �.1 � .�1/y/g;

O�2.y/ D expf��0y2 C iy� 0
2 � �.1 � .�1/y/g;
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where �0 D �=r2
0 , � 0

j D �j =r0. It follows from this the representations

O�1.y/ D
(

expf��0y2 C iy� 0
1 C �.1 � .�1/y/g if y 2 N;

0 if y 62 N; (8.43)

O�2.y/ D
(

expf��0y2 C iy� 0
2 � �.1 � .�1/y/g if y 2 N;

0 if y 62 N; (8.44)

where �0 � 0, � 2 R, 0 � � 0
j < 2�=r0. By Theorem 1.9.5, A.Y;X.2// D Y .2/.

Then by Theorem 1.9.2, .X.2//
� Š Y=A.Y;X.2// D Y=Y .2/ Š Z.2/. Hence X.2/ D

f0; x0g, where x0 is an element of order 2 in the groupX . We recall that any element of
the group Y is of the form y D p=q, where p 2 Z and q is an odd integer. Therefore
a1.y/ D expf�.1�.�1/yg, y 2 Y , is the characteristic function of the signed measure

�1 D 1

2
.1C e2�/E0 C 1

2
.1 � e2�/Ex0

I

moreover b.y/ D expf��y2g, y 2 Y , is the characteristic function of a Gaussian
distribution � 2 �.X/. The function l1.y/ D expfiy� 0

1g is a character of the subgroup
N . By Theorem 1.9.2 the function l1.y/ is represented in the form l1.y/ D .x1; y/,
x1 2 X . We deduce from (8.43) that O�1.y/ D O�.y/ ymK.y/ O�1.y/.x1; y/. By 2.7 (b)
and 2.7 (c) this yields that �1 D � 	mK 	�1 	Ex1

. Arguing as above we obtain from
(8.44) the representation for the distribution �2. In this case

�2 D 1

2
.1C e�2�/E0 C 1

2
.1 � e�2�/Ex0

:

It is easily seen that �1 	 �2 D E0. So, we have proved statement (ii) of the theorem
in the case when N is a subgroup of Q topologically isomorphic to the group Z.

2. N D f0g. SinceN D f0g, it follows from (7.6) that O�1.2p=q/ D O�2.2p=q/ D 0

for all p=q 2 Y , p ¤ 0. Assume that there is an element p0=q0, where p0 is an odd
integer such that O�1.p0=q0/ ¤ 0. Then O�2.p0=q0/ D 0 and it follows from (8.39)
that O�2.p

0=q0/ D 0 for all p0=q0 2 Y , where p0 is an odd integer. Thus we get that

O�1.2p=q/ D
(
1 if p D 0;

0 if p ¤ 0;
O�2.p=q/ D

(
1 if p D 0;

0 if p ¤ 0

for all p=q 2 Y . In view of (2.2) and 2.7 (b) the obtained representations of the
characteristic functions O�j .y/ show that the random variables 2�1 and �2 are identically
distributed with distribution mX . In the case when there is an element p0=q0, where
p0 is an odd integer such that O�2.p0=q0/ ¤ 0, we reason similarly. Then we conclude
that the random variables �1 and 2�2 are identically distributed with distribution mX .
So, we have proved statement (iii) of the theorem in the case when N D f0g. The
theorem is completely proved.

Remark 8.9. We note that if � ¤ 0, then one of the signed measures �j appearing in
Theorems 8.5 and 8.8 in fact is a distribution.
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Remark 8.10. It should be noted that if �1 and �2 are independent random variables
with values in the groupX D R�T and distributions�j such as in statements (i)–(iii)
of Theorem 8.5, then the characteristic functions O�j .y/ satisfy equation 7.1 (i), and
hence by Lemma 7.1, �1 C �2 and �1 � �2 are independent.

The analogous assertion is also true for the random variables �1 and �2 with values in
the group X D †a and distributions �j such as in statements (i)–(iii) of Theorem 8.8.

9 Gaussian distributions in the sense of Bernstein

Let X be a second countable locally compact Abelian group, Y be its character group.
In this section we study distributions of independent identically distributed random
variables taking values in X and having independent the sum and the difference. Such
distributions are called Gaussian distributions in the sense of Bernstein. We describe
groups X with the property: any Gaussian distribution in the sense of Bernstein on
a group X is invariant with respect to some compact subgroup K of X and under
the natural homomorphism X 7! X=K induces on the factor group X=K a Gaussian
distribution.

Definition 9.1. A distribution � on a group X is called a Gaussian distribution in
the sense of Bernstein if � has the following property: if �1 and �2 are independent
identically distributed random variables with values inX and distribution �, then their
sum and difference are independent.

We denote by �B.X/ the set of Gaussian distributions in the sense of Bernstein on
the group X .

Lemma 9.2. A distribution � 2 M1.X/ belongs to the class �B.X/ if and only if the
characteristic function O�.y/ satisfies the equation

.i/ O�.uC v/ O�.u � v/ D O�2.u/j O�.v/j2; u; v 2 Y:
Proof. The assertion of the lemma follows from 2.7 (d) and Lemma 7.1, if we suppose
in Lemma 7.1 that �1 D �2 D �.

9.3. Equation 9.2 (i) yields the inclusion�.X/ � �B.X/. Obviously, the class IB.X/

defined in 7.1 consists of idempotent distributions which belong to the class �B.X/,
i.e., IB.X/ D �B.X/\ I.X/. As has been proved in Proposition 7.4,mK 2 IB.X/ if
and only if K is a compact Corwin group. It follows from 2.7 (c) and equation 9.2 (i)
that the set �B.X/ is a subsemigroup of M1.X/. This implies the inclusion

�.X/ 	 IB.X/ � �B.X/: (9.1)

The main problem solved in this section is the following: to describe all groups X for
which

�.X/ 	 IB.X/ D �B.X/: (9.2)
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It is obvious that if� 2 �.X/	IB.X/, then� is invariant with respect to some compact
Corwin subgroup K of X and under the natural homomorphism X 7! X=K induces
on the factor group X=K a Gaussian distribution.

To solve this problem we will need some lemmas.

Lemma 9.4. Let � 2 �B.X/ and assume that the characteristic function O�.y/ does
not vanish. Then O�.y/ can be represented in the form

.i/ O�.y/ D l.y/ expf�'.y/g; y 2 Y;

where l.y/ is a continuous function satisfying the equation

.ii/ l.uC v/l.u � v/ D l2.u/; u; v 2 Y;
and the conditions

.iii/ l.�y/ D l.y/; jl.y/j D 1; l.0/ D 1; y 2 Y;
and '.y/ is a continuous nonnegative function satisfying equation 2.16 (ii).

Proof. By Lemma 9.2 the characteristic function O�.y/ satisfies equation 9.2 (i). We
conclude from equation 9.2 (i) that

j O�.uC v/jj O�.u � v/j D j O�.u/j2j O�.v/j2; u; v 2 Y:
Take the logarithm of both sides of this equality and put '.y/ D � ln j O�.y/j. We
get that '.y/ is a continuous nonnegative function satisfying equation 2.16 (ii), and
j O�.y/j D expf�'.y/g. Set l.y/ D O�.y/=j O�.y/j. It is obvious that the function l.y/ is
continuous and satisfies conditions (iii). The function l.y/ also satisfies equation 9.2 (i).
In view of (iii) this equation is transformed into equation (ii).

Lemma 9.5. The following conditions are equivalent for a group X :

(i) for any compactCorwin subgroupK of a groupX the factor groupX=K contains
no subgroup topologically isomorphic to the two-dimensional torus T 2;

(ii) the connected component of zero cX of a group X contains no more than one
element of order two, i.e., j.cX /.2/j � 2. To put it in anotherway, either .cX /.2/ D
f0g or .cX /.2/ Š Z.2/.

Proof. (i) H) (ii). We will verify that if K is a compact Corwin subgroup of X , then

jK.2/j � 2: (9.3)

Assertion (ii) follows directly from (9.3). Indeed, by Theorem 1.11.2, cX Š Rm � B ,
where B is a compact connected group. By Theorem 1.9.6, B is a Corwin group. We
deduce from (9.3) that jB.2/j � 2. Hence j.cX /.2/j � 2, i.e., assertion (ii) is true.

Put L D K�. By Theorem 1.6.1, L is a discrete group. It follows from Theo-
rem 1.9.5 that A.L;K.2// D L.2/, hence Theorem 1.9.5 yields that

.K.2//
� Š L=A.L;K.2// D L=L.2/: (9.4)
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If we prove that
jL=L.2/j � 2; (9.5)

then it will follow from this that .K.2//
� is a finite group. Hence the group K.2/ is

also finite and the equality jK.2/j D j.K.2//
�j holds. Thus the desired assertion will

be proved.
Inequality (9.5) will be proved if we check that for any y1, y2 2 L such that y1,

y2 … L.2/, the inclusion y1 � y2 2 L.2/ is fulfilled. Assume the contrary. Then there
exist elements y1; y2 2 L such that y1; y2; y1 �y2 … L.2/. Denote byM the subgroup
of L generated by the elements y1 and y2. Since K.2/ D K, by Theorem 1.9.5,
L.2/ D 0. Hence all nonzero elements of finite order in the group L have odd order.
This implies that if y 2 L, y … L.2/, then y is an element of infinite order. SinceM is a
finite generated group, by Theorem 1.19.4,M D M1 �M2, whereMj is isomorphic to
either Z or Z.nj /. Therefore “a priori” there are the following possibilities: M Š Z,
M Š Z � Z.n/, M Š Z2. Consider each of these cases.

1. M Š Z. We have y1 D n1e, y2 D n2e, where e 2 L, e is an element of infinite
order, and n1, n2 are integers. Since y1; y2 … L.2/, the integers n1 and n2 are odd.
Therefore y1 � y2 D .n1 � n2/e 2 L.2/, contrary to the assumption. Thus case 1 is
impossible.

2. M Š Z � Z.n/. We have y1 D n1eC l1a, y2 D n2eC l2a, where e; a 2 L, e
is an element of infinite order, a is an element of finite order n, and nj , lj are integers.
As has been noted above, all nonzero elements of finite order in the group L have odd
order. Hence a D 2b, b 2 L. In view of y1; y2 … L.2/ this implies that the integers
n1 and n2 are odd. Hence y1 � y2 D .n1 � n2/eC 2.l1 � l2/b 2 L.2/, contrary to the
assumption. Thus case 2 is also impossible.

3. M Š Z2. Let y 2 L be such an element that 2y 2 M . Then

2y D k1y1 C k2y2; (9.6)

where k1, k2 are integers. Assume that for any y 2 L such that 2y 2 M the numbers
k1, k2 in (9.6) are even. In view of L.2/ D f0g it follows from (9.6) that y 2 M .
Then by Theorem 1.9.1 and Lemma 7.2 the annihilator A.K;M/ is a compact Corwin
subgroup. By Theorems 1.9.1 and 1.9.2, K=A.K;M/ Š M �. Since M � Š T 2 and
K=A.K;M/ is a subgroup of X=A.K;M/, we have obtained a contradiction. Hence
there is an element y 2 L such that 2y 2 M and at least one of the numbers kj in (9.6)
is odd.

Assume that k1 D 2m1 C 1, k2 D 2m2, where mj are integers. Then we have
y1 D 2y � 2m1y1 � 2m2y2 2 L.2/ contrary to the assumption. Arguing as above
we obtain that the case k1 D 2m1, k2 D 2m2 C 1 is also impossible. Assume that
k1 D 2m1 C1, k2 D 2m2 �1. Then y1 �y2 D 2y�2m1y1 �2m2y2 2 L.2/, contrary
to the assumption. Thus case 3 is also impossible. We have proved that inequality (9.5)
is fulfilled. Hence (ii) also holds.

(ii) H) (i). First we will prove that if K is a compact Corwin subgroup of X and
L D K�, then (9.5) is true. By Theorems 1.9.2 and 1.9.3,

.cK/
� Š L=bL: (9.7)
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It follows from (ii) that j.cK/.2/j � 2. Therefore

j..cK/.2//
�j � 2: (9.8)

By Theorem 1.9.5, A..cK/�; .cK/.2// D .cK/
�.2/. In view of (9.7), Theorem 1.9.2

yields
..cK/.2//

� Š .cK/
�=A..cK/�; .cK/.2// Š .L=bL/=.L=bL/

.2/: (9.9)

Consider the natural homomorphism L 7! L=bL. We conclude from (9.8) and
(9.9) that if Œy1�; Œy2� 2 L=bL, Œy1�; Œy2� … .L=bL/

.2/, then

Œy1� � Œy2� 2 .L=bL/
.2/: (9.10)

Observe that if y 2 L and Œy� 2 .L=bL/
.2/, then y 2 L.2/. Indeed, let Œy� D 2Œy0�,

Œy0� 2 L=bL. It follows from this that y � 2y0 D h, h 2 bL. Since K.2/ D K,
Theorem 1.9.5 implies that L.2/ D f0g. Hence all nonzero elements of subgroup bL

have odd order. Therefore h D 2h0, h0 2 bL and y D 2y0 C 2h0 2 L.2/. Assume that
y1; y2 2 L, y1; y2 … L.2/. Then Œy1�; Œy2� 2 L=bL and Œy1�; Œy2� … .L=bL/

.2/. Hence
(9.10) is true, so that y1 � y2 2 L.2/. Thus we have proved (9.5).

Let G be a compact Corwin subgroup of X and F be a compact Corwin subgroup
of the factor group X=G. We will verify that jF.2/j � 2. Then (i) will be proved
because the two-dimensional torus T 2 is a compact Corwin group and j.T 2/.2/j D 4.
Let p W X 7! X=G be the natural homomorphism. Put K D p�1.F /. It is obvious
that F Š K=G. Since the groups G and F are compact, the groupK is also compact.
It is clear that K is a Corwin group. As has been shown above, (9.5) holds true.
Since G is a Corwin group, it is easy to see that A.L;G/ \ L.2/ � .A.L;G//.2/.
Let y1; y2 2 A.L;G/, y1; y2 … .A.L;G//.2/. Then y1; y2 … L.2/ and it follows
from (9.5) that y1 � y2 2 L.2/. Hence y1 � y2 2 .A.L;G//.2/. Taking into account
that, by Theorem 1.9.2, F � Š A.L;G/, we have proved that jF �=.F �/.2/j � 2. By
Theorems 1.9.2 and 1.9.5, .F.2//

� Š F �=.F �/.2/. So we obtain that j.F.2//
�j � 2.

Hence .F.2//
� is a finite group. Thus the groupF.2/ is also finite and jF.2/j D j.F.2//

�j.

Lemma 9.6. Let X D T 2. Then there exists a distribution � 2 �B.T 2/ such that the
characteristic function O�.y/ does not vanish and � … �.T 2/.

Proof. Using Lemma 9.2 it is easy to verify that the distribution � on the two-dimen-
sional torus T 2 constructed in Remark 5.14 has the required property.

Lemma 9.7. Let a groupX contain no subgroup topologically isomorphic to the two-
dimensional torus T 2, let � 2 �B.X/ and assume that the characteristic function
O�.y/ does not vanish. Then � 2 �.X/.
Proof. By Lemma 9.4 the characteristic function O�.y/ is represented in the form 9.4 (i).
Put � D � 	 N�. Then it follows from 2.7 (c) and 2.7 (d) that O�.y/ D expf�2'.y/g,
and hence � 2 �s.X/.
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Proposition 3.6 yields that �.�/ D zX , where zX is a connected subgroup of the
groupX . Since � is a factor of �, by Proposition 2.2 the distribution � can be replaced
by its shift�0 such that �.�0/ � zX . Lemma 9.2 implies that�0 2 �B.X/. Thus we can
assume from the beginning that X is a connected group. There are two possibilities:
either the group X contains no subgroup topologically isomorphic to the circle group
T or X contains such a subgroup.

1. Let the group X contain no subgroup topologically isomorphic to the circle
group T . Since� is a factor of �, by Theorem 4.6 if � 2 �.X/ then� 2 �.X/. Hence
in this case the lemma is proved.

2. Let the group X contain a subgroup F topologically isomorphic to the circle
group T . By Theorem 1.17.1, the subgroup F is a topological direct factor of the
group X , i.e., X D F � G, where G is a connected group. Since by the condition of
the lemma X contains no subgroup topologically isomorphic to the two-dimensional
torus T 2, the group G contains no subgroup topologically isomorphic to the circle
group T . By Theorem 1.11.2, G Š Rm � K, where m � 0, and K is a compact
connected group. We restrict ourselves to the case m D 0. The general case can be
considered similarly. For definiteness we will also assume that dimK D @0. In the
case when dimK < 1 the proof is simplified. By Theorem 1.7.1, Y D L�D, where
L Š Z and D Š K�. Applying Theorems 1.6.1 and 1.6.2 we conclude that D is a
discrete torsion-free group. By Theorem 1.6.3, r.D/ D @0.

By Lemma 9.4 the characteristic function O�.y/ can be represented in the form
9.4 (i). The lemma will be proved if we verify that the function l.y/ in 9.4 (i) is a
character of the group Y , i.e., the function l.y/ satisfies the equation

l.uC v/ D l.u/l.v/; u; v 2 Y: (9.11)

Denote byy D .n; d/, n 2 Z, d 2 D, elements of the groupY . Puttingu D v D y

in equation 9.4 (ii) and taking into account that l.0/ D 1, we obtain

l.2y/ D l2.y/; y 2 Y: (9.12)

It follows from (9.12) and 9.4 (ii) by induction that l.ny/ D ln.y/ for all y 2 Y ,
n 2 Z. Hence the function l.n; 0/, n 2 Z, satisfies equation (9.11). By Lemma 9.2
the characteristic function O�.y/ satisfies equation 9.2 (i). Consider the restriction of
this equation to the subgroup D. By the Bochner theorem O�.0; d/, d 2 D, is the
characteristic function of a distribution � 2 M1.K/. Since the function O�.0; d/ also
satisfies equation 9.2 (i), by Lemma 9.2 we have � 2 �B.K/. Taking into account that
the group K contains no subgroup topologically isomorphic to the circle group T , it
follows from case 1 that � 2 �.K/. This yields that the function l.0; d/, d 2 D,
satisfies equation (9.11).

Consider on the group Y the function

a.n; d/ D l.n; 0/l.0; d//; .n; d/ 2 Y:
Taking into account what has been said above, the function a.n; d/ satisfies equation
(9.11). Put

b.n; d/ D l.n; d/=a.n; d/; .n; d/ 2 Y:
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It is obvious that the function b.n; d/ satisfies equation 9.4 (ii). We will verify that
b.n; d/ D 1 for all .n; d/ 2 Y . Thus the lemma will be proved.

Obviously, b.n; 0/ D b.0; d/ D 1 for all .n; d/ 2 Y . Putting u D .n; 0/, v D
.n; d/ in equation 9.4 (ii) we get

b.2n; d/b.0;�d/ D b2.n; 0/:

We deduce from this that b.2n; d/ D 1 for all .n; d/ 2 Y . In particular, b.2n; 2d/ D 1

for all .n; d/ 2 Y . Since the function b.n; d/ satisfies equation 9.4 (ii), the func-
tion b.n; d/ satisfies equation (9.12), i.e., b.2n; 2d/ D b2.n; d/. This implies that
b.n; d/ D ˙1 for all .n; d/ 2 Y . We will prove that b.n; d/ D 1 for all .n; d/ 2 Y .

Assume that there exists an element .n0; d0/ 2 Y such that b.n0; d0/ D �1.
Choose in D a maximal independent system of elements d1; : : : ; dl ; : : : and let � be
the homomorphism � W D 7! R@0� defined by (3.15). Since the group K contains
no subgroup topologically isomorphic to the circle group T , by Lemma 5.10 there
is a subgroup B of D of finite rank m such that d0 2 B and �.B/ Š Rm. Let

 W �.B/ 7! Rm be a topological isomorphism. Put � D 
 B � . Then �.B/ D Rm.

Denote by ktk the norm of a vector t 2 Rm. Let " > 0 be an arbitrary number.
Consider the point s0 D .�d0/=2 2 Rm and take an element Qd 2 B such that

ks0 � � Qdk < "=2:
Substitute u D .n0; d0 � Qd/, v D .0; Qd/ in equation 9.4 (ii). Taking into account that
b2.n; d/ D 1 for all .n; d/ 2 B , we obtain

b.n0; d0/b.n0; d0 � 2 Qd/ D 1:

It follows from this that b.n0; d0 � 2 Qd/ D �1, and moreover

k�.d0 � 2 Qd/k D k�d0 � 2� Qdk D 2ks0 � � Qdk < ":
Set d 0 D d0 � 2 Qd . Thus we have proved that for any " > 0 there exists an element
.n0; d

0/ 2 L � B such that b.n0; d
0/ D �1 and k�d 0k < ".

Since the function a.n; d/ is a character of the group Y , the function
b.n; d/ expf�'.n; d/g D O�.y/=a.n; d/, .n; d/ 2 Y , is positive definite. Denote
by g.n; d/ its restriction to the subgroup L�B . The function g.n; d/ is also positive
definite. As follows from the proof of Proposition 3.8 the function '.n; d/ on the
subgroup L � B is represented in the form

'.n; d/ D an2 C 2nht; �d i C hA�d; �d i; (9.13)

where a � 0, t 2 Rm, andA D .˛i;j /
m
i;j D1 is a symmetric positive semidefinite matrix.

By Bochner’s theorem g.n; d/ is a characteristic function. Apply inequality 2.7 (g)
to the function g.n; d/ and put there u D .n0; d

0/, v D .n0; 0/. We get

jg.n0; d
0/ � g.n0; 0/j2 � 2.1 � g.0; d 0//:
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Taking into account (9.13) we find from this inequality

j � expf�an2
0 � 2n0ht; �d 0i � hA�d 0; �d 0ig � expf�an2

0gj2
D expf�2an2

0gj expf�2n0ht; �d 0i � hA�d 0; �d 0ig C 1j2
� 2.1 � expf�hA�d 0; �d 0ig/:

But this is impossible if the norm k�d 0k is small enough. The contradiction obtained
proves that b.n; d/ D 1 for all .n; d/ 2 Y . We conclude from this that the function
l.n; d/ D a.n; d/ satisfies equation (9.11).

It should be noted that Lemma 9.6 yields that the statement of Lemma 9.7 is not true
if the group X contains a subgroup topologically isomorphic to the two-dimensional
torus T 2. Lemma 9.7 implies the following refinement of the group analogue of the
Marcinkiewicz theorem (see Theorem 5.11 and Proposition 5.13).

Proposition 9.8. Let � 2 M1.X/ and assume that the characteristic function O�.y/
has the form

O�.y/ D expf .y/g;  .0/ D 0; y 2 Y;
where  .y/ is a polynomial of degree 2. This implies that � 2 �.X/ if and only if X
contains no subgroup topologically isomorphic to the two-dimensional torus T 2.

Proof. Necessity has been proved in Remark 5.14. Let us prove sufficiency. By
Theorem 5.5 the polynomial  .y/ is represented in the form 5.5 (i). Since  .y/ is a
polynomial of degree 2, representation 5.5 (i) has the form

 .y/ D g2.y; y/C g1.y/; y 2 Y;
where g2.y1; y2/ is a 2-additive function and g1.y/ an additive function. Substituting
the expression

O�.y/ D expfg2.y; y/C g1.y/g; y 2 Y;
into equation 9.2 (i) it is easy to make sure that the characteristic function O�.y/ satisfies
this equation. Hence by Lemma 9.2, � 2 �B.X/. Since by the condition of the
proposition the group X contains no subgroup topologically isomorphic to the two-
dimensional torus T 2, it follows from Lemma 9.7 that � 2 �.X/.

We will prove now the main theorem of this section.

Theorem9.9. Equality (9.2) holds for a groupX if and only if the connected component
of zero of X contains no more than one element of order 2.

Proof. Necessity. Essentially the proof is the same as the proof of item (II) in The-
orem 7.10. Assume that the connected component of zero of X contains more than
one element of order 2. Then by Lemma 9.5 there exists a compact Corwin subgroup
K of the group X such that the factor group X=K contains a subgroup F topolog-
ically isomorphic to the two-dimensional torus T 2. Therefore we can consider the
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distribution � 2 �B.T 2/, � … �.T 2/, constructed in Lemma 9.6 as a distribution on
the factor group X=K. This distribution we will also denote by �. We may suppose
that the characteristic function O�.y/ is defined on the annihilator A.Y;K/ because by
Theorem 1.9.2, .X=K/� Š A.Y;K/. Consider on the group Y the function

h.y/ D
(

O�.y/ if y 2 A.Y;K/;
0 if y … A.Y;K/:

Since A.Y;K/ is a subgroup and O�.y/ is a positive definite function, by Proposi-
tion 2.12, h.y/ is also a positive definite function. By Theorem 1.9.4 the annihilator
A.Y;K/ is an open subgroup because K is a compact subgroup. Hence the function
h.y/ is continuous. By the Bochner theorem there exists a distribution � 2 M1.X/

such that O�.y/ D h.y/.
We will check that � 2 �B.X/. In view of Lemma 9.2 it suffices to show that the

characteristic function O�.y/ satisfies equation 9.2 (i). This verification is the same as
the corresponding verification in the proof of statement (II) in Theorem 7.10.

Since O�.m; n/ ¤ 0 for all .m; n/ 2 Z2 and � … �.T 2/, it follows from this that
� … �.X/ 	 IB.X/. The necessity is proved.

Sufficiency. Let � 2 �B.X/. Consider the set N D fy 2 Y W O�.y/ ¤ 0g. By
Lemma 9.2 the characteristic function O�.y/ satisfies equation 9.2 (i). This yields that
N is a subgroup of Y . Obviously, N is an open subgroup. Put K D A.X;N /. Then
by Theorem 1.9.4,K is a compact group. Substituting u D v D y into equation 9.2 (i)
we get

O�.2y/ D O�2.y/j O�2.y/j; y 2 Y:
It follows from this that if 2y 2 N then y 2 N . Applying Lemma 7.2 we obtain thatK
is a Corwin group. We also note thatN D A.Y;K/ by Theorem 1.9.1. We deduce from
Theorem 1.9.2 that .X=K/� Š A.Y;K/. Hence by Lemma 9.2 and Corollary 2.11
the restriction of the characteristic function O�.y/ to N is the characteristic function of
a distribution � 2 �B.X=K/. Taking into account the condition of the theorem and
Lemma 9.5 we conclude that the factor groupX=K contains no subgroup topologically
isomorphic to the two-dimensional torus T 2. Applying Lemma 9.7 we get that � 2
�.X=K/. Taking into account Theorem 1.9.2, we obtain for the characteristic function
of the distribution � the representation

O�.y/ D .x; y/ expf�'.y/g; x 2 X; y 2 N; (9.14)

where '.y/ is a continuous nonnegative function on N satisfying equation 2.16 (ii).
By Lemma 3.18 the function '.y/ can be extended from the subgroupN to Y retaining
its properties. Denote by Q'.y/ the extended function. Let � be a Gaussian distribution
on X with the characteristic function

O�.y/ D .x; y/ expf� Q'.y/g; y 2 Y: (9.15)
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It follows from 2.14 (i) that the characteristic function of the Haar distribution of the
subgroup K is of the form

ymK.y/ D
(
1 if y 2 N;
0 if y 62 N: (9.16)

Combining (9.14)–(9.16) we get O�.y/ D O�.y/ ymK.y/. Applying 2.7 (b) and 2.7 (c)
this yields that � D � 	mK , i.e., � 2 �.X/ 	 IB.X/.

Below we give another proof of the sufficiency in Theorem 9.9. This proof is not
based on Lemma 9.7. We recall that the proof of Lemma 9.7 is based on Theorem 4.6
(the group analogue of the Cramér theorem)(compare with Remark 7.12). We need
two lemmas.

Lemma 9.10. Let X D Rm � K, where m � 0 and K is a compact Corwin group.
Then X.2/ � cX .

Proof. Applying Theorem 1.7.1 we get Y D L �M , where L Š Rm; M Š K�. By
Theorem 1.6.1 the group M is discrete. Since K.2/ D K, by Theorem 1.9.5, M.2/ D
f0g, i.e., the group M contains no elements of order 2. We conclude from this that the
subgroup bM consists of zero and all elements of odd order of the group M . Hence
.bM /

.2/ D bM . This implies that bM � Y .2/. By Theorem 1.9.3, cX D A.X; bY /.
It is obvious that bY D bM . Therefore A.X; bM / D A.X; bY /. By Theorem 1.9.5,
A.X; Y .2// D X.2/. From what has been said it follows that cX D A.X; bY / D
A.X; bM / � A.X; Y .2// D X.2/.

Lemma 9.11. Let a group X contain no more than one element of order 2, let
� 2 �B.X/ and assume that the characteristic function O�.y/ does not vanish. Then
� 2 �.X/.
Proof. By Lemma 9.4 the characteristic function O�.y/ can be represented in the form
9.4 (i). The lemma will be proved if we verify that the function l.y/ in 9.4 (i) is a
character of the group Y , i.e., l.y/ satisfies equation (9.11).

Swap u and v in equation 9.4 (ii). Multiplying the resulting equation by 9.4 (ii) we
find

l2.uC v/ D l2.u/l2.v/; u; v 2 Y: (9.17)

Substituting u D v D y into 9.4 (ii) we obtain l.2y/ D l2.y/; y 2 Y . It follows from
this and (9.17) that

l.2uC 2v/ D l.2u/l.2v/; u; v 2 Y: (9.18)

Equality (9.18) yields that the function l.y/ is a character of the subgroup Y .2/.

If the group X contains no elements of order 2, then by Theorem 1.9.5, Y D Y .2/

and the function l.y/ is a character of the group Y .
Let the group X contain an element of order 2. We will show that in this case

the function l.y/ is also a character of the group Y . By Theorem 1.9.2 we have
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l.y/ D .x0; y/, x0 2 X , y 2 Y .2/. Putm.y/ D l.y/=.x0; y/. The functionm.y/ also

satisfies equation 9.4 (ii) and m.y/ D 1 for all y 2 Y .2/. Since m.2y/ D m2.y/ for
all y 2 Y , we get

m.y/ D ˙1; y 2 Y: (9.19)

Equation 9.4 (ii) for the function m.y/ becomes equation m.u C v/m.u � v/ D 1,
u; v 2 Y . Substituting here uC v for u we infer that m.uC 2v/m.u/ D 1, u; v 2 Y .
Hence m.uC 2v/ D m.u/, u; v 2 Y , i.e., the function m.y/ is invariant with respect

to shifts by elements of Y .2/. Consider the factor group Y=Y .2/. Theorems 1.9.2

and 1.9.5 yield that .Y=Y .2//� Š A.X; Y .2// D X.2/ Š Z.2/. Therefore the factor

group Y=Y .2/ consists of two cosets, i.e., Y=Y .2/ D Y .2/ [ .y0 CY .2//. The function
m.y/ takes a constant value on each coset. It follows from (9.19) that we have two
possibilities: either m.y/ D 1 for all y 2 Y or

m.y/ D
(
1 if y 2 Y .2/;

�1 if y 2 y0 C Y .2/:

Obviously, in both cases the function m.y/ satisfies equation (9.11) on the group Y .
Therefore m.y/ is a character, and hence l.y/ is also a character.

It is obvious that Lemma 9.11 follows from Lemma 9.7. However, as opposed to
Lemma 9.7 the proof of Lemma 9.11 does not use the group analogue of the Cramér
theorem (Theorem 4.6).

The proof of Lemma 9.11 implies directly two corollaries.

Corollary 9.12. Assume that a function l.y/ on a group Y is continuous, satisfies
equation 9.4 (ii) and the conditions l.�y/ D l.y/, jl.y/j D 1, y 2 Y , l.0/ D 1. Then

l.y/ D m.y/.x0; y/;

where m.y/ is a Y .2/-invariant continuous function satisfying equation 9.4 (ii), the
conditions m.�y/ D m.y/ for all y 2 Y , m.0/ D 1, and taking values ˙1, x0 2 X .

Corollary 9.13. Let a groupX contain nomore than one element of order 2 and assume
that a function l.y/ on Y is continuous, satisfies equation 9.4 (ii), and the conditions
l.�y/ D l.y/, jl.y/j D 1, y 2 Y , l.0/ D 1. Then l.y/ is a character of the group Y .

9.14 Second proof of sufficiency inTheorem 9.9. It follows from Definition 9.1 and
Lemma 7.5 that we can assume without loss of generality that X D Rm � K, where
m � 0 andK is a compact Corwin group. By Lemma 9.10 for such groups the inclusion
X.2/ � cX holds. Since by the condition of the theorem the subgroup cX contains no
more than one element of order 2, the groupX also contains no more than one element
of order 2. Put N D fy 2 Y W O�.y/ ¤ 0g, G D A.X;N /. By Theorem 1.9.2,
N � Š X=G. As has been noted in the proof of sufficiency in Theorem 9.9, G is a
Corwin group. We will check that the factor group X=G contains no more than one
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element of order 2. Indeed, let 2Œx1� D 2Œx2� D Œ0�, Œx1� ¤ Œx2�, Œx1�; Œx2� 2 X=G.
Then 2xj 2 G. Since G D G.2/, we have 2xj D 2gj , gj 2 G. Hence x0

j D xj � gj

are elements of order 2. Taking into account that Œx0
j � D Œxj � and Œx1� ¤ Œx2�, we

obtain x0
1 ¤ x0

2. But this contradicts the condition of the theorem.
Consider the restriction of equation 9.2 (i) toN . Applying Lemma 9.11 to the factor

group X=G we obtain that this restriction is the characteristic function of a Gaussian
distribution on X=G. This immediately yields that � 2 �.X/ 	 IB.X/.

Remark 9.15. Note that if � is an infinitely divisible distribution on a group X and
� 2 �B.X/, then � 2 �.X/. To show this we reason as in the proof of sufficiency
in Theorem 9.9. Instead of Lemma 9.7 we use the following statement: if � is an
infinitely divisible distribution, � 2 �B.X/, and the characteristic function O�.y/ does
not vanish, then � 2 �.X/. To prove this statement consider the distribution � D � 	 N� .
Combining Lemma 9.4, 2.7 (c), and 2.7 (d), we get � 2 �.X/. Taking into account
that � is a factor of �, by Remark 4.8, � 2 �.X/.
Remark 9.16. It follows from Definition 3.1 that any Gaussian distribution can be
represented as a convolution of a symmetric Gaussian distribution and a degenerate
distribution. It turns out that the analogous statement is also true for the Gaussian
distributions in the sense of Bernstein. Indeed, let � 2 �B.X/. By Lemma 9.4 the
characteristic function O�.y/ can be represented in the form 9.4 (i). As has been shown
in the proof of Lemma 9.11 there exists a character .x0; y/ such that O�.y/=.x0; y/ is
a real-valued function. This yields the desired statement.



Chapter IV

The Skitovich–Darmois theorem for locally compact
Abelian groups (the characteristic functions of
random variables do not vanish)

Let �j , j D 1; 2; : : : ; n, n � 2, be independent random variables, j̨ , ǰ be nonzero
real numbers. According to the Skitovich–Darmois theorem if the linear forms L1 D
˛1�1 C � � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n are independent, then all random
variables �j are Gaussian. This theorem was generalized by Ghurye and Olkin to
the case when, instead of random variables, random vectors �j in the space Rm are
considered, and coefficients of the linear forms L1 and L2 are nonsingular .m �m/-
matrices. They proved that the independence of the linear forms L1 and L2 implies
that the random vectors �j are Gaussian.

Let X be a second countable locally compact Abelian group, �j , j D 1; 2; : : : ; n,
n � 2, be independent random variables with values in X and distributions �j . This
chapter is devoted to some group analogues of the Skitovich–Darmois theorem. We
will assume that the characteristic functions of the random variables �j do not vanish.
Let j̨ , ǰ be topological automorphisms of X . Suppose that X contains no subgroup
topologically isomorphic to the circle group T . We prove that in this case if the
linear forms L1 D ˛1�1 C � � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n are independent,
then all distributions �j are Gaussian. This statement fails if X contains a subgroup
topologically isomorphic to T . A natural problem arises for such groups: to describe
all possible distributions �j of independent random variables �j assuming that the
linear forms L1 and L2 are independent. We solve this problem for two independent
random variables taking values in the groups T 2, R � T , and †a � T .

10 Locally compact Abelian groups for which the Skitovich–
Darmois theorem holds

Let X be a second countable locally compact Abelian group, Y be its character group,
Aut.X/ be the group of topological automorphisms of the group X . In this section we
describe groups X that have the following property: if �j , j D 1; 2; : : : ; n, n � 2, are
independent random variables with values inX and distributions�j with non-vanishing
characteristic functions and j̨ ; ǰ 2 Aut.X/, then the independence of the linear forms
L1 D ˛1�1 C � � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n implies that all distributions
�j 2 �.X/. We also describe groups X that have the following property: there exist
automorphisms j̨ ; ǰ 2 Aut.X/ such that if �j are independent random variables with
values in X and distributions �j with non-vanishing characteristic functions, then the
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independence of the linear formsL1 D ˛1�1 C� � �C˛n�n andL2 D ˇ1�1 C� � �Cˇn�n

implies that all distributions �j 2 �.X/.
Lemma 10.1. Let j̨ , ǰ , j D 1; 2; : : : ; n, n � 2, be topological automorphisms of a
groupX . Let �j be independent randomvariableswith values inX anddistributions�j .
The linear formsL1 D ˛1�1 C� � �C˛n�n andL2 D ˇ1�1 C� � �Cˇn�n are independent
if and only if the characteristic functions O�j .y/ satisfy the equation

.i/
nY

iD1

O�j . Q̨juC Q̌
j v/ D

nY
iD1

O�j . Q̨ju/

nY
iD1

O�j . Q̌
j v/; u; v 2 Y:

Proof. We note that the linear forms L1 and L2 are independent if and only if the
equality

EŒ.˛1�1 C � � � C ˛n�n; u/.ˇ1�1 C � � � C ˇn�n; v/�

D EŒ.˛1�1 C � � � C ˛n�n; u/�EŒ.ˇ1�1 C � � � C ˇn�n; v/�
(10.1)

holds for allu; v 2 Y . Taking into account that the random variables �j are independent
and O�j .y/ D EŒ.�j ; y/�, we transform the left-hand side of equality (10.1) as follows:

EŒ.˛1�1 C � � � C ˛n�n; u/.ˇ1�1 C � � � C ˇn�n; v/�

D E
h nY

j D1

.�j ; Q̨juC Q̌
j v/

i

D
nY

j D1

EŒ.�j ; Q̨juC Q̌
j v/�

D
nY

j D1

O�j . Q̨juC Q̌
j v/; u; v 2 Y:

We transform similarly the right-hand side of equality (10.1):

EŒ.˛1�1 C � � � C ˛n�n; u/�EŒ.ˇ1�1 C � � � C ˇn�n; v/�

D E
h nY

j D1

.�j ; Q̨ju/
i
E

h nY
j D1

.�j ; Q̌
j v/

i

D
nY

j D1

EŒ.�j ; Q̨ju/�

nY
j D1

EŒ.�j ; Q̌
j v/�

D
nY

j D1

O�j . Q̨ju/

nY
j D1

O�j . Q̌
j v/; u; v 2 Y: �

Equation (i) is called the Skitovich–Darmois functional equation.
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Corollary 10.2. Let j̨ , ǰ , j D 1; 2; : : : ; n, n � 2, be topological automorphisms of
a groupX . Let �j be independent random variables with values inX and distributions
�j . Assume that the linear formsL1 D ˛1�1 C� � �C˛n�n andL2 D ˇ1�1 C� � �Cˇn�n

are independent. If � 0
j are shifts of the random variables �j , then the linear forms

L0
1 D ˛1�

0
1 C � � � C ˛n�

0
n and L0

2 D ˇ1�
0
1 C � � � C ˇn�

0
n are also independent.

Theorem 10.3. LetX be a group containing no subgroup topologically isomorphic to
the circle group T . Let j̨ , ǰ , j D 1; 2; : : : ; n, n � 2, be topological automorphisms
of X . Let �j be independent random variables with values in X and distributions �j

with non-vanishing characteristic functions. Then if the linear forms L1 D ˛1�1 C
� � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n are independent, all �j 2 �.X/.
Proof. First note that if � is the distribution of a random variable � taking values in a
group X and ˛ 2 Aut.X/, then by Proposition 2.10 the characteristic function of the
random variable ˛� is equal to O�. Q̨y/. Taking into account Definition 3.1, it follows
from this that � 2 �.X/ if and only if ˛.�/ 2 �.X/. Therefore we can put �j D j̨ �j
and reduce the proof of the theorem to the case when L1 D �1 C � � � C �n and L2 D
ı1�1 C � � � C ın�n, ıj 2 Aut.X/. By Lemma 10.1 it follows from the independence of
L1 and L2 that the characteristic functions O�j .y/ satisfy equation 10.1 (i) which takes
the form

nY
j D1

O�j .uC Qıj v/ D
nY

j D1

O�j .u/

nY
j D1

O�j . Qıj v/; u; v 2 Y: (10.2)

Put �j D �j 	 N�j . We deduce from 2.7 (c) and 2.7 (d) that O�j .y/ D j O�j .y/j2 > 0,
y 2 Y . Obviously, the characteristic functions O�j .y/ also satisfy equation (10.2). If we
prove that �j 2 �.X/, then applying Theorem 4.6 we get that �j 2 �.X/. Therefore
we can assume from the beginning that the characteristic functions O�j .y/ > 0, y 2 Y ,
j D 1; 2; : : : ; n, n � 2.

Put 'j .y/ D � ln O�j .y/. It follows from (10.2) that the functions 'j .y/ satisfy the
equation

nX
j D1

'j .uC Qıj v/ D P.u/CQ.v/; u; v 2 Y; (10.3)

where

P.u/ D
nX

j D1

'j .u/; Q.v/ D
nX

j D1

'j . Qıj v/: (10.4)

We use the finite difference method to solve equation (10.3). Let h1 be an arbitrary
element of the group Y . Set k1 D �Qı�1

n h1, then h1 C Qınk1 D 0. Substitute uC h1

for u and vCk1 for v in equation (10.3). Subtracting equation (10.3) from the resulting
equation we obtain

n�1X
j D1

�l1j
'j .uC Qıj v/ D �h1

P.u/C�k1
Q.v/; u; v 2 Y; (10.5)
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where l1j D h1 C Qıjk1 D . Qıj � Qın/k1, j D 1; 2; : : : ; n � 1. Let h2 be an arbitrary
element of the group Y . Put k2 D �Qı�1

n�1h2, then h2 C Qın�1k2 D 0. Substitute uCh2

for u and vCk2 for v in equation (10.5). Subtracting equation (10.5) from the resulting
equation we obtain

n�2X
j D1

�l2j
�l1j

'j .uC Qıj v/ D �h2
�h1

P.u/C�k2
�k1

Q.v/; u; v 2 Y; (10.6)

where l2j D h2 C Qıjk2 D . Qıj � Qın�1/k2, j D 1; 2; : : : ; n � 2. Arguing as above we
obtain the equation

�ln�1;1
�ln�2;1

: : : �l11
'1.uC Qı1v/

D �hn�1
�hn�2

: : : �h1
P.u/C�kn�1

�kn�2
: : : �k1

Q.v/; u; v 2 Y; (10.7)

where hm is an arbitrary element of Y , km D �Qı�1
n�mC1hm, m D 1; 2; : : : ; n � 1,

lmj D hm C Qıjkm D . Qıj � Qın�mC1/km, j D 1; 2; : : : ; n �m. Let hn be an arbitrary
element of the group Y . Put kn D �Qı�1

1 hn, then hn C Qı1kn D 0. Substitute uChn for
u and v C kn for v in equation (10.7). Subtracting equation (10.7) from the resulting
equation we obtain

�hn
�hn�1

: : : �h1
P.u/C�kn

�kn�1
: : : �k1

Q.v/ D 0; u; v 2 Y: (10.8)

Let h be an arbitrary element of the group Y . Substitute uC h for u in equation (10.8)
and subtract equation (10.8) from the resulting equation. We get

�h�hn
�hn�1

: : : �h1
P.u/ D 0; u 2 Y: (10.9)

We note that u, h, and hm, m D 1; 2; : : : ; n are arbitrary elements of the group Y . We
can put h1 D � � � D hn D h in (10.9). We have

�nC1
h

P.u/ D 0; u; h 2 Y: (10.10)

Thus P.y/ is a continuous polynomial on Y . Set � D �1 	 � � � 	 �n. Then 2.7 (c)
yields that

O�.y/ D
nY

j D1

O�j .y/; y 2 Y:

In view of (10.4) we have
O�.y/ D e�P.y/:

Since the group X contains no subgroup topologically isomorphic to the circle group
T and P.y/ is a continuous polynomial, by Theorem 5.11, � 2 �.X/. Applying
Theorem 4.6 we conclude that all �j 2 �.X/.
Remark10.4. Theorem 10.3 is not valid if a groupX contains a subgroup topologically
isomorphic to the circle group T . This immediately follows from Lemma 7.8 (compare
below with Proposition 10.16).
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Remark 10.5. Let j̨ , ǰ , j D 1; 2; : : : ; n, n � 2, be topological automorphisms of a
groupX . Let �j be independent random variables with values inX and distributions�j

with non-vanishing characteristic functions. Then it follows from the independence of
the linear formsL1 D ˛1�1 C� � �C˛n�n andL2 D ˇ1�1 C� � �Cˇn�n that the random
variables �j can be replaced by their shifts � 0

j in such a way that their distributions �0
j

are supported in cX .
To prove this, we note that because cX is a characteristic subgroup, we can assume

that L1 D �1 C � � � C �n and L2 D ı1�1 C � � � C ın�n, where ıj 2 Aut.X/. Put
�j D �j 	 N�j , 'j .y/ D � ln O�j .y/, P.y/ D Pn

j D1 'j .y/. As follows from the proof
of Theorem 10.3, the function P.y/ satisfies equation (10.10). By Proposition 5.7
the function P.y/ D 0 for all y 2 bY . This yields that all characteristic functions
O�j .y/ D 1 for all y 2 bY . By Proposition 2.13 the inclusions �.�j / � A.X; bY /,
j D 1; 2; : : : ; n, hold. By Theorem 1.9.3, cX D A.X; bY /. Hence all supports
�.�j / � cX .

Now the desired statement follows from Proposition 2.2. We note that cX is a
characteristic subgroup and in view of Corollary 10.2 the linear forms L0

1 D ˛1�
0
1 C

� � � C ˛n�
0
n and L0

2 D ˇ1�
0
1 C � � � C ˇn�

0
n are also independent.

10.6. It should be noted that one can consider another group analogue of the Skitovich–
Darmois theorem. Namely, we will assume that coefficients of linear forms L1 and
L2 are integers. We need the following definition. A set of integers faj g is said to be
admissible for a group X if X .aj / ¤ f0g for all j . Let �j , j D 1; 2; : : : ; n, n � 2,
be random variables taking values in the group X . The admissibility of a set faj gn

j D1

when considering the linear form L D a1�1 C � � � C an�n is a group analogue of the
condition aj ¤ 0, j D 1; 2; : : : ; n, for the case of X D R. The following result holds.

Proposition 10.7. Let faj gn
j D1 and fbj gn

j D1 beadmissible sets of integers for agroupX .
Let �j be independent random variables with values in X and distributions �j

with non-vanishing characteristic functions. The independence of the linear forms
L1 D a1�1 C � � � C an�n and L2 D b1�1 C � � � C bn�n yields that all �j 2 �.X/ if
and only if eitherX is a torsion-free group orX .p/ D f0g, where p is a prime number
(in the last case all �j are degenerate distributions).

Proof. Note that if a 2 Z, then in view of 1.13 (d) Qfa D fa. Reasoning as in the proof
of Lemma 10.1, we obtain that the linear forms L1 and L2 are independent if and only
if the characteristic functions O�j .y/ satisfy the equation

nY
j D1

O�j .ajuC bj v/ D
nY

j D1

O�j .aju/

nY
j D1

O�j .bj v/; u; v 2 Y: (10.11)

Put �j D �j 	 N�j . We conclude from 2.7 (c) and 2.7 (d) that O�j .y/ D j O�j .y/j2 > 0,
y 2 Y . Obviously, the characteristic functions O�j .y/ also satisfy equation (10.11).

Assume first thatX is a torsion-free group. Then the groupX contains no subgroup
topologically isomorphic to the circle group T . Therefore, if we prove that �j 2 �.X/,
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then applying Theorem 4.6 we obtain that �j 2 �.X/. Hence we can assume from the
beginning that O�j .y/ > 0, y 2 Y , j D 1; 2; : : : ; n, n � 2.

Set 'j .y/ D � ln O�j .y/. We conclude from (10.11) that

nX
j D1

'j .ajuC bj v/ D P.u/CQ.v/; u; v 2 Y; (10.12)

where

P.u/ D
nX

j D1

'j .aju/; Q.v/ D
nX

j D1

'j .bj v/: (10.13)

We use again the finite difference method to solve equation (10.12). Let hn be an
arbitrary element of the group Y . Substitute u C bnhn for u and v � anhn for v in
equation (10.12). Subtracting equation (10.12) from the resulting equation we obtain

n�1X
j D1

�ln;j
'j .ajuC bj v/ D �bnhn

P.u/C��anhn
Q.v/; u; v 2 Y; (10.14)

where ln;j D .aj bn � bjan/hn, j D 1; 2; : : : ; n� 1. Let hn�1 be an arbitrary element
of the group Y . Substitute u C bn�1hn�1 for u and v � an�1hn�1 for v in equation
(10.14). Subtracting equation (10.14) from the resulting equation we obtain

n�2X
j D1

�ln�1;j
�ln;j

'j .ajuC bj v/

D �bn�1hn�1
�bnhn

P.u/C��an�1hn�1
��anhn

Q.v/; u; v 2 Y;
(10.15)

where ln�1;j D .aj bn�1 � bjan�1/hn�1, j D 1; 2; : : : ; n � 2. Arguing as above we
get the equation

�l2;1
�l3;1

: : : �ln;1
'1.a1uC b1v/ (10.16)

D �b2h2
�b3h3

: : : �bnhn
P.u/C��a2h2

��a3h3
: : : ��anhn

Q.v/; u; v 2 Y ,

where hm is an arbitrary element of the group Y , lm;1 D .a1bm � b1am/hm, m D
2; 3; : : : ; n.

Let h1 be an arbitrary element of the group Y . Substitute u C b1h1 for u and
v � a1h1 for v in equation (10.16). Subtracting equation (10.16) from the resulting
equation we obtain

�b1h1
�b2h2

�b3h3
: : : �bnhn

P.u/

C��a1h1
��a2h2

��a3h3
: : : ��anhn

Q.v/ D 0; u; v 2 Y .
(10.17)

Let h be an arbitrary element of the group Y . Substitute uCh for u in equation (10.17)
and subtract equation (10.17) from the resulting equation. We get

�h�b1h1
�b2h2

�b3h3
: : : �bnhn

P.u/ D 0; u 2 Y: (10.18)
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We assumed that X is a torsion-free group, i.e., X.m/ D f0g for allm 2 Z,m ¤ 0.

This implies by Theorem 1.9.5 that Y .m/ D Y for all m 2 Z, m ¤ 0. In particular,

Y .bj / D Y , j D 1; 2; : : : ; n. Hence taking into account that hj are arbitrary elements
of the group Y , (10.18) yields that the function P.y/ satisfies the equation

�nC1
h

P.u/ D 0; u; h 2 Y:
So P.y/ is a continuous polynomial on the group Y . Consider the distribution
� D fa1

.�1/ 	 � � � 	 fan
.�n/. We conclude from Proposition 2.10 and 1.13 (d) that2faj

.�j /.y/ D O�.ajy/, j D 1; 2; : : : ; n. Then 2.7 (c) implies that

O�.y/ D
nY

j D1

O�j .ajy/; y 2 Y:

Taking into account (10.13), we have

O�.y/ D e�P.y/:

It follows from the condition of the theorem that the group X contains no subgroup
topologically isomorphic to the circle group T . Hence Theorem 5.11 implies that
� 2 �.X/. Then by Theorem 4.6 we obtain that all faj

.�j / 2 �.X/. This implies

that every function 'j .y/ satisfies equation 2.16 (ii) on the set Y .aj /. Since Y .aj / D Y ,
j D 1; 2; : : : ; n, every function 'j .y/ satisfies equation 2.16 (ii) on the group Y . But
this means that all �j 2 �.X/.

IfX .p/ D f0g, where p is a prime number, then it follows from admissibility of the
sets faj gn

j D1 and fbj gn
j D1 for the group X that faj

; fbj
2 Aut.X/, j D 1; 2; : : : ; n.

Taking into account that cX D f0g, Remark 10.5 yields that all �j 2 D.X/.
Assume now that a group X contains an element x0 of order p, where p is a prime

number, but X .p/ ¤ f0g. Let M be the subgroup of X generated by the element x0.
We have M Š Z.p/. Let �1 and �2 be independent random variables with values in
the subgroupM and nondegenerate distributions �j with non-vanishing characteristic
functions. Consider the linear formsL1 D p�1��2 andL2 D �1Cp�2. It is easy to see
that the characteristic functions O�j .y/ satisfy equation (10.11). Hence the linear forms
L1 and L2 are independent. Obviously, the sets fp;�1g and f1; pg are admissible for
the group X . In view of Proposition 3.6, �.M/ D D.M/. Hence �j … �.X/.
Remark 10.8. Let faj gn

j D1 and fbj gn
j D1 be admissible sets of integers for a group X

and let �j be independent random variables with values inX and distributions �j with
non-vanishing characteristic functions. Denote by k and l the least common multiple of
the numbers fa1; : : : ; ang and fb1; : : : ; bng respectively. Letpj be the greatest common
divisor of the numbers faj l; bjkg andm be the least common multiple of the numbers
fp1; : : : ; png. Then the independence of the linear forms L1 D a1�1 C � � � C an�n

and L2 D b1�1 C � � � C bn�n yields that the random variables �j can be replaced by
their shifts � 0

j in such a way that their distributions �0
j are supported in the subgroup

fx 2 X W mx 2 cXg.
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To prove this, put �j D �j 	 N�j , 'j .y/ D � ln O�j .y/, P.y/ D Pn
j D1 'j .ajy/.

Arguing as in the proof of Proposition 10.7 we obtain that the function P.y/ satisfies
equation (10.18). It follows from this that the function P.y/ is a polynomial on the
subgroupY .l/. By Proposition 5.7,P.y/ D 0 for y 2 b

Y .l/ , and hence O�j .y/ D 1, y 2
b

Y
.aj l/ , j D 1; 2; : : : ; n. By Proposition 2.13, the inclusions �.�j / � A.X; b

Y
.aj l//

hold. Put Aj D A.X; b
Y

.aj l//. Changing places the forms L1 and L2 and reasoning
as above we find that �.�j / � Bj , where Bj D A.X; b

Y
.bj k//. Put Cj D Aj \Bj . So

we have
�.�j / � Cj : (10.19)

It follows easily from Theorem 1.9.3 that Aj D fx 2 X W aj lx 2 cXg and Bj D fx 2
X W bjkx 2 cXg. Hence, Cj D fx 2 X W pjx 2 cXg. Put C D fx 2 X W mx 2 cXg.
Obviously,

Cj � C; j D 1; 2; : : : ; n; (10.20)

and C is the least subgroup containing all Cj . Applying Proposition 2.2 we obtain
from (10.19) and (10.20) the desired statement.

It should be noted that by Corollary 10.2, the linear formsL1 D a1�
0
1 C � � � Can�

0
n

and L2 D b1�
0
1 C � � � C bn�

0
n are independent.

In what follows we need two lemmas.

Lemma 10.9. Let Y be an arbitrary Abelian group, " be an automorphism of the
group Y . Assume that functions 'j .y/ satisfy the equation

.i/ '1.uC v/C '2.uC "v/ D P.u/CQ.v/; u; v 2 Y:

Then each of the functions 'j .y/ satisfies the equation

.ii/ �.I�"/k�
2
h'j .u/ D 0; k; h; u 2 Y:

Proof. Let k be an arbitrary element of the group Y . Put h D �"k. Substitute uC h

foru and vCk for v in equation (i). Subtracting equation (i) from the resulting equation
we obtain

�.I�"/k'1.uC v/ D �hP.u/C�kQ.v/; u; v 2 Y: (10.21)

Substituting v D 0 into equation (10.21) and subtracting the resulting equation from
(10.21) we obtain

�.I�"/k�v'1.u/ D �kQ.v/ ��kQ.0/; u; v 2 Y: (10.22)

Let t be an arbitrary element of the group Y . Substitute uC t for u in equation (10.22)
and subtract equation (10.22) from the resulting equation. We get that the function
'1.y/ satisfies the equation

�.I�"/k�v�t'1.u/ D 0; k; v; t; u 2 Y:
Putting here v D t D h we get (ii).
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Set v0 D "v. Then equation (i) becomes

'1.uC "�1v0/C '2.uC v0/ D P.u/CQ.v0/; u; v0 2 Y:
Note that .I � "�1/Y D .I � "/Y . Arguing as above we prove that the function '2.y/

also satisfies equation (ii).

Lemma 10.10. Let Y be an arbitrary Abelian group. Assume that a function '.y/
satisfies equation

.i/ �3
h'.u/ D 0; h; u 2 Y

and conditions

.ii/ '.�y/ D '.y/; '.0/ D 0; y 2 Y:
Then the function '.y/ satisfies equation 2.16 (ii).

Proof. By Theorem 5.5 the polynomial '.y/ can be represented in the form 5.5 (i).
Since '.y/ is a polynomial of degree � 2, representation 5.5 (i) is of the form

'.y/ D g2.y; y/C g1.y/C g0; y 2 Y;
where g2.y1; y2/ is a 2-additive function, g1.y/ is an additive function, and g0 D
const. It follows from (ii) that '.y/ D g2.y; y/, and hence the function '.y/ satisfies
equation 2.16 (ii).

We use the following theorem in the sequel and it is of independent interest.

Theorem 10.11. Let topological automorphisms j̨ , ǰ , j D 1; 2, of a groupX satisfy
the condition

.i/ I � ˛1ˇ1
�1ˇ2˛2

�1 2 Aut.X/:

Let �1 and �2 be independent random variables with values in X and distributions
�1 and �2. Assume that the characteristic functions O�j .y/ do not vanish. Then if
the linear forms L1 D ˛1�1 C ˛2�2 and L2 D ˇ1�1 C ˇ2�2 are independent, then
�j 2 �.X/, j D 1; 2.

Proof. The reasoning used at the beginning of the proof of Theorem 10.3 allows us
to prove the theorem assuming that L1 D �1 C �2 and L2 D ı1�1 C ı2�2, where
ıj 2 Aut.X/. We also note that if ˛ 2 Aut.X/, then linear forms L1 and L2 are
independent if and only if the linear forms L1 and ˛L2 are independent. Thus in
proving the theorem, we may assume without loss of generality that L1 D �1 C �2 and
L2 D �1 C ı�2, where ı 2 Aut.X/. In this case condition (i) becomes the condition
I � ı 2 Aut.X/.

Put " D Qı. By Lemma 10.1 the independence of L1 and L2 yields that the charac-
teristic functions O�j .y/ satisfy equation 10.1 (i) which takes the form

O�1.uC v/ O�2.uC "v/ D O�1.u/ O�2.u/ O�1.v/ O�2."v/; u; v 2 Y: (10.23)
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Put 'j .y/ D � ln j O�j .y/j, j D 1; 2. We deduce from (10.23) that the functions 'j .y/

satisfy equation 10.9 (i), where P.u/ D '1.u/ C '2.u/, Q.v/ D '1.v/ C '2."v/.
By Lemma 10.9 the function '1.y/ satisfies equation 10.9 (ii). Since k is an arbitrary
element of the groupY and I�" 2 Aut.Y /, we conclude that .I�"/k is also an arbitrary
element of the group Y . Hence putting .I � "/k D h in 10.9 (ii) we obtain that the
function '1.y/ satisfies equation 10.10 (i). Obviously, the function '1.y/ also satisfies
conditions 10.10 (ii). By Lemma 10.10 the function '1.y/ satisfies equation 2.16 (ii).

Arguing as above we prove that the function '2.y/ also satisfies equation 2.16 (ii).

The theorem will be proved if we verify that the quotient lj .y/ D O�j .y/=j O�j .y/j is a
character of the group Y . Put � D ."�I /�1, � D "� , f .y/ D O�1.y/, g.y/ D O�2.y/.
We also agree that ˛0 D I for all ˛ 2 Aut.Y /. Substituting u D �y, v D ��y
and then u D ��y, v D �y into (10.23) and taking into account 2.7 (d) we obtain
respectively

f .y/ D f .�y/f .��y/jg.�y/j2; y 2 Y; (10.24)

and

g.y/ D jf .�y/j2g.��y/g.�y/; y 2 Y: (10.25)

We deduce from (10.24) and (10.25) that

f .y/ D
nY

kD0

.f ..�1/k�k�n�ky//C
k
n Gn.y/; y 2 Y; (10.26)

where Gn.y/ > 0, and

jf .y/j D
nY

kD0

jf .�k�n�ky/ja.n;k/jg.�k�n�ky/jb.n;k/; y 2 Y: (10.27)

Equality (10.27) implies the inequality

jf .z/j�
nC2Y
kD0

jf .�k�nC2�kz/ja.nC2;k/ �
nC1Y
kD1

jf .�k�nC2�kz/ja.nC2;k/

D
nY

kD0

jf .�kC1�nC1�kz/ja.nC2;kC1/:

(10.28)

It is not difficult to check that

a.nC 2; k C 1/ � nC k
n ; k D 0; 1; : : : ; nI n D 0; 1; 2; : : : : (10.29)
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Set y D ��z. Taking into account (10.28) and (10.29), we find

jf .z/j1=n �
� nY

kD0

jf .�kC1�nC1�kz/ja.nC2;kC1/
�1=n

�
nY

kD0

jf .�kC1�nC1�kz/jC k
n

D
nY

kD0

jf .�k�n�ky/jC k
n :

(10.30)

Inequality (10.30) yields that

lim
n!1

nY
kD0

jf .�k�n�ky/jC k
n D 1: (10.31)

It follows from (10.26) and (10.30) that

lim
n!1Gn.y/ D jf .y/j: (10.32)

Hence (10.26) and (10.32) imply

l1.y/ D f .y/

jf .y/j D lim
n!1

nY
kD0

.f ..�1/k�k�n�ky//C
k
n :

We conclude from this that l1.y/ is a positive definite function because it is a limit
of a sequence of positive definite functions. Since jl1.y/j D 1 for all y 2 Y , 2.7 (e)
yields that l1.y/ D .x1; y/, x1 2 X . Arguing as above we prove that l2.y/ D .x2; y/,
x2 2 X .

Remark 10.12. If X is a group with unique division by 2, then the automorphism
ı D �I satisfies the condition I � ı D f2 2 Aut.X/. Hence the statement formulated
in Remark 7.12 follows from Theorem 10.11.

Remark 10.13. In relation to Theorem 10.11 we will give an example of a group X
which has the properties:

(a) I � ı … Aut.X/ for all ı 2 Aut.X/;
(b) for any ı 2 Aut.X/ if �1 and �2 are independent random variables with values in

X and distributions�j with non-vanishing characteristic functions and the linear
forms L1 D �1 C �2 and L2 D �1 C ı�2 are independent, then �j 2 �.X/,
j D 1; 2.

Consider the group X D †a, where a D .3; 3; : : : ; 3; : : : /. Then

Y Š Ha D ˚
m
3n W n D 0; 1; 2; : : : Im 2 Z

�
:
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It follows from this that the group Ha has the type t.Ha/ D .0;1; 0; 0; : : : /. It is
obvious that Aut.Y / D f˙f k

3 W k 2 Zg (see 1.14 (d)), and hence Aut.X/ D f˙f k
3 W

k 2 Zg. Let ı 2 Aut.X/ be an arbitrary automorphism. Since the group X contains
no subgroup topologically isomorphic to the circle group T , by Theorem 10.3 if the
linear forms L1 and L2 are independent, then �1; �2 2 �.X/. On the other hand, it is
easy to see that I � ı … Aut.X/ for all ı 2 Aut.X/.

In the rest of this section we describe groups X that have the following prop-
erty: there exist automorphisms j̨ ; ǰ 2 Aut.X/ such that if �j are independent
random variables with values in X and distributions �j with non-vanishing character-
istic functions, then the independence of the linear forms L1 D ˛1�1 C � � � C ˛n�n

and L2 D ˇ1�1 C � � � C ˇn�n implies that all distributions �j 2 �.X/. We need the
following simple lemma.

Lemma 10.14. Let X ¤ f0g and X 6Š Z.2/. Then there exists an automorphism
˛ 2 Aut.X/ such that ˛ ¤ I .

Proof. If not all nonzero elements of the groupX have order 2, then I ¤ �I and we put
˛ D �I . If every nonzero element of the groupX has order 2, then by Theorem 1.11.5
the group X is topologically isomorphic to the group

Z.2/n � Z.2/m�;

where n and m are arbitrary cardinal numbers, Z.2/n is considered in the product
topology, and Z.2/m� is considered in the discrete topology. It follows from this that the
groupX can be represented in the formX D X1 �X2 �X3, whereX1 Š X2 Š Z.2/.
Denote by x D .x1; x2; x3/, x1; x2 2 Z.2/, x3 2 X3, elements of the group X , and
put ˛.x1; x2; x3/ D .x2; x1; x3/.

Theorem 10.15. Let X 6Š T and X 6Š T � Z.2/. Then there exists a nonidentity
automorphism ı 2 Aut.X/ with the property: if �1 and �2 are independent random
variables with values in X and distributions �j with non-vanishing characteristic
functions, then the independence of the linear formsL1 D �1 C �2 and L2 D �1 C ı�2

yields that �j 2 �.X/, j D 1; 2.

Proof. There are three possible cases:
1. The group X contains no subgroup topologically isomorphic to the circle

group T . In this case by Theorem 10.3 the independence of any linear forms L1

and L2 implies that all �j 2 �.X/.
2. The groupX contains a subgroupG1 topologically isomorphic to the circle group

T and X contains no subgroup topologically isomorphic to the two-dimensional torus
T 2. By Theorem 1.17.1 the subgroup G1 is a topological direct factor of the group
X , i.e., X D G1 � G2, where the subgroup G2 contains no subgroup topologically
isomorphic to the circle group T . Denote by x D .g1; g2/; gj 2 Gj , j D 1; 2,
elements of the group X .

By the condition of the theoremG2 ¤ f0g andG2 6Š Z.2/. By Lemma 10.14 there
exists an automorphism ˛ 2 Aut.G2/ such that ˛ ¤ I . Consider an automorphism
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ı 2 Aut.X/ of the form ı.g1; g2/ D .g1; ˛g2/. We will check that if �1 and �2 are
independent random variables with values inX and distributions�j with non-vanishing
characteristic functions, then the independence of the linear forms L1 D �1 C �2 and
L2 D �1 C ı�2 implies that �j 2 �.X/, j D 1; 2.

Put " D Qı. By Lemma 10.1 it follows from the independence ofL1 andL2 that the
characteristic functions O�j .y/ satisfy equation 10.1 (i) which takes the form (10.23).
Since X D G1 � G2, by Theorem 1.7.1, Y D H1 �H2, where Hj Š G�

j , j D 1; 2.
Taking into account that ıx D x for all x 2 G1, we conclude that "y D y for all
y 2 H1. Therefore the restriction of equation (10.23) to the subgroup H1 is of the
form

O�1.uC v/ O�2.uC v/ D O�1.u/ O�2.u/ O�1.v/ O�2.v/; u; v 2 H1:

Hence the restriction of the function f .y/ D O�1.y/ O�2.y/ to the subgroup H1 is a
character of the subgroup H1. It follows from this that j O�j .y/j D 1 for all y 2 H1.
By 2.7 (e) there exist elements xj 2 X such that O�j .y/ D .xj ; y/, y 2 H1, j D 1; 2.
Consider the distributions�0

j D �j 	E�xj
. Then by 2.7 (c), O�0

j .y/ D 1 for all y 2 H1,
j D 1; 2. In view of Proposition 2.13 this implies that �.�0

j / � A.X;H1/ D G2.
The characteristic functions O�0

j .y/ also satisfy equation (10.23). Note that "y D Q̨y
for all y 2 H2. Consider the linear forms L0

1 D � 0
1 C � 0

2 and L0
2 D � 0

1 C ˛� 0
2, where

� 0
j are independent random variables with values in the groupG2 and distributions �0

j .
Taking into account that the restrictions of the characteristic functions O�0

j .y/ to the
subgroupH2 also satisfy equation (10.23), by Lemma 10.1 the linear formsL0

1 andL0
2

are independent. SinceH2 Š G�
2 and the groupG2 contains no subgroup topologically

isomorphic to the circle group T , we can apply Theorem 10.3 to the groupG2. We get
that �0

j 2 �.G2/. Hence �j 2 �.X/, j D 1; 2.
3. The group X contains a subgroup G2 topologically isomorphic to the two-

dimensional torus T 2. By Theorem 1.17.1 the subgroup G2 is a topological direct
factor of the groupX , i.e.,X D G1 �G2. Assume that an automorphism ˛ 2 Aut.T 2/

is defined by the matrix ˛ D �
0 1
1 �1

�
(see 1.13 (e)). Since det.I � ˛/ D 1, we

have I � ˛ 2 Aut.T 2/. Taking into account that G2 Š T 2, we can assume that
˛ 2 Aut.G2/. We retain the same notation for elements of the group X as in case 2.
Consider an automorphism ı 2 Aut.X/ of the form ı.g1; g2/ D .g1; ˛g2/. Then ı
is the desired automorphism. Arguing as in case 2 and using Theorem 10.11 instead
of Theorem 10.3 we verify that if �1 and �2 are independent random variables with
values in X and distributions �j with non-vanishing characteristic functions, then the
independence of the linear forms L1 D �1 C �2 and L2 D �1 C ı�2 implies that
�j 2 �.X/, j D 1; 2.

Theorem 10.15 is sharp. Namely, the following statement is true.

Proposition 10.16. Let eitherX D T orX D T �Z.2/. Assume that automorphisms
j̨ ; ǰ 2 Aut.X/, j D 1; 2; : : : ; n, n � 2, have the property that not all automorphisms

j̨ ǰ
�1 are equal. Then there exist independent random variables �j with values in X

and distributions�j 62 �.X/ with non-vanishing characteristic functions such that the
linear forms L1 D ˛1�1 C � � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n are independent.
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Proof. Obviously, the group Aut.X/ consists of two automorphisms Aut.X/ D f˙I g.
We restrict ourselves to proving the proposition for the circle group X D T . Then
Y Š Z. We will suppose without loss of generality that Y D Z and L1, L2 have the
formL1 D �1 C� � �C �n,L2 D �1 C� � �C �m � �mC1 �� � �� �n, 1 � m < n. Consider
on the group Z the functions

f .k/ D
(

expf�ak2=mg if k 2 Z.2/;

expf�.ak2 � 1/=mg if k … Z.2/

and

g.k/ D
(

expf�ak2=.n �m/g if k 2 Z.2/;

expf�.ak2 C 1/=.n �m/g if k … Z.2/:

Take a > 0 in such a way that the inequalities

�.eit / D
1X

kD�1
f .k/e�ikt > 0; 
.eit / D

1X
kD�1

g.k/e�ikt > 0

are satisfied. It follows from this that f .k/ and g.k/ are the characteristic functions of
some distributions of �; � 2 M1.T / with the densities �.eit / and 
.eit / with respect
to the Haar distribution mT . Let �j be independent random variables with values in
the circle group T and distributions �j D �; j D 1; 2; : : : ; m and �j D �; j D
mC 1;mC 2; : : : ; n. It is obvious that the characteristic functions O�j .y/ satisfy the
equation

mY
j D1

O�j .k C l/

nY
j DmC1

O�j .k � l/ D
nY

j D1

O�j .k/

mY
j D1

O�j .l/

nY
j DmC1

O�j .�l/; k; l 2 Z:

By Lemma 10.1 the linear forms L1 and L2 are independent. It is obvious that all
�j 62 �.T /.

We will also prove the following statement.

Proposition 10.17. Assume thatX is the same group as in Theorem 10.15, i.e.,X 6Š T
and X 6Š T � Z.2/. Assume that the group X satisfies the conditions:

(i) cX ¤ f0g,
(ii) cX 6Š T .

Then the automorphism ı 2 Aut.X/ in Theorem 10.15 can be chosen in such a way
that the following statement holds:

(I) There exist nondegenerate distributions �1 and �2 2 �.X/ such that if �j are
independent random variables with values in X and distributions �j , then the
linear forms L1 D �1 C �2 and L2 D �1 C ı�2 are independent.
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Proof. To prove the proposition we follow the scheme of the proof of Theorem 10.15.
Consider the same three cases.

1. The group X contains no subgroup topologically isomorphic to the circle
group T . Since by the condition of the proposition cX ¤ f0g, Remark 3.12 im-
plies that there exists a nondegenerate distribution � 2 �.X/. It follows from 2.16 (ii)
that the characteristic function O�.y/ satisfies the equation

O�.uC v/ O�.u � v/ D O�2.u/ O�.v/ O�.�v/; u; v 2 Y: (10.33)

Put ı D �I and �1 D �2 D � . By Lemma 10.1 equation (10.33) yields that if �1

and �2 are independent identically distributed random variables with values in X and
distribution � , then the linear forms L1 D �1 C �2 and L2 D �1 � �2 are independent.

2. The group X contains a subgroup G1 topologically isomorphic to the circle
group T , andX contains no subgroup topologically isomorphic to the two-dimensional
torus T 2. By Theorem 1.17.1 the subgroupG1 is a topological direct factor of the group
X , i.e., X D G1 � G2, where the subgroup G2 contains no subgroup topologically
isomorphic to the circle group T . It follows from (ii) that cG2

¤ f0g. Denote by
x D .g1; g2/, gj 2 Gj , j D 1; 2, elements of the group X . Reasoning as in case 1
we can put ı.g1; g2/ D .g1;�g2/, and �1 D �2 D � , where � is a nondegenerate
Gaussian distribution on G2.

3. The group X contains a subgroup G2 topologically isomorphic to the two-
dimensional torus T 2. By Theorem 1.17.1 the subgroup G2 is a topological direct
factor of the groupX , i.e.,X D G1�G2. PutH2 D G�

2 . It follows fromG2 Š T 2 that
H2 Š Z2. Denote by .m; n/, m; n 2 Z, elements of the group H2. Let ˛ 2 Aut.G2/

be the same automorphism as in case 3 of Theorem 10.15. Let �1 and �2 be Gaussian
distributions on the group G2 with the characteristic functions

O�1.m; n/ D f��.t0m � n/2g; O�2.m; n/ D f��t0.t0m � n/2g; .m; n/ 2 H2;

where t0 D
p

5�1
2

. It is not difficult to check directly that the characteristic functions
O�j .y/ satisfy the equation

O�1.uC v/ O�2.uC Q̨v/ D O�1.u/ O�2.u/ O�1.v/ O�2. Q̨v/; u; v 2 H2:

Let ı 2 Aut.X/ be the same automorphism as in case 3 of Theorem 10.15. It is easy
to see that if the distributions �1 and �2 are considered as Gaussian distributions on
X , then the characteristic functions O�j .y/ satisfy equation (10.23). By Lemma 10.1
if �j are independent random variables with values in X and distributions �j , then the
linear forms L1 D �1 C �2 and L2 D �1 C ı�2 are independent.

Remark 10.18. The proof of the group analogue of the Skitovich–Darmois theorem
under the condition that the characteristic functions of the considering distributions
do not vanish (Theorem 10.3) is based on the group analogue of the Cramér theorem
(Theorem 4.6). As in the classical situation, the group analogue of the Cramér theorem
can be obtained from the following particular case of the Skitovich–Darmois theorem.
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.˛/ Let �j , j D 1; 2; 3; 4, be independent random variables with values in a group
X and distributions �1 D �3, �2 D �4 with non-vanishing characteristic functions.
Then if the linear forms L1 D �1 C �2 C �3 C �4 and L2 D �1 C �2 � �3 � �4 are
independent, then �1; �2 2 �.X/.

Indeed, let �1 and �2 be independent random variables with values inX and distribu-
tions �1 and �2. Assume that the sum �1 C �2 has a Gaussian distribution, i.e., in view
of (2.1), � D �1 	�2 2 �.X/. Take a random variable �3 identically distributed with
�1 and �4 identically distributed with �2 in such a way that all random variables �j are
independent. Since the random variables 
1 D �1 C�2 and 
2 D �3 C�4 have the same
distribution � 2 �.X/, by Lemma 7.1 the linear forms L1 D .�1 C �2/ C .�3 C �4/

and L2 D .�1 C �2/ � .�3 C �4/ are independent. Then it follows from .˛/ that
�1; �2 2 �.X/.

On the other hand, statement .˛/ follows from the group analogue of the Cramér
theorem (Theorem 4.6). To prove this we note that by Lemma 10.1 if the linear forms
L1 D �1 C �2 C �3 C �4 and L2 D �1 C �2 � �3 � �4 are independent, then the
characteristic functions �j .y/ satisfy equation 10.1 (i) which takes the form

O�1.uC v/ O�2.uC v/ O�1.u � v/ O�2.u � v/
D O�2

1.u/ O�2
2.u/ O�1.v/ O�1.�v/ O�2.v/ O�2.�v/; u; v 2 Y .

(10.34)

Put � D �1 	 �2 	 N�1 	 N�2. It follows from 2.7 (c), 2.7 (d), and (10.34) that the
characteristic function O�.y/ satisfies the equation

O�.uC v/ O�.u � v/ D O�2.u/ O�2.v/; u; v 2 Y: (10.35)

In view of 2.7 (c) and 2.7 (d), O�.y/ > 0. Set '.y/ D � ln O�.y/. It follows from
equation (10.35) that the function '.y/ satisfies equation 2.16 (ii). Hence � 2 �.X/.
By Theorem 4.6 this implies that �j 2 �.X/, j D 1; 2. Statement .˛/ is proved.

We see that two classes of groups X coincide: the class of groups X for which
Theorem 4.6 holds and the class of groups X for which statement .˛/ is true.

11 Random variables with values in the two-dimensional
torus T 2

Let X be a second countable locally compact Abelian group, j̨ , ǰ , j D 1; 2; : : : ; n,
n � 2, be topological automorphisms of X . Let �j be independent random variables
with values in X and distributions �j with non-vanishing characteristic functions.
According to Theorem 10.3 ifX contains no subgroup topologically isomorphic to the
circle group T , then the independence of the linear forms L1 D ˛1�1 C � � � C ˛n�n

and L2 D ˇ1�1 C � � � C ˇn�n yields that all �j 2 �.X/. On the other hand if a group
X contains a subgroup topologically isomorphic to T , then this statement is not true
(see Remark 10.4). Therefore the following natural problem arises for such groups: to
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describe possible distributions�j of independent random variables �j provided that the
linear forms L1 and L2 are independent. In this section we solve this problem for two
independent random variables taking values in the two-dimensional torus X D T 2.
There follows from the main result of this section a complete description of topological
automorphisms j̨ , ǰ of the group T 2 which have the property: if the linear forms
L1 D ˛1�1 C˛2�2 andL2 D ˇ1�1 Cˇ2�2 are independent, then the random variables
�j are Gaussian. It turns out that these Gaussian distributions are not arbitrary. They
are either degenerate or concentrated on the cosets of dense one-parameter subgroups
of T 2 (dense windings of the two-dimensional torus T 2).

11.1 Notation. Let X D T 2. Denote by x D .z; w/, z; w 2 T , elements of the
group X . We have Y Š Z2. To avoid introducing new notation we will assume that
Y D Z2. Denote by y D .m; n/, m; n 2 Z, elements of the group Y . It follows
from Definition 3.1 that the characteristic function of a Gaussian distribution on the
two-dimensional torus T 2 has the form

O�.y/ D .x; y/ expf�hAy; yig; y D .m; n/ 2 Z2;

where x 2 T 2,A D .aij /
2
i;j D1 is a symmetric positive semidefinite matrix. According

to 1.14 (e) every automorphism ı 2 Aut.T 2/ is defined by an integer-valued matrix�
a b
c d

�
, where jad � bcj D 1. The automorphism ı acts on T 2 as follows:

ı.z; w/ D .zawc ; zbwd /; .z; w/ 2 T 2:

The adjoint automorphism " D Qı 2 Aut.Z2/ is of the form

".m; n/ D .amC bn; cmC dn/; .m; n/ 2 Z2:

We will identify the automorphisms ı and " with the corresponding matrix
�

a b
c d

�
.

Let �1 and �2 be independent random variables with values in a group X and
distributions�1 and�2. Assume that j̨ , ǰ , j D 1; 2, are topological automorphisms
of X . As has been noted at the beginning of the proof of Theorem 10.11, the study
of possible distributions �j provided that the linear forms L1 D ˛1�1 C ˛2�2 and
L2 D ˇ1�1 C ˇ2�2 are independent is reduced to the case when L1 D �1 C �2 and
L2 D �1 C ı�2, where ı 2 Aut.X/.

To prove the main theorem of this section we need some lemmas.

Lemma 11.2. Assume that " D �
a b
c d

� 2 Aut.Z2/ and �1, �2 are the eigenvalues of
the matrix ". Consider the equation

.i/ AC B" D 0;

where A D .aij /
2
i;j D1 and B D .bij /

2
i;j D1 are symmetric positive semidefinite matri-

ces. Then the following statements hold:

(Ia) If �1�2 D 1 and �1 C �2 > �2, then equation (i) has a unique solution A D
B D 0.
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(Ib) If �1�2 D �1 and �1 C �2 ¤ 0, then equation (i) has nonzero solutions, and
any nonzero solution of equation (i) has the properties detA D detB D 0 and
KerA \ Z2 D f0g.

(IIa) If either �1 D �2 D �1 and " ¤ �I or �1 D 1, �2 D �1, then equation (i) has
nonzero solutions, and any solution of equation (i) has the properties A D B ,
detA D 0, and KerA \ Z2 ¤ f0g.

(IIb) If either " D �I or �1�2 D 1 and �1 C �2 < �2, then there exists a solution of
equation (i) such that detA D detB > 0.

Proof. First note that equation (i) has a nonzero solution if and only if the following
system of equations and inequalities in bij has a nonzero solution:˚

b11 � 0; b22 � 0; (11.1)

b11b22 � b2
12 � 0; (11.2)

b11b C b12d D b12aC b22c; (11.3)

b11aC b12c � 0; b12b C b22d � 0; (11.4)

.b11aC b12c/.b12b C b22d/ � .b12aC b22c/
2 � 0: (11.5)

The solving of this system is rather cumbersome, and we divide it into several steps.
1. det " D 1, i.e.,

ad � bc D 1: (11.6)

In view of (11.6) the inequalities (11.2) and (11.5) are equivalent.
A. a ¤ d . In this case bc ¤ 0. From (11.3) we find

b12 D .b11b � b22c/=.a � d/: (11.7)

Substituting (11.7) into (11.2) and taking into account (11.6) we get

b2b2
11 � .a2 C d2 � 2/b11b22 C c2b2

22 � 0: (11.8)

It follows from (11.8) that either b11 D b22 D 0, and then A D B D 0 or b11b22 ¤ 0.
Assume that b11b22 ¤ 0. Put t D b11=b22. We obtain from (11.8)

b2t2 � .a2 C d2 � 2/t C c2 � 0: (11.9)

Consider the equation

b2t2 � .a2 C d2 � 2/t C c2 D 0; (11.10)

and denote by D D .a � d/2..aC d/2 � 4/ its discriminant.
(i) .aC d/2 < 4. Then D < 0.
Equation (11.10) and hence inequality (11.9) has no solutions. So, equation (i) has

a unique solution A D B D 0.
(ii) a C d D 2. This implies that D D 0 and a ¤ 1. Equation (11.10) and hence

inequality (11.9) has a unique solution t D .a � 1/2=b2. Substituting the expression
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for b12 from (11.7) into the second inequality of system (11.4) and taking into account
(11.6) we get

.b11b
2 � b22.a

2 � 4aC 3//=2.a � 1/ � 0;

but this contradicts the equality b11=b22 D .a � 1/2=b2. Hence equation (i) has a
unique solution A D B D 0.

(iii) a C d D �2. This implies that D D 0 and a ¤ �1. Equation (11.10)
and hence inequality (11.9) has a unique solution t D .a C 1/2=b2. Substituting the
expression for b12 from (11.7) into system (11.4) and taking into account (11.6) we get

b11.a
2 � 1/ � b22c

2

2.aC 1/
� 0;

b11b
2 � b22.a

2 C 4aC 3/

2.aC 1/
� 0: (11.11)

Since
b11=b22 D .aC 1/2=b2; (11.12)

it is easy to see that system of inequalities (11.11) holds for arbitrary b11 > 0, b22 > 0

such that (11.12) is satisfied. In this case all solutions of equation (i) are of the form

A D B D �

�
.aC 1/2=b2 .aC 1/=b

.aC 1/=b 1

�
;

where � � 0. Obviously, detA D 0 and KerA \ Z2 ¤ f0g.
(iv) .a C d/2 > 4 and a > d . This implies that D > 0 and equation (11.10) has

the solutions

t1 D a2 C d2 � 2 � .a � d/p.aC d/2 � 4
2b2

;

t2 D a2 C d2 � 2C .a � d/p.aC d/2 � 4
2b2

:

(11.13)

Hence the solutions of inequality (11.9) are t 2 Œt1; t2�. It is obvious that, t1 > 0.
Substituting the expression for b12 from (11.7) into system (11.4), taking into account
(11.6) and the equality t D b11=b22, we deduce

t .a2 � 1/ � c2 � 0; tb2 � .d2 � 1/ � 0: (11.14)

If a 2 f0;˙1g, then the first inequality of system (11.14) holds true for t 2 Œt1; t2�, and
system (11.14) on the segment t 2 Œt1; t2� is equivalent to the inequality

t � .d2 � 1/=b2: (11.15)

Suppose that a … f0;˙1g. Observe that (11.6) implies the inequality .d2 � 1/=b2 �
c2=.a2 � 1/, and hence in this case system (11.14) is also equivalent to inequality
(11.15).

Obviously, if aC d > 2, then t1 > .d2 � 1/=b2. Hence inequality (11.15) has no
solutions on the interval Œt1; t2�, so that equation (i) has a unique solution A D B D 0.
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If aCd < �2, then t2 < .d2 �1/=b2. Therefore inequality (11.14) is fulfilled for any
t 2 Œt1; t2�. It follows from what has been said that all nonzero solutions of equation (i)
are of the form

B D �

�
t .bt � c/=.a � d/

.bt � c/=.a � d/ 1

�
; A D �B";

where t1 � t � t2, � > 0. Furthermore, if t1 < t < t2, then detA D detB > 0, and
if either t D t1 or t D t2, then detA D detB D 0. We conclude from (11.13) that tj
are irrational numbers, and hence in the latter case KerA \ Z2 D f0g.

(v) .a C d/2 > 4 and a < d . Set t D b22=b11 and pass from inequality (11.8) to
the inequality c2t2 � .a2 C d2 � 2/t C b2 � 0. Arguing as in case (iv), we obtain that
if aC d > 2, then equation (i) has a unique solution A D B D 0, and if aC d < �2,
then equation (i) has a solution such that detA D detB > 0.

B. a D d . We conclude from (11.3) that

b11b D b22c: (11.16)

(i) bc < 0. This implies that a D 0. From (11.16) we find b11 D b22 D 0. Hence
equation (i) has a unique solution A D B D 0.

(ii) bc > 0. This implies that jaj � 2. Assume that a � 2. It follows from the first
inequality of system (11.4) that b11 � �cb12=a. Hence, in view of (11.16), (11.2),
and (11.6) we get b2

11 � c2b2
12=a

2 � .a2 � 1/b2
11=a

2. So, b11 D b22 D 0 and hence
equation (i) has a unique solution A D B D 0.

Suppose thata � �2. We note that if b11 D 0, then b22 D 0 and henceA D B D 0.
Let b11 ¤ 0. Set s D b12=b11. Taking into consideration (11.16) we can rewrite the
system of inequalities (11.2) and (11.4) in the form

s2 � b=c; aC cs � 0: (11.17)

We conclude from (11.6) that the solutions of system (11.17) are s 2 Œ�p
b=c;

p
b=c�.

It follows from what has been said that all nonzero solutions of equation (i) are of the
form

B D �

�
1 s

s b=c

�
; A D �B";

where �p
b=c � s � p

b=c, � > 0. Furthermore, if �p
b=c < s <

p
b=c, then

detA D detB > 0, and if s D ˙p
b=c, then detA D detB D 0. In the latter case

the irrationality of
p
b=c implies that KerA \ Z2 D f0g.

(iii) b D 0, c ¤ 0. We note that in this case a D ˙1. We deduce from (11.16) that
b22 D 0 and hence b12 D 0. Therefore it follows from system (11.4) that b11a � 0.
Taking this into account, we get that b11 D 0 for a D 1. So, equation (i) has a unique
solution A D B D 0. If a D �1, then all solutions of equation (i) are of the form

A D B D �

�
1 0

0 0

�
; (11.18)
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where � � 0. Obviously, detA D 0 and KerA \ Z2 ¤ f0g.
(iv) c D 0, b ¤ 0. We note that in this case a D ˙1. We conclude from (11.16) that

b11 D 0 and hence b12 D 0. Therefore it follows from system (11.4) that b22a � 0.
Taking this into account, we get that b22 D 0 for a D 1. So, equation (i) has a unique
solution A D B D 0. If a D �1, then all solutions of equation (i) are of the form

A D B D �

�
0 0

0 1

�
; (11.19)

where � � 0. Obviously, detA D 0 and KerA \ Z2 ¤ f0g.
(v) b D c D 0. In this case " D ˙I , and the statement of the lemma is obvious.
2. det " D �1, i.e.,

ad � bc D �1: (11.20)

We deduce from (11.20) that if the matrices A and B satisfy equation (i), then detA D
detB D 0. Hence inequality (11.2) becomes the equation

b11b22 � b2
12 D 0; (11.21)

and inequality (11.5) becomes the equation

.b11aC b12c/.b12b C b22d/ � .b12aC b22c/
2 D 0: (11.22)

Equations (11.21) and (11.22) are equivalent. Equation (i) has a nonzero solution if
and only if the system of equations and inequalities (11.1), (11.3), (11.4), and (11.21)
has a nonzero solution.

A. a ¤ ˙d . Note that a ¤ �d implies bc ¤ 0. Substituting (11.7) into (11.21)
and taking into account (11.20), we obtain

b2b2
11 � .a2 C d2 C 2/b11b22 C c2b2

22 D 0: (11.23)

We conclude from (11.23) that either b11 D b22 D 0, and then A D B D 0 or
b11b22 ¤ 0. Assume that b11b22 ¤ 0.

(i) a < d . Put t D b11=b22. We get from (11.23)

b2t2 � .a2 C d2 C 2/t C c2 D 0: (11.24)

The solutions of equation (11.24) are of the form

t1 D a2 C d2 C 2 � .a � d/p.aC d/2 C 4

2b2
;

t2 D a2 C d2 C 2C .a � d/p.aC d/2 C 4

2b2
:

(11.25)

In view of (11.20), (11.7), and the equality t D b11=b22 we can rewrite the system
(11.4) in the form

t � c2=.a2 C 1/; t � .d2 C 1/=b2: (11.26)
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We deduce from (11.20) that c2=.a2 C 1/ � .d2 C 1/=b2. Hence system (11.26) is
equivalent to the inequality t � .d2 C 1/=b2. As is easily seen, inequality (11.26)
is true for t D t1 and it is false for t D t2. It follows from this that equation (i) has
nonzero solutions, and they are of the form

B D �

�
t1 .bt1 � c/=.a � d/

.bt1 � c/=.a � d/ 1

�
; A D kB; (11.27)

where � > 0, k D .
p
.aC d/2 C 4�a�d/=2. It is obvious that detA D detB D 0.

It follows from (11.25) that t1 is an irrational number. Hence KerA \ Z2 D f0g.
(ii) a > d . Put t D b22=b11 and pass from equation (11.23) to the equation

c2t2 � .a2 C d2 C 2/t C b2 D 0:

Arguing as in case (i) we prove that equation (i) has nonzero solutions, each of which
has the properties detA D detB D 0 and KerA \ Z2 D f0g.

B. a D d ¤ 0. We note that in this case bc > 0. We conclude from (11.16) and
(11.21) that b2

12 � bb2
11=c D 0 and hence b12 D ˙b11

p
b=c. Taking into account

system (11.4), we find b12 D �b11

p
b=c. It is easily verified that equation (i) has

nonzero solutions and they are of the form

B D �

�
1 �p

b=c

�p
b=c b=c

�
; A D kB;

where � > 0, k D p
a2 C 1 � a. It is obvious that detA D detB D 0. The

irrationality of
p
b=c implies that KerA \ Z2 D f0g.

C. a D �d ¤ 0. This implies that a ¤ d . Hence (11.7) holds and we obtain
(11.23).

(i) a < 0, b ¤ 0. We conclude from (11.23) that if b22 D 0, then b11 D 0 and
hence A D B D 0. Suppose that b22 ¤ 0. Putting t D b11=b22 and arguing as in case
A (i) we verify that all solutions of equation (i) are of the form

A D B D �

�
.a � 1/2=b2 .a � 1/=b
.a � 1/=b 1

�
;

where � � 0.
(ii) a < 0, b D 0. It follows from (11.20) that a D �1. The second inequality of

system (11.4) implies that b22 D 0 and hence b12 D 0. We see that all solutions of
equation (i) are of the form (11.18).

(iii) a > 0, c ¤ 0. We deduce from (11.23) that if b11 D 0, then b22 D 0 and
hence A D B D 0. Suppose that b11 ¤ 0. Setting t D b22=b11 and arguing as in case
A (ii), we verify that all solutions of equation (i) are of the form

A D B D �

�
1 �.aC 1/=c

�.aC 1/=c .aC 1/2=c2

�
;

where � � 0.
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(iv) a > 0, c D 0. We conclude from (11.20) that a D 1. The first inequality of
system (11.4) implies that b11 D 0 and hence b12 D 0. We see that all solutions of
equation (i) are of the form (11.19).

D. a D d D 0. Then bc D 1 and hence either b D c D 1 or b D c D �1. It
follows from (11.16) that b11 D b22, and (11.21) implies that b2

22 D b2
12. We deduce

from system (11.4) that in the case when b D c D 1 all solutions of equation (i) are of
the form

A D B D �

�
1 �1

�1 1

�
;

where � � 0. If b D c D �1, then all solutions of equation (i) are of the form

A D B D �

�
1 1

1 1

�
;

where � � 0.
It is obvious that in cases C and D we have detA D 0 and KerA \ Z2 ¤ f0g.
To complete the proof of Lemma 11.2, we note that �1�2 D det " and �1 C �2 D

aC d .

Lemma 11.3. Assume that " D �
a b
c d

� 2 Aut.Z2/, �1 and �2 are the eigenvalues of
the matrix ". The kernel Ker."� I / ¤ f0g if and only if either �1 D �2 D 1 and then
" D �

a b
c 2�a

�
, det " D 1, or �1 D 1; �2 D �1 and then " D �

a b
c �a

�
, det " D �1.

Proof. Straightforward.

Lemma 11.4. Assume that symmetric positive semidefinite matrices A D .aij /
2
i;j D1

and B D .bij /
2
i;j D1 satisfy equation 11.2 (i) and detA D 0. Then B D kA, where

k > 0.

Proof. We conclude from 11.2 (i) that the inequalities a11a22 ¤ 0 and b11b22 ¤ 0

are equivalent. Suppose that a11a22 ¤ 0. In this case the matrices A and B can be
written in the form A D x2

�
t2 t
t 1

�
and B D y2

�
s2 s
s 1

�
, where xy ¤ 0. Suppose

" D �
a b
c d

� 2 Aut.Z2/. Substituting the expressions for A, B , and " into 11.2 (i) we
get

x2

�
t2 t

t 1

�
C y2

�
as2 C cs bs2 C ds

as C c bs C d

�
D 0:

It follows from this that the equalities

x2 D �y2.bs C d/; x2t D �y2s.bs C d/

hold. Hence t D s and B D kA, where k > 0. In the case when a11a22 D 0 the
statement of the lemma is obvious.

We will prove now the main theorem of this section.
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Theorem 11.5. Assume that ı 2 Aut.T 2/ and �1, �2 are the eigenvalues of the matrix
ı D �

a b
c d

�
. Let �1 and �2 be independent random variables with values in the group

T 2 and distributions �1 and �2 with non-vanishing characteristic functions. Suppose
that the linear forms L1 D �1 C �2 and L2 D �1 C ı�2 are independent. Then the
following statements hold:

(Ia) If �1�2 D 1 and �1 C �2 > �2, then �j are degenerate distributions.

(Ib) If�1�2 D �1 and�1 C�2 ¤ 0, then�j are Gaussian distributions concentrated
on shifts of a one-parameter subgroup. This subgroup is dense in T 2.

(IIa) If either �1 D �2 D �1 and ı ¤ �I or �1 D 1, �2 D �1, then �j D
Exj

	 � 	 �j , where xj 2 T 2, � 2 �.K/, K is a subgroup of T 2 topologically
isomorphic to T , �j are signed measures on F , F is a subgroup ofK generated
by the element of order 2, and �1 	 �2 D E.1;1/.

(IIb) If either ı D �I or �1�2 D 1 and �1 C �2 < �2, then there exist indepen-
dent random variables �1 and �2 with values in the group T 2 and distributions
�1; �2 62 �.T 2/ such that the linear forms L1 D �1 C �2 and L2 D �1 C ı�2

are independent. In so doing, distributions�j have non-vanishing characteristic
functions and non-vanishing densities with respect to the Haar distributionmT 2 .

Proof. Put " D Qı, L D Ker." � I /. By Lemma 10.1 the independence of L1 and
L2 is equivalent to the fact that the characteristic functions O�j .y/ satisfy equation
10.1 (i) which takes the form (10.23). First we will prove statements (Ia), (Ib) and
(IIa). Consider two possibilities: L ¤ f0g and L D f0g.

1. L ¤ f0g. Assume that ı ¤ I and prove that if L ¤ f0g, then there exists a
subgroupK of the group T 2,K is topologically isomorphic to the circle group T such
that after appropriate shifts all �j are supported in K and the restriction of ı to K is
an automorphism of the subgroup K.

Since the subgroup L is invariant with respect to ", we can consider the restriction
of equation (10.23) to L. We get

O�1.uC v/ O�2.uC v/ D O�1.u/ O�1.v/ O�2.u/ O�2.v/; u; v 2 L: (11.28)

Put h.y/ D O�1.y/ O�2.y/. We conclude from (11.28) that the function h.y/ satisfies
the equation h.uC v/ D h.u/h.v/ on the subgroup L, i.e., h.y/ is a character of the
subgroup L. It follows from 2.7 (e) that the restrictions of the functions O�1.y/ and
O�2.y/ toL are also characters of the subgroupL. We deduce from Theorem 1.9.2 that
there exist elements xj 2 T 2 such that O�j .y/ D .xj ; y/, y 2 L, j D 1; 2. Replacing
the distributions �j with their shifts we can assume without loss of generality that
O�1.y/ D O�2.y/ D 1, y 2 L. Then by Proposition 2.13, �.�j / � A.T 2; L/,
j D 1; 2. Put K D A.T 2; L/. Taking into account that "L D L, we get that "
induces some automorphism O" on the factor group Z2=L by the formula O"Œy� D Œ"y�,
y 2 Œy�. It follows from Theorems 1.9.1 and 1.9.2 thatK Š .Z2=L/�. As appears from
above, the restriction of the automorphism ı to the subgroupK is an automorphism of
the subgroup K and this restriction coincides with the automorphism adjoint to O". It
remains to prove that K Š T .
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It follows from " ¤ I thatL Š Z. Let y0 D .p0; q0/ be a generator of the groupL,
i.e., L D fky0 W k 2 Zg. Obviously, p0 and q0 are relatively prime. This implies that
there exist some integers m0 and n0 such that

p0n0 � q0m0 D 1: (11.29)

Set L0 D fkz0 W k 2 Zg, where z0 D .m0; n0/. Taking into account equality (11.29),
we easily verify that Z2 D L�L0. SinceL0 Š Z, we haveK Š .Z2=L/� Š .L0/� Š
T . It means that we have reduced our problem to the case when independent random
variables take values in the circle group T .

Assume that �1�2 D 1 and �1 C�2 > �2. We conclude from Lemma 11.3 and the
condition L ¤ f0g that " D �

a b
c 2�a

�
, det " D 1. We will prove that O" D I . Obviously,

it suffices to show that O"Œz0� D Œz0�, i.e., "z0 � z0 2 L. To put it in another way,
"."z0�z0/ D "z0�z0. But this equality follows directly from det " D 2a�a2�bc D 1.
Hence the restriction of ı to the subgroup K is the identity automorphism. We have
independent random variables �1 and �2 with values in the subgroupK and distributions
�1 and�2; moreover the linear formsL1 D �1 C�2 andL2 D �1 C�2 are independent.
It is obvious that in this case �j are degenerate distributions.

If ı D I , then equation (10.23) becomes equation (11.28) which holds true on Z2.
It follows from this that �j are degenerate distributions. Statement (Ia) in case 1 is
proved.

Assume now that either�1 D �2 D �1 and " ¤ �I or�1 D 1,�2 D �1. It follows
from Lemma 11.3 and the condition L ¤ f0g that " D �

a b
c �a

�
, det " D �1. We will

prove that O" D �I . Obviously, it suffices to show that O"Œz0� D �Œz0�, i.e., "z0Cz0 2 L.
To put it in another way, "."z0 C z0/ D "z0 C z0. But this equality follows directly
from det " D �a2 � bc D �1. Hence the restriction of the automorphism ı to the
subgroupK coincides with �I . It follows from Corollary 8.6 that �j D Exj

	 � 	�j ,
where xj 2 T 2, � 2 �.K/, �j are signed measures on F , where F is the subgroup
of K generated by the element of order 2, and �1 	 �2 D E.1;1/. Statement (IIa) in
case 1 is proved.

2. L D f0g. Set H D .I � "/Z2. Then H Š Z2. Put �j D �j 	 N�j . We
deduce from 2.7 (c) and 2.7 (d) that O�j .y/ D j O�j .y/j2 > 0; y 2 Z2. It is obvious that
the characteristic functions O�j .y/ also satisfy equation (10.23). We will first prove the
following statement.

(˛) If L D f0g, then on the subgroup H the characteristic functions O�j .y/ can be
represented in the form

O�1.y/ D expf�hAy; yig; O�2.y/ D expf�hBy; yig; y 2 H;
whereAandB are symmetric positive semidefinitematrices satisfying equation 11.2 (i).

To prove this, put 'j .y/ D � ln O�j .y/. We conclude from (10.23) that the functions
'j .y/ satisfy equation 10.9 (i). Lemma 10.9 implies that each of the functions 'j .y/

satisfies equation 10.9 (ii). Substituting .I�"/k D h in 10.9 (ii), whereh is an arbitrary
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element of the subgroup H , we get that on H the function 'j .y/ satisfies equation

�3
h'j .u/ D 0; h; u 2 H:

Hence 'j .y/ D 'j .m; n/ is a polynomial onH of degree � 2. Note thatH Š Z2 and
'j .y/ � 0, 'j .�y/ D 'j .y), y 2 Z2, 'j .0/ D 0. Taking into account Remark 5.12,
it follows from this that

'1.m; n/ D a11m
2 C 2a12mnC a22n

2D hAy; yi; y D .m; n/ 2 H;
'2.m; n/ D b11m

2 C 2b12mnC b22n
2 D hBy; yi; y D .m; n/ 2 H;

where A D .aij /
2
i;j D1, B D .bij /

2
i;j D1 are symmetric positive semidefinite matrices.

Considering equation 10.9 (i) on H and substituting the expressions for 'j .y/ into
10.9 (i), we obtain

hu; .AC B"/vi D 0; u; v 2 H: (11.30)

Since H Š Z2, (11.30) implies that the matrices A and B satisfy equation 10.3 (i).
Statement .˛/ is proved.

Assume that �1�2 D 1 and �1 C�2 > �2. Apply .˛/. Since the matricesA andB
satisfy equation 11.2 (i), by Lemma 11.2, A D B D 0 and hence O�j .y/ D 1, y 2 H .
Then Proposition 2.13 implies �.�j / � A.T 2;H/, j D 1; 2. Put K D A.T 2;H/. It
follows from "H D H that " induces an automorphism O" on the factor group Z2=H

by the formula O"Œy� D Œ"y�, y 2 Œy�. By Theorems 1.9.1 and 1.9.2, K Š .Z2=H/�.
It follows from what has been said that the restriction of the automorphism ı to the
subgroupK is an automorphism of the subgroupK and this restriction coincides with
the automorphism adjoint to O". SinceH Š Z2, it follows from this that Z2=H is a finite
group. Therefore K is also a finite group. Hence the group K contains no subgroup
topologically isomorphic to the circle group T . Let � 0

1 and � 0
2 be independent random

variables with values in the group K and distributions �j . Applying Theorem 10.3 to
the random variables � 0

j and to the groupK we find that �j 2 �.K/. By Proposition 3.6,
�.K/ D D.K/. Hence �j are degenerate distributions, and �j are also degenerate
distributions. Statement (Ia) is proved in case 2, and hence it is completely proved.

To prove (Ib) and (IIa) we need the following statement.

(ˇ) Put � D �1 	 �2. Then � 2 �.T 2/.

As has been shown in the proof of Theorem 10.3, it follows from equation 10.11 (i)
that the function P.y/ D '1.y/C '2.y/ satisfies equation

�3
hP.u/ D 0; u; h 2 Z2:

Hence P.y/ D P.m; n/ is a polynomial on Z2 of degree � 2. Since P.y/ � 0,
P.�y/ D P.y/, y 2 Z2, and P.0/ D 0, it follows from Remark 5.12 that

P.m; n/ D c11m
2 C 2c12mnC c22n

2 D hCy; yi; y D .m; n/ 2 Z2;

where C D .Cij /
2
i;j D1 is a symmetric positive semidefinite matrix. Hence state-

ment .ˇ/ follows from 2.7 (b) and 2.7 (c).
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Assume that �1�2 D �1 and �1 C �2 ¤ 0. Apply .˛/. Since matrices A and
B satisfy equation 11.2 (i), by Lemma 11.2 equation 11.2 (i) has nonzero solutions
and any nonzero solution of equation 11.2 (i) has the properties detA D detB D 0

and KerA \ Z2 D f0g. It follows from this that a11a22 ¤ 0. We have hAy; yi D
.
p
a11m˙p

a22n/
2, y D .m; n/. Assume for definiteness that hAy; yi D .

p
a11mCp

a22n/
2. Applying .˛/, .ˇ/ and Lemma 11.4 we get hCy; yi D q.

p
a11=a22mCn/2,

y 2 H , where q > 0. Taking into account thatH Š Z2, this representation also holds
true for y 2 Z2. It follows from KerA \ Z2 D f0g that

p
a11=a22 is an irrational

number. Put � D �1 	 �2. Then O�.m; n/ D expf�q.pa11=a22mC n/2g.
Consider a Gaussian distributionN on the group R with the characteristic functionbN.s/ D expf�qs2g. Let 
 W Z2 7! R be the homomorphism given by 
.m; n/ Dp
a11=a22mC n. Denote by p D Q
 W R 7! T 2 the adjoint homomorphism. It follows

from Proposition 2.10 and 2.7 (b) that � D p.N/. Since
p
a11=a22 is an irrational

number, 
 is a monomorphism. We conclude from 1.13 (a) and 1.13 (b) that the image
p.R/ is dense in T 2. Thus the distribution � is concentrated on a one-parameter
subgroup V D p.R/ � T 2 such that V is dense in T 2. Since � D �1 	 N�1 	�2 	 N�2,
Proposition 2.2 implies that the distributions�j can be replaced by their shifts�0

j such
that

� D �0
1 	 N�0

1 	 �0
2 	 N�0

2;

and �0
j are concentrated on V . Taking into account that the image 
.Z2/ is dense

in R, we deduce from 1.13 (b) that p is a monomorphism. By Corollary 2.5, N D
N1 	 xN1 	N2 	 xN2, whereNj D p�1.�0

j /. Applying Theorem 2.18 we getNj 2 �.R/.
This implies that �0

j D p.Nj / 2 �.T 2/ and hence �j 2 �.T 2/. Statement (Ib) is
proved.

Assume now that either �1 D �2 D �1 and ı ¤ �I or �1 D 1, �2 D �1.
Apply .˛/. Since the matrices A and B satisfy equation 11.2 (i), by Lemma 11.2
equation 11.2 (i) has nonzero solutions, and any solution of equation 11.2 (i) has the
properties A D B , detA D 0, and M D KerA \ Z2 ¤ f0g. It follows from A D B ,
.˛/, and .ˇ/ that

O�.y/ D expf�2hAy; yig; y 2 H: (11.31)

Taking into account that H Š Z2, representation (11.31) also holds true for y 2 Z2.
Therefore O�.y/ D 1 for y 2 M and hence, by Proposition 2.13, �.�/ � A.T 2;M/.
Put K D A.T 2;M/. By Proposition 2.2, distributions �j can be replaced by their
shifts �0

j such that �.�0
j / � K. It is obvious that K Š T . As is easily seen, M Š Z

and there exists a subgroupM 0 � Z2 such that Z2 D M �M 0. SinceA D B , we have
AC A" D 0. This implies that ".M/ � M and "�1.M/ � M . Hence ".M/ D M .
Therefore the restriction of the automorphism " to the subgroupM is an automorphism
of the subgroupM and the automorphism " induces some automorphism O" on the factor
group Z2=M by the formula O"Œy� D Œ"y�, y 2 Œy�. It follows from A.I C "/ D 0

that y C "y 2 M for y 2 Z2. Therefore Œy C "y� D 0 for y 2 Z2, and hence
O"Œy� D �Œy�. Taking into account that O" is the adjoint automorphism of the restriction
of the automorphism ı to K, we see that the restriction of the automorphism ı to K
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coincides with �I . It follows from Corollary 8.6 that �j D Exj
	 � 	 �j , where

xj 2 T 2, � 2 �.K/, �j are signed measures on F , where F is the subgroup of K
generated by the element of order 2 and �1 	 �2 D E.1;1/. Statement (IIa) is proved
in case 2 and hence it is completely proved.

We now prove statement (IIb). Assume that either ı D �I or �1�2 D 1 and
�1 C �2 < �2. By Lemma 11.2 there exist solutions of equation 11.2 (i) such that
detA D detB > 0. Observe that I � " … Aut.Z2/. Let �j be a Gaussian distribution
on the group T 2 with characteristic function O�j .y/ D expf�'j .y/g, j D 1; 2, where
'1.y/ D hAy; yi, '2.y/ D hBy; yi. It is obvious that the characteristic functions
O�j .y/ satisfy equation (10.23). Set G D A.T 2;H/. It follows from I � " … Aut.Z2/

that H ¤ Z2 and hence G ¤ f0g. Take 0 < r < 1 and consider the distribution
�1 D rE.1;1/ C .1� r/mG and the signed measure �2 D .1=r/E.1;1/ C .1�1=r/mG .
By Theorem 1.9.1,H D A.Z2; G/, and hence the characteristic function ymG.y/ is of
the form

ymG.y/ D
(
1 if y 2 H;
0 if y 62 H:

It follows from this that the characteristic functions O�j .y/ are of the form

O�1.y/ D
(
1 if y 2 H;
r if y 62 H; O�2.y/ D

(
1 if y 2 H;
1=r if y 62 H:

We will verify that the functions O�j .y/ satisfy equation (10.23). It follows from ".H/ D
H that O�1.u/ O�1.v/ O�2.u/ O�2."v/ D 1 for all u; v 2 Z2, and hence the right-hand
side of equation (10.23) is equal to 1. Suppose that there exist u; v 2 Z2 such that
O�1.u C v/ O�2.u C "v/ ¤ 1. This means that either u C v 2 H , u C "v 62 H or
uC v 62 H , uC "v 2 H . For each of these cases we get that .I � "/v 62 H , contrary
to the definition of H . Thus the left-hand side of equation (10.23) is also equal to 1.
Hence the functions O�j .y/ satisfy equation (10.23).

Set gj .y/ D . O�j .y//k O�j .y/. The functions gj .y/ also satisfy equation (10.23).
Take k so large that X

.m;n/2Z2

.m;n/¤0

gj .m; n/ < 1:

Since detA D detB > 0, we always can do it. This implies that

�j .z; w/ D 1C
X

.m;n/2Z2

.m;n/¤0

gj .m; n/zmwn > 0; .z; w/ 2 T 2:

Also it is obvious that Z
T 2

�j .z; w/dmT 2.z; w/ D 1:

Let �j be the distributions on T 2 with the densities �j .z; w/ with respect to the Haar
distributionmT 2 . It is obvious that O�j .y/ D gj .y/ and �j 62 �.T 2/. Let �1 and �2 be
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independent random variables with values in the group T 2 and distributions �j . Since
the characteristic functions O�j .y/ satisfy equation (10.23), by Lemma 10.1 the linear
forms L1 D �1 C �2 and L2 D �1 C ı�2 are independent. Statement (IIb) is proved.
The theorem is completely proved.

Remark 11.6. Assume that �1�2 D �1, �1 C �2 ¤ 0. By Lemma 11.2 there exist
nonzero solutionsA andB of equation 11.2 (i). Let�1 and�2 be Gaussian distributions
on the group T 2 with the characteristic functions

O�1.y/ D expf�hAy; yig; O�2.y/ D expf�hBy; yig; y D .m; n/ 2 Z2:

Obviously, the characteristic functions O�j .y/ satisfy equation (10.23). By Lemma 10.1
it follows from this that if the conditions of statement (Ib) are satisfied there exist non-
degenerate Gaussian distributions�1 and�2 concentrated on shifts of a one-parameter
subgroup V of T 2 such that V is dense in T 2, and if �1 and �2 are independent ran-
dom variables with values in T 2 and distributions �1 and �2, then the linear forms
L1 D �1 C �2 and L2 D �1 C ı�2 are independent.

Assume that either �1 D �2 D �1 and ı ¤ �I or �1 D 1, �2 D �1. By
Lemma 11.2 there exist nonzero solutions A and B of equation 11.2 (i). Put K D
A.T 2;M/, where M D KerA \ Z2 ¤ f0g. Then K Š T and the restriction of the
automorphism ı to the subgroup K coincides with the automorphism �I . Let � be a
Gaussian distribution on the group T 2 with the characteristic function

O�.y/ D expf�hAy; yig; y D .m; n/ 2 Z2:

Then the characteristic functions O�j .y/ D O�.y/, j D 1; 2, satisfy equation (10.23).
Let F be the subgroup of K generated by the element of order 2. Take 0 < r < 1

and consider the distribution �1 D rE.1;1/ C .1 � r/mF and the signed measure
�2 D .1=r/E.1;1/ C .1 � 1=r/mF . It is easy to see that �1 	 �2 D E.1;1/, and the
characteristic functions O�j .y/ satisfy equation (10.23). Set �j D � 	 �j , j D 1; 2.
It is clear that for a given matrix A we can choose a number r in such a manner
that �j are distributions. The characteristic functions of the distributions �j also
satisfy equation (10.23). Taking into account Lemma 10.1, it follows from this that
if the conditions of statement (IIa) are satisfied there exist non-Gaussian distributions
�j of the form �j D � 	 �j which have the following property: If �1 and �2 are
independent random variables with values in T 2 and distributions �j , then the linear
forms L1 D �1 C �2 and L2 D �1 C ı�2 are independent.

From what has been said it follows that statements (Ib), (IIa) in Theorem 11.5 may
not be strengthened. Namely, the following statement is valid.

Let ı 2 Aut.T 2/ be such a topological automorphism of the group T 2 as in one of
the cases (Ib) or (IIa). Then there exist independent random variables �j with values
in T 2 and distributions �j which are possible by Theorem 11.5 in the corresponding
case and such that the linear forms L1 D �1 C �2 and L2 D �1 C ı�2 are independent.
Thus the description of the classes of distributions which are characterized by the
independence of the linear forms L1 D �1 C �2 and L2 D �1 C ı�2 in cases (Ib) and
(IIa) is sharp.
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Remark 11.7. As has been shown in the proof of statement (Ib) of Theorem 11.5, the
distributions �1 and �2 are concentrated on shifts of a one-parameter subgroup V of
the form V D p.R/. Using the representation for the matrix A obtained in the proof
of Lemma 11.2 (see 2A, 2B) it is not difficult to verify that ı.V / D V . We will prove
this statement for the case 2A (i). The other cases can be considered similarly. Put
t0 D .bt1 � c/=.a � d/, where t1 is defined by (11.25). Then the matrix A is of the
form

A D �

�
t1 t0
t0 1

�
; � > 0:

Since detA D 0, we have t20 D t1. We recall that p D Q
 , where 
 W Z2 7! R
is defined by 
.m; n/ D t0m C n. We will find p. Let ps D .z; w/ and hence
.ps; .m; n// D zmwn, s 2 R, .m; n/ 2 Z2. On the other hand .ps; .m; n// D
.s; 
.m; n// D .s; t0m C n/ D eis.t0mCn/ D eist0meisn. Thus zmwn D eist0meisn

for all .m; n/ 2 Z2. Hence ps D .eist0 ; eis/. It follows from this that ı.ps/ D
.eis.t0aCc/; eis.t0bCd//. If we verify that .t0aC c/=.t0bC d/ D t0, then the inclusion
ı.p.R/ � R will be proved. We have

t0.t0b C d/ D t20b C t0d D bt1 C d
bt1 � c
a � d D abt1 � dc C ac � ac

a � d D t0aC c:

Thus ı.p.R/ � R, and hence ı.p.R/ D R. Moreover it is easy to see that p�1ıp.s/ D
.t0b C d/s.

We see that if conditions (Ib) are satisfied, then the assertion that the distributions
�j are Gaussian can be done directly from the Skitovich–Darmois theorem.

12 Random variables with values in the groups R�T and †a�T

Denote by X either the group R � T or the group †a � T . Let j̨ , ǰ , j D 1; 2,
be topological automorphisms of X . Assume that �1 and �2 are independent random
variables with values inX and distributions�1 and�2 with non-vanishing characteristic
functions. Consider the linear forms L1 D ˛1�1 C ˛2�2 and L2 D ˇ1�1 C ˇ2�2 and
suppose that L1 and L2 are independent. In this section we describe the possible
distributions �j .

12.1 Notation. LetX D R�T . Denote by x D .t; z/, t 2 R, z 2 T , elements of the
groupX . We have Y Š R�Z. To avoid introducing new notation we will assume that
Y D R � Z. Denote by y D .s; n/, s 2 R, n 2 Z, elements of Y . For convenience we
also assume that the real line R, the circle group T , and the group Z.2/ are embedded in
the natural way in the groupX . It is easy to verify that every topological automorphism
" 2 Aut.R � Z/ is defined by a matrix

�
a b
0 ˙1

�
, where a; b 2 R, a ¤ 0, and " operates

on R � Z as follows:

".s; n/ D .as C bn;˙n/; .s; n/ 2 R � Z:
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Then the adjoint automorphism ı D Q" 2 Aut.R � T / is of the form

ı.t; z/ D .at; eibtz˙1/; .t; z/ 2 R � T :

We identify ı and " with the corresponding matrix
�

a b
0 ˙1

�
.

Let �1 and �2 be independent random variables with values in a group X and
distributions �1 and �2. Let j̨ , ǰ , j D 1; 2, be topological automorphisms ofX . As
noted at the beginning of the proof of Theorem 10.11, the study of possible distributions
�j provided that the linear forms L1 D ˛1�1 C ˛2�2 and L2 D ˇ1�1 C ˇ2�2 are
independent is reduced to the case when L1 D �1 C �2 and L2 D �1 C ı�2, where
ı 2 Aut.X/.

In what follows we need two lemmas.

Lemma 12.2. Let " D �
a b
0 �1

�
, where a ¤ 0. LetA D .aij /

2
i;j D1 and B D .bij /

2
i;j D1

be symmetric positive semidefinite matrices. If either a > 0 or a D �1 and b ¤ 0,
then all nonzero solutions of the equation

.i/ AC B" D 0

are of the form

.ii/ A D B D �

�
0 0

0 1

�
; � > 0:

If a < 0, a ¤ �1, then all nonzero solutions of equation (i) are of the form

.iii/ B D �

�
1 b=.aC 1/

b=.aC 1/ t

�
; A D �B"; � > 0; t � b2=.aC 1/2:

Proof. First note that equation (i) has a nonzero solution if and only if the following
system of equations and inequalities has a nonzero solution:�

b11 � 0; b22 � 0; (12.1)

b11b22 � b2
12 � 0; (12.2)

b11b � b12 D b12a; (12.3)

b11a � 0; (12.4)

b12b � b22 � 0; (12.5)

b11a.b12b � b22/ � .b12a/
2 � 0: (12.6)

Let a > 0. We conclude from (12.1) and (12.4) that b11 D 0. Then we obtain from
(12.2) that b12 D 0. Obviously, all nonzero solutions of equation (i) can be represented
in the form (ii).

Let a D �1 and b ¤ 0. We get from (12.3) that b11 D 0. As noted above, all
nonzero solutions of equation (i) can be represented in the form (ii).

Note that if a < 0, then det " > 0. It follows from (i) that inequalities (12.2) and
(12.6) are equivalent. Let a < 0, a ¤ �1. We obtain from (12.3) that

b12 D b11b=.aC 1/: (12.7)
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Substituting (12.7) into (12.2) we find that

b11b22 � b2
11b

2=.aC 1/2 � 0: (12.8)

As noted above, if b11 D 0, then all nonzero solutions of equation (i) can be represented
in the form (ii). Let b11 D � > 0. Then (12.8) is equivalent to the inequality

b22 � b11b
2=.aC 1/2 � 0: (12.9)

Substituting (12.7) into (12.5) we find that

b22 � b11b
2=.aC 1/ � 0: (12.10)

Put t D b22=b11. Then inequalities (12.9) and (12.10) become

t � b2=.aC 1/2; t � b2=.aC 1/: (12.11)

Obviously, if a < 0, a ¤ �1, then system of inequalities (12.11) is equivalent to the
inequality

t � b2=.aC 1/2:

It follows from this that all nonzero solutions of equation (i) can be represented in the
form (iii).

Lemma 12.3. Let Y be an arbitrary Abelian group, " be an automorphism of the
groupY . Assume that normalized functionsfj .y/donot vanish and satisfy the equation

.i/ f1.uC v/f2.uC "v/ D f1.u/f1.v/f2.u/f2."v/; u; v 2 Y:

Then every function fj .y/ satisfies the equation

.ii/ fj .uC v/fj .u � v/ D f 2
j .u/fj .v/fj .�v/; u 2 ." � I /Y; v 2 Y:

Proof. Let p and q be arbitrary elements of the group Y . Putting u D p � q, v D q

in equation (i) we obtain

f1.p/f2.p C ." � I /q/ D f1.p � q/f1.q/f2.p � q/f2."q/; p; q 2 Y: (12.12)

Let h be an arbitrary element of the group Y . Substituting p C h for p and q C h for
q into equation (12.12) we infer that

f1.p C h/f2.p C ." � I /q C "h/

D f1.p � q/f1.q C h/f2.p � q/f2."q C "h/; p; q; h 2 Y .
(12.13)

Dividing equation (12.13) by equation (12.12) we find

f1.p C h/f2.p C ." � I /q C "h/

f1.p/f2.p C ." � I /q/ D f1.q C h/f2."q C "h/

f1.q/f2."q/
; p; q; h 2 Y .

(12.14)
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Let k be an arbitrary element of the group Y . Substituting p C ." � I /k for p and
q � k for q into equation (12.14) we have

f1.p C hC ." � I /k/f2.p C ." � I /q C "h/

f1.p C ." � I /k/f2.p C ." � I /q/
D f1.q C h � k/f2."q C "h � "k/

f1.q � k/f2."q � "k/ ; p; q; h; k 2 Y .
(12.15)

Dividing equation (12.15) by equation (12.14) we find

f1.p/f1.p C hC ." � I /k/
f1.p C h/f1.p C ." � I /k/

D f1.q C h � k/f1.q/f2."q/f2."q C "h � "k/
f1.q � k/f1.q C h/f2."q C "h/f2."q � "k/ ; p; q; h; k 2 Y .

(12.16)

The right-hand side of equation (12.16) does not depend on p. Hence the left-hand
side of equation (12.16) takes the same value for p D �h and for p D 0. We obtain

f1.�h/f1.." � I /k/
f1.�hC ." � I /k/ D f1.hC ." � I /k/

f1.h/f1.." � I /k/ ; h; k 2 Y: (12.17)

It follows from this that

f1.."�I /kCh/f1.."�I /k�h/ D f 2
1 .."�I /k/f1.h/f1.�h/; h; k 2 Y: (12.18)

Putting u D ."�I /k, v D h in equation (12.18) we get that the function f1.y/ satisfies
equation (ii).

Set v0 D "v. Then equation (i) becomes

f1.uC "�1v0/f2.uC v0/ D f1.u/f1."
�1v0/f2.u/f2.v

0/; u 2 ." � I /Y; v 2 Y:
Since ."�1 � I /Y D ." � I /Y , the reasoning given above shows that the function
f2.y/ also satisfies equation (ii).

Theorem 12.4. Let X D R � T , ı 2 Aut.X/. Let �1 and �2 be independent random
variables with values in X and distributions �1 and �2 with the non-vanishing char-
acteristic functions. Suppose that linear forms L1 D �1 C �2 and L2 D �1 C ı�2 are
independent. Then the following statements hold:

(a) If ı D �
a b
0 1

�
, where a > 0, then �j are degenerate distributions.

(b) If ı D �
a b
0 1

�
, where a < 0, then either �j are degenerate distributions or �j D

Exj
	 �j , where �j 2 �.X/, �.�j / D K, K is a subgroup of X topologically

isomorphic to R.

(c) If either ı D �
a b
0 �1

�
, where a > 0, or ı D � �1 b

0 �1

�
, where b ¤ 0, then either �j

are degenerate distributions or �j D Exj
	 � 	 �j , where xj 2 X , � 2 �.X/,

�.�/ D T , �j are signed measures on Z.2/ such that �1 	 �2 D E.0;1/.
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(d) If ı D �
a b
0 �1

�
, wherea < 0, a ¤ �1, then either�j D �j 	�j , where�j 2 �.X/,

�.�j / D X , �j are signed measures on Z.2/ such that �1 	 �2 D E.0;1/, or �j

are the same as in (b).
(e) If ı D �I , then either �j are the same as in (c) or �j are the same as in (d).

Proof. Put " D Qı,L D Ker."�I /,H D ."�I /Y . By Lemma 10.1 the independence
of L1 and L2 is equivalent to the fact that the characteristic functions O�j .y/ satisfy
equation 10.1 (i) which takes the form (10.23). Two cases are possible: L ¤ f0g and
L D f0g.

1. L ¤ f0g. Then either ı D �
a b
0 1

�
or ı D �

1 b
0 �1

�
. PutK D A.X;L/. It is obvious

that the restrictions of the characteristic functions O�1.y/ and O�2.y/ to the subgroup
L satisfy equation (11.28). Reasoning as in case 1 of Theorem 11.5 we conclude that
the distributions �j can be replaced by their shifts �0

j in such a way that the supports
�.�0

j / � K, j D 1; 2. Moreover, the restriction of the automorphism ı to the subgroup
K is an automorphism of the subgroup K. Taking into account Corollary 10.2 we can
assume from the beginning that the random variables �j take values in the subgroupK.

We will first prove statements (a) and (b). Let ı D �
a b
0 1

�
. It is obvious that in

the case when ı D I , �j are degenerate distributions. Let ı D �
1 b
0 1

�
, b ¤ 0. Then

L D f.s; 0/ W s 2 Rg, and hence K D T . It is clear that the restriction of the
automorphism ı to the subgroup T coincides with the identity automorphism I . Thus
we have independent random variables �1 and �2 with values in T and distributions �1

and �2 such that the linear forms L1 D �1 C �2 and L2 D �1 C �2 are independent. It
follows from this that �j are degenerate distributions.

Let ı D �
a b
0 1

�
, where a ¤ 1. It is easy to verify that L D f. b

1�a
n; n/ W

n 2 Zg. This implies that K D f.t; eit b
a�1 / W t 2 Rg, i.e., the subgroup K is

topologically isomorphic to R. Consider the monomorphism 
 W R 7! X of the
form 
 t D .t; eit b

a�1 / and the independent random variables Q�j D 
�1.�j /. Since

ı.t; eit b
a�1 / D .at; eiat b

a�1 /, we get 
�1ı.�2/ D a Q�2. Thus we have the independent
random variables Q�j taking values in the group R such that the linear forms QL1 D Q�1C Q�2

and QL2 D Q�1 C a Q�2 are independent. By the Skitovich–Darmois theorem the random
variables Q�j have Gaussian distributions, and hence �j also have Gaussian distributions,
i.e., �j 2 �.X/.

Obviously, if a > 0, then �j are degenerate distributions. If a < 0, then there
exist independent random variables �j with values in K and nondegenerate Gaussian
distributions �j such that the linear forms L1 D �1 C �2 and L2 D �1 C ı�2 are
independent. Statements (a) and (b) are proved.

Let ı D �
1 b
0 �1

�
. Then L D f.s; 0/ W s 2 Rg, and hence K D T . Obviously, the

restriction of the automorphism ı to the subgroup T coincides with the automorphism
�I . By Corollary 8.6, �j D Exj

	 � 	 �j , where xj 2 X , � 2 �.X/, �.�/ D T ,
�j are signed measures on Z.2/ such that �1 	 �2 D E.0;1/. Statement (c) in the case
where a D 1 is proved.

2. We now consider the case that L D f0g. Then ı D �
a b
0 �1

�
, where a ¤ 1. We

have H D .I � "/Y D Y .2/ D R � Z.2/. Put G D H�. Since the characteristic
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functions O�j .y/ satisfy equation (10.23), it follows from Lemma 12.3 that every char-
acteristic function O�j .y/ satisfies equation 12.3 (ii) on the subgroup Y .2/. Therefore by
Lemma 9.2 these restrictions are the characteristic functions of Gaussian distributions
in the sense of Bernstein on the group G. Since H Š R � Z, Theorem 1.7.1 implies
that G Š R � T . The group G contains no subgroup topologically isomorphic to the
two-dimensional torus T 2. Therefore, applying Lemma 9.7 to the group G we obtain
that the restrictions of the characteristic functions O�j .y/ to the subgroup H are the
characteristic functions of Gaussian distributions. It follows from Remark 5.12 that
a continuous function '.y/ on the group R � Z satisfying equation 2.16 (ii) is of the
form '.y/ D expf�hCy; yig, where C is a symmetric positive semidefinite matrix.
Hence we obtain the following representation for the restrictions of the characteristic
functions O�j .y/ to the subgroup H

O�1.y/ D m1.y/ expf�hAy; yig; O�2.y/ D m2.y/ expf�hBy; yig; u; v 2 H;
where mj .y/ is a character of the subgroup H , and A, B are symmetric positive
semidefinite matrices. By Theorem 1.9.2 there exist elements xj 2 X such that
mj .y/ D .xj ; y/, y 2 H . Put �0

j D �j 	 E�xj
. Taking into account Corollary 10.2,

we can assume from the beginning that the following representations hold:

O�1.y/ D expf�hAy; yig; O�2.y/ D expf�hBy; yig; y 2 H: (12.19)

Consider the restriction of equation (10.23) to the subgroup H and substitute the
expressions (12.19) for O�j .y/ in (10.23). We obtain that

hu; .AC B"/vi D 0; u; v 2 H: (12.20)

Since H Š R � Z, it follows from (12.20) that the matrices A and B satisfy equa-
tion 12.2 (i).

Put
lj .y/ D O�j .y/=j O�j .y/j; y 2 Y;

and verify that the functions lj .y/ are characters of the group Y . Since O�j .y/ D
j O�j .y/j, y 2 H , we have lj .y/ D 1, y 2 H . The functions lj .y/ satisfy equa-
tion (10.23). By Lemma 12.3 every function lj .y/ satisfies equation 12.3 (ii) which
takes the form

lj .uC v/lj .u � v/ D 1; u 2 H; v 2 Y: (12.21)

Substituting u D .s=2; 0/; v D .s=2; n/ into (12.21) we find that

lj .s; n/lj .0;�n/ D 1; s 2 R; n 2 Z:

Multiplying this equation by lj .0; n/, we arrive at

lj .s; n/ D lj .0; n/; s 2 R; n 2 Z: (12.22)

In view of (12.22) it follows from equation (10.23) for the functions lj .y/ that the
functions lj .y/ satisfy the equation

l1.0;mC n/l2.0;m � n/ D l1.0;m/l1.0; n/l2.0;m/l2.0;�n/; m; n 2 Z: (12.23)
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Taking into account equation (12.23) it is easy to verify by induction that the functions
lj .0; n/ are characters of the group Z. Hence lj .y/ are characters of the group Y . By
the Pontryagin duality theorem there exist elements xj 2 X such that

lj .y/ D .xj ; y/; y 2 Y: (12.24)

Now we will find representations for the modules j O�j .y/j. To this aim, put 'j .y/ D
� ln j O�j .y/j. We conclude from (10.23) that the functions 'j .y/ satisfy equation
10.9 (i). By Lemma 10.9 the function 'j .y/ satisfies equation 10.9 (ii). Since .I �
"/Y D Y .2/, it follows from equation 10.9 (ii) that the function 'j .y/ satisfies equation
(8.13).

The solution of equation (8.13) on the group R � Z was obtained in the proof of
Theorem 8.5, and it was based on the representation of solutions of equation (8.13) on
the group Z. Below we solve equation (8.13) in a different way.

Since the function '1.y/ satisfies equation (8.13), the function '1.y/ satisfies the
equation

�3
h'1.y/ D 0; h; y 2 Y .2/; (12.25)

i.e., the restriction of the function '1.y/ to the subgroup Y .2/ is a polynomial of degree
� 2. It follows from (12.19) that

'1.y/ D hAy; yi; '2.y/ D hBy; yi; y 2 Y .2/: (12.26)

Put � D .0; 1/ 2 Y . Represent Y as the union Y D Y .2/ [ f� C Y .2/g. Consider
the function Q'1.y/ D '1.� C y/, y 2 Y . Obviously, the function Q'1.y/ also satisfies
equation (8.13). Thus its restriction to the subgroup Y .2/ is a polynomial of degree
� 2. By Theorem 5.5 the function Q'1.y/ can be represented in the form 5.5 (i), i.e.,

Q'1.y/ D g2.y; y/C g1.y/C g0; y 2 Y .2/; (12.27)

where g2.u; v/ is a 2-additive function, g1.y/ is an additive function and g0 D const.
Obviously, the function gj can be extended from the subgroup Y .2/ to Y retaining its
properties. Since '1.y/ D '1.�y/, y 2 Y , we have

Q'1.y/ D '1.�� � y/ D '1.� � 2� � y/ D Q'1.�2� � y/
D g2.�2� � y;�2� � y/C g1.�2� � y/C g0 (12.28)

D g2.y; y/C 4g2.�; y/C 4g2.�; �/ � g1.y/ � 2g1.�/C g0; y 2 Y .2/.

We deduce from (12.27) and (12.28) that

g1.y/ D 2g2.y; �/; y 2 Y .2/: (12.29)

Taking into account (12.29) we get

'1.y/ D hA1y; yi C c1; y 2 .0; 1/C Y .2/; (12.30)
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where A1 is a symmetric matrix, c1 2 R. Set w D v in equation (8.13) and rewrite the
resulting equation in the form

'1.uC 4v/ � 2'1.uC 3v/C 2'1.uC v/ � '1.u/ D 0; u; v 2 Y:
Putting here u 2 Y .2/, v 2 .0; 1/CY .2/ and using representations (12.26) and (12.30)
we find

h.A � A1/u; vi C 2h.A � A1/v; vi; u 2 Y .2/; v 2 .0; 1/C Y .2/:

It follows from this that A1 D A. Thus

'1.y/ D hAy; yi C c1; y 2 .0; 1/C Y .2/: (12.31)

Arguing as above we obtain the representation

'2.y/ D hBy; yi C c2; y 2 .0; 1/C Y .2/: (12.32)

Substitute u; v 2 .0; 1/CY .2/ in 10.9 (i). Combining representations (12.26), (12.31),
and (12.32), we conclude that c1 D �c2. Set c1 D �c2 D 2�. Thus the functions
j O�j .y/j are of the form

j O�1.y/j D expf�hAy; yi C �.1 � .�1//ng; y D .s; n/ 2 Y;
j O�2.y/j D expf�hBy; yi � �.1 � .�1//ng; y D .s; n/ 2 Y:

Taking into account (12.24), we finally obtain

O�1.y/ D .x1; y/ expf�hAy; yi C �.1 � .�1//ng; y D .s; n/ 2 Y; (12.33)

O�2.y/ D .x2; y/ expf�hBy; yi � �.1 � .�1//ng; y D .s; n/ 2 Y: (12.34)

As has been shown above, the matricesA andB satisfy equation 12.2 (i). Let either
ı D �

a b
0 �1

�
, where a > 0, a ¤ 1, or ı D � �1 b

0 �1

�
, where b ¤ 0. By Lemma 12.2

matrices A and B are of the form 12.2 (ii). Let � be a Gaussian distribution on the
group X with the characteristic function O�.y/ D expf��n2g, y D .s; n/ 2 Y . Since
fy 2 Y W O�.y/ D 1g D R and A.X;R/ D T , it follows from Proposition 2.13 that
�.�/ D T . Taking into account 2.7 (b) and 2.7 (c), the desired representations for the
distributions �j follow from (12.33), (12.34), and Lemma 8.3. Since the case a D 1

has been already studied earlier, statement (c) is completely proved.
Let ı D �

a b
0 �1

�
, where a < 0, a ¤ �1. By Lemma 12.2 matrices A and B

are of the form 12.2 (iii). Let �j be Gaussian distributions on the group X with the
characteristic functions

O�1.y/ D .x1; y/ expf�hAy; yig; O�2.y/ D .x2; y/ expf�hBy; yig; y 2 Y:
Taking into account 2.7 (b) and 2.7 (c), we deduce from (12.33) and Lemma 8.3 that
�1 D �1 	 �1. If � > 0 and t > b2=.aC 1/2, then detA > 0. Therefore �.�1/ D X .
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Arguing as above we obtain from (12.34) and Lemma 8.3 the desired representation
for the distribution �2.

If � > 0 and t D b2=.a C 1/2, then A D �aB and detA D detB D 0. Consider
M D KerA. We have M D f.� b

aC1
n; n/ W n 2 Zg. Put K D A.X;M/. It is easy to

seeK D f.t; eit b
aC1 / W t 2 Rg. Obviously, the subgroupK is topologically isomorphic

to the group R. By Proposition 2.13 the inclusions �.�j / � A.X;M/, j D 1; 2, are
valid. Since � 2 �.X/, we have �.�/ D K. It follows from this that in (12.33) and
(12.34) � D 0. In the opposite case one of the distributions �j is a signed measure
rather than a measure. Hence �j D Exj

	 �j . Statement (d) is proved.
Let ı D �I . Then A D B and the desired representations for �j follow from

(12.33), (12.34), and Lemma 8.3. Statement (e) is proved.

Remark 12.5. It should be noted that statements (b)–(e) in Theorem 12.4 may not be
strengthened. Namely, the following statement is valid.

Let ı 2 Aut.X/ be such a topological automorphism of the group X as in one of
cases (b)–(e). Then there exist independent random variables �j with values in X and
distributions �j which are possible by Theorem 12.4 in the corresponding case and
such that the linear forms L1 D �1 C �2 and L2 D �1 C ı�2 are independent. Thus the
description of the classes of distributions which are characterized by the independence
of the linear forms L1 D �1 C �2 and L2 D �1 C ı�2 in cases (b)–(e) is sharp.

Now we come to the study of distributions on the group X D †a � T which are
characterized by the independence of linear forms.

12.6 Notation. Let a D .a0; a1; : : : ; an; : : : / be a fixed but arbitrary infinite sequence
of integers, where each ofan is greater than 1, let†a be the a-adic solenoid (see 1.2 (g)).
The character group †�

a is topologically isomorphic to the subgroup of Q of the form
Ha, where Ha D ˚

m
a0a1:::an

W n D 0; 1; : : : Im 2 Z
�

(see 1.10 (e)). Let X D †a � T .
Then Y D X� Š Ha � Z. To avoid introducing new notation we will assume that
Y D Ha � Z. Denote by x D .g; z/, g 2 †a, z 2 T , elements of the group X and
by y D .r; n/, r 2 Ha, n 2 Z, elements of the group Y . For convenience we also
suppose that the a-adic solenoid †a, the circle group T , and the group Z.2/ � T are
embedded in the natural way in the group X , and the group Ha is embedded in the
natural way in the group Y .

Every automorphism a 2 Aut.Ha/ is of the form a D fpf
�1

q , where fp , fq 2
Aut.Ha/, i.e., a operates in Ha as multiplication by the rational number p

q
(1.14 (d)).

Obviously, p
q

2 Ha. We identify a with the rational number p
q

. In view of 1.13 (d),

Qa D fpf
�1

q 2 Aut.†a/. We also identify the automorphism Qawith the rational number
p
q

2 Ha.
It is easy to show that every automorphism " 2 Aut.Ha � Z/ is defined by a matrix�

a b
0 ˙1

�
, where a 2 Aut.Ha/, b 2 Ha, and " operates on Ha � Z as follows:

".r; n/ D .ar C bn;˙n/ .r; n/ 2 Ha � Z:
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Then the adjoint automorphism Q" D ı 2 Aut.†a � T / is of the form

ı.g; z/ D . Qag; .g; b/z˙1/; .g; z/ 2 †a � T :

We identify ı and " with the corresponding matrix
�

a b
0 ˙1

�
.

Let �1 and �2 be independent random variables with values in a group X and
distributions �1 and �2. Let j̨ , ǰ , j D 1; 2, be topological automorphisms ofX . As
noted at the beginning of the proof of Theorem 10.11, the study of possible distributions
�j provided that the linear forms L1 D ˛1�1 C ˛2�2 and L2 D ˇ1�1 C ˇ2�2 are
independent is reduced to the case when L1 D �1 C �2 and L2 D �1 C ı�2, where
ı 2 Aut.X/.

12.7. Let X D †a � T , Y D Ha � Z. Denote by � the natural embedding � W Y 7!
R � Z, �.r; n/ D .r; n/. Let 
 D Q� be the adjoint homomorphism 
 W R � T 7! X .
Put gt D 
.t; 1/, gt 2 †a. Then 
.t; z/ D .gt ; z/. Obviously, .gt ; r/ D eitr , t 2 R,
r 2 Ha. Since �.Y / D R � Z and � is a monomorphism, in view of 1.13 (b) 
 is a
monomorphism and 
.R � T / D X .

Lemma 12.8. Let a be a rational number, and let 
 W R�T 7! X be the homomorphism
defined in 12.7. Let K D f.t; eita/ W t 2 Rg be the subgroup of R � T . Then

.K/ Š †a.

Proof. Put L D A.Y; 
.K//. Since 
.K/ D f.gt ; e
ita/ W t 2 Rg, we have L D

f.r; n/ 2 Y W r C an D 0g. Obviously, L Š Z. Let .r0; n0/ be a generator of the
subgroup L. Then L D fk.r0; n0/ W k 2 Zg. Consider the homomorphism � W Y 7!
Ha of the form �.r; n/ D rn0 � nr0. It is easy to see that Ker � D L. Hence
Y=L Š �.Y /. We have Ha Š H

.n0/
a � �.Y / � Ha. Since Ha is a torsion-free

group of rank 1, it follows from this that �.Y / Š Ha (see 1.3). Hence Y=L Š Ha.
By Theorem 1.9.2, .
.K//� Š Y=L Š Ha. Applying the Pontryagin duality theorem
we conclude that 
.K/ Š †a.

Theorem 12.9. Let X D †a � T , ı 2 Aut.X/. Let �1 and �2 be independent
random variables with values in X and distributions �1 and �2 with non-vanishing
characteristic functions. Suppose that linear forms L1 D �1 C �2 and L2 D �1 C ı�2

are independent. Then the following statements hold:

(a) If ı D �
a b
0 1

�
, where a > 0, then �j are degenerate distributions.

(b) If ı D �
a b
0 1

�
, where a < 0, then either �j are degenerate distributions or �j D

Exj
	 �j , where �j 2 �.X/, �.�j / D K, K is a subgroup of X topologically

isomorphic to the group †a.

(c) If either ı D �
a b
0 �1

�
, where a > 0, or ı D � �1 b

0 �1

�
, where b ¤ 0, then either �j

are degenerate distributions or �j D Exj
	 � 	 �j , where xj 2 X , � 2 �.X/,

�.�/ D T , �j are signed measures on Z.2/ such that �1 	 �2 D E.0;1/.

(d) If ı D �
a b
0 �1

�
, wherea < 0, a ¤ �1, then either�j D �j 	�j , where�j 2 �.X/,

�.�j / D X , �j are signed measures on Z.2/ such that �1 	 �2 D E.0;1/, or �j

are the same as in (b).
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(e) If ı D �I then �j are the same as in (c) or �j are the same as in (d).

Proof. Put " D Qı. By Lemma 10.1 the independence of L1 and L2 is equivalent to
the fact that the characteristic functions O�j .y/ satisfy equation 10.1 (i) which takes the
form (10.23). Put �j D �j 	 N�j . It follows from 2.7 (c) and 2.7 (d) that O�j .y/ D
j O�j .y/j2 > 0; y 2 Y , and the characteristic functions O�j .y/ also satisfy equation
(10.23). Note that the restriction of the automorphism " to the subgroup Ha is an
automorphism of the subgroup Ha. Consider the restriction of equation (10.23) for
characteristic functions O�j .y/ to the subgroupHa. SinceH�

a Š †a and the group†a

contains no subgroup topologically isomorphic to the circle group T , by Lemma 10.1
and Theorem 10.3, O�j .r; 0/ are the characteristic functions of Gaussian distributions
on the group †a. Since O�j .y/ > 0, y 2 Y , we have

O�j .r; 0/ D expf��r2g; r 2 Ha; (12.35)

where � � 0. Let �, 
 and gt be the same as in 12.7. Taking into account inequal-
ity 2.7 (g) it follows from (12.35) that the characteristic functions O�j .r; n/, j D 1; 2,
are uniformly continuous on the subgroup �.Y / in the topology induced on �.Y / by
the topology of the group R � Z. Since the subgroup �.Y / is dense in R � Z in
the topology of R � Z, the characteristic functions O�j .r; n/ can be extended by con-
tinuity to some continuous functions gj .s; n/ on the group R � Z. Obviously, the
functions gj .s; n/ are positive definite. By the Bochner theorem there exist distribu-
tions �j on the group R � T such that O�j .s; n/ D gj .s; n/, j D 1; 2. It follows
from Proposition 2.10 that �j D 
.�j /. Hence the distributions �j are concentrated
on the Borel subgroup B D 
.R � T /. We verify that B is a characteristic subgroup
of the group X . Let ı D �

a b
0 ˙1

� 2 Aut.X/ and x D .gt ; z/ 2 B . Then we have
ıx D ı.gt ; z/ D .agt ; .gt ; b/z

˙1/ D .gat ; e
ibtz˙1/ 2 B , i.e., the subgroup B is

invariant with respect to every automorphism ı 2 Aut.X/. By the automorphism
ı we define a mapping Nı W R � T 7! R � T as Nı.t; z/ D 
�1ı
.t; z/. Obviously,
Nı 2 Aut.R � T /. Since

Nı.t; z/ D 
�1ı
.t; z/ D 
�1ı.gt ; z/ D 
�1.gat ; e
ibtz˙1/ D .at; eibtz˙1/;

the automorphism Nı can be also identified with the matrix
�

a b
0 ˙1

�
which corresponds

to the automorphism ı.
Since the distributions �j are concentrated on the Borel subgroup B and �j D

�j 	 N�j , by Proposition 2.2 the distributions �j can be replaced by the shifts �0
j in

such a way that the distributions �0
j are concentrated on the subgroup B . Taking into

account Corollary 10.2, we can assume from the beginning that the distributions �j

are concentrated on the subgroup B . Since 
 is a one-to-one continuous mapping, by
the Suslin theorem, images of Borel sets under the mapping 
 are also Borel sets.

Consider the independent random variables Q�j D 
�1�j taking values in the group
R � T . Since 
�1ı�2 D Nı Q�2, the linear forms QL1 D Q�1 C Q�2 and QL2 D Q�1 C Nı Q�2 are
independent. Let Q�j be the distributions of the random variables Q�j . Since�j D 
. Q�j /,
statements (a)–(e) result from statements (a)–(e) of Theorem 12.4 and Lemma 12.8.
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Remark 12.10. Let �1 and �2 be independent random variables with values in a group
X and distributions�1 and�2 with non-vanishing characteristic functions. Let j̨ , ǰ ,
j D 1; 2, be topological automorphisms of X . Suppose that the linear forms L1 D
˛1�1 C˛2�2 andL2 D ˇ1�1 Cˇ2�2 are independent. As noted in Remark 10.5, we can
replace the random variables �j by their shifts � 0

j in such a way that their distributions
�0

j are supported in the connected component of zero of the group X . Furthermore,
by Corollary 10.2 the linear forms L0

1 D ˛1�
0
1 C ˛2�

0
2 and L0

2 D ˇ1�
0
1 C ˇ2�

0
2 remain

independent. Therefore, without restricting the generality, it suffices to study the
possible distributions �j assuming that the group X is connected.

One of the main characteristics of a connected locally compact Abelian groupX is
its dimension. If X is a group of dimension 1, then X is topologically isomorphic to
one of the groups R, †a, and T .

The description of distributions �j which are characterized by the independence of
the linear formsL1 andL2 in the case whenX D R is given by the Skitovich–Darmois
theorem. Since the group †a contains no subgroup topologically isomorphic to the
circle group T , for the groupX D †a this description is given by Theorem 10.3. In both
cases the corresponding distributions are Gaussian. Since Aut.T / D f˙I g, for the
group X D T the description of possible distributions �j follows from Corollary 8.6.

Suppose that a group X is of dimension 2. If the group X contains no subgroup
topologically isomorphic to the circle group T , then distributions�j which are charac-
terized by the independence of the linear formsL1 andL2 are Gaussian (Theorem 10.3).
LetX be a connected locally compactAbelian group of dimension 2 and assume that the
group X contains a subgroupK topologically isomorphic to the circle group T . Then
by Theorem 1.17.1 the subgroupK is a topological direct factor ofX , i.e.,X D G�K,
whereG is a connected locally compact Abelian group of dimension one. Hence three
cases are possible: X Š T 2, X Š R � T , and X Š †a � T . The description
of possible distributions �j for the two-dimensional torus X D T 2 is contained in
Theorem 11.5 and for the groups X D R � T and X D †a � T is contained in Theo-
rems 12.4 and 12.9 correspondingly. Thus we have the description of distributions �j

of independent random variables �j taking values in connected groups of dimensions
1 and 2 and having non-vanishing characteristic functions which are characterized by
independence of the linear forms L1 D ˛1�1 C ˛2�2 and L2 D ˇ1�1 C ˇ2�2.



Chapter V

The Skitovich–Darmois theorem for locally compact
Abelian groups (the general case)

LetX be a second countable locally compactAbelian group, �j , j D 1; 2; : : : ; n, n � 2,
be independent random variables with values in X and distributions �j . Consider the
linear forms L1 D ˛1�1 C � � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n, where the
coefficients j̨ , ǰ are topological automorphisms of X . In this chapter we continue
to study some group analogues of the Skitovich–Darmois theorem. In contrast with
Chapter IV we do not assume that the characteristic functions O�j .y/ do not vanish.
Let a number n of independent random variables be fixed. We focus our attention on
the following problem: for which groups X does the independence of the linear forms
L1 and L2 imply that all distributions �j 2 �.X/ 	 I.X/? We solve this problem
for different classes of groups: finite, discrete, compact totally disconnected, compact
connected. We consider the case of two random variables, three random variables, and
n � 4 random variables. It turns out that these cases differ from each other.

13 The number of random variables n D 2

Let X be a second countable locally compact Abelian group, Y be its character group,
�1 and �2 be independent random variables with values in X and distributions �1 and
�2. Let L1 D ˛1�1 C ˛2�2 and L2 D ˇ1�1 C ˇ2�2, where the coefficients j̨ , ǰ 2
Aut.X/. In this section we prove that if X is a discrete group, then the independence
of the linear forms L1 and L2 implies that �1; �2 2 I.X/. We describe compact
totally disconnected groups X for which the independence of L1 and L2 implies that
�1; �2 2 I.X/. We also prove that for an arbitrary compact connected group X there
exist automorphisms j̨ ; ǰ 2 Aut.X/ and independent random variables �1 and �2

with values in X and distributions �1; �2 … �.X/ 	 I.X/ such that the linear forms
L1 and L2 are independent.

First we study the case when X is a finite group.

Theorem 13.1. Let X be a finite group, �1 and �2 be independent random variables
with values inX and distributions�1 and �2. Let j̨ , ǰ , j D 1; 2, be automorphisms
of X . If the linear forms L1 D ˛1�1 C ˛2�2 and L2 D ˇ1�1 C ˇ2�2 are independent,
then �1; �2 2 I.X/.
Proof. We note that if� is the distribution of a random variable � with values in a group
X and ˛ 2 Aut.X/, then by Proposition 2.10 the characteristic function of the random
variable ˛� is equal to O�. Q̨y/. Taking into account the definition of the idempotent
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distribution (see 2.14) it follows from this that � 2 I.X/ if an only if ˛.�/ 2 I.X/.
Therefore putting �j D j̨ �j we reduce the proof of the theorem to the case when
L1 D �1 C �2 and L2 D ı1�1 C ı2�2, ıj 2 Aut.X/. We also note that the linear forms
L1 andL2 are independent if and only if the linear formsL1 and ˛L2 are independent.

Thus in proving the theorem we may assume thatL1 D �1 C�2 andL2 D �1 Cı�2,
where ı 2 Aut.X/. Put " D Qı. By Lemma 10.1 ifL1 andL2 are independent, then the
characteristic functions O�j .y/ satisfy equation 10.1 (i) which takes the form (10.23).
Set f .y/ D O�1.y/, g.y/ D O�2.y/ and rewrite equation (10.23). We get

f .uC v/g.uC "v/ D f .u/g.u/f .v/g."v/; u; v 2 Y: (13.1)

Put �j D �j 	 N�j . We conclude from 2.7 (c) and 2.7 (d) that O�j .y/ D j O�j .y/j2 � 0,
y 2 Y . It is obvious that the characteristic functions O�j .y/ satisfy equation (10.23).
Hence they also satisfy equation (13.1). If we prove that �j 2 I.X/, then 2.7 (b)
and 2.7 (e) imply that �j 2 I.X/. Thus we can solve equation (13.1) assuming that
f .y/ � 0, g.y/ � 0, f .�y/ D f .y/, g.�y/ D g.y/. We will prove that in this case
f .y/ D g.y/ D ymK.y/, where K is a subgroup of X . The statement of the theorem
follows from this. Set ˇ D I � ". Two cases are possible: Ker ˇ D f0g; Ker ˇ ¤ f0g.

1. Ker ˇ D f0g. Since Y is a finite group, we have ˇ 2 Aut.Y /. Substituting
v D �u into (13.1) we get

g.ˇu/ D f 2.u/g.u/g."u/; u 2 Y: (13.2)

In view of f .y/ � 1 and g.y/ � 1 it follows from equation (13.2) that

g.ˇu/ � g.u/; u 2 Y: (13.3)

The automorphism group Aut.Y / is finite because Y is a finite group. Hence

ˇn D I (13.4)

for some natural n. We assume that n in (13.4) is the smallest one. We deduce from
(13.3) that

g.u/ D g.ˇnu/ � � � � � g.ˇu/ � g.u/; u 2 Y:
Therefore,

g.u/ D g.ˇu/ D � � � D g.ˇn�1u/; u 2 Y:
Thus the function g.y/ takes a constant value on each of the orbits

Ou D fu; ˇu; : : : ; ˇn�1ug:
This value generally depends on u.

Substitute u D �"v in (13.1). We get

f .ˇv/ D f ."v/g2."v/f .v/; v 2 Y: (13.5)

Arguing as above we find from (13.5) that the function f .y/ also takes a constant value
on each of the orbits Ou.
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It is obvious that the groupY can be represented as a union of disjoint orbits. Denote
by N the union of orbits where g.y/ > 0, and represent Y as the union Y D N [N 0,
where N 0 D fy 2 Y W g.y/ D 0g. It follows from (13.2) that

1 D f 2.u/g."u/; u 2 N: (13.6)

This implies that g."y/ D 1 for all y 2 N . It means in particular that ".N / � N .
Since " is a one-to-one mapping and N is a finite set, we have ".N / D N . Hence
g.y/ D 1 for all y 2 N . Taking into account that g.y/ D 0 for all y 2 N 0, we get

g.y/ D
(
1 if y 2 N;
0 if y 2 N 0:

(13.7)

By Proposition 2.13, N is a subgroup of Y . Set K D A.X;N /. By Theorem 1.9.1,
N D A.Y;K/. In view of 2.16 (i) it follows from (13.7) that g.y/ D ymK.y/, and by
2.7 (b) that �2 D mK .

It also follows from (13.6) that f .y/ D 1 for all y 2 N . We will verify that
if y 2 N 0, then f .y/ D 0. Assume that v 2 N 0. It follows from ".N 0/ D N 0
that "v 2 N 0, and hence g."v/ D 0. Then (13.5) implies that f .ˇv/ D 0. Since
f .v/ D f .ˇv/, we have f .v/ D 0. Thus we have proved that f .y/ D ymK.y/. In
case 1 the theorem is proved.

2. Ker ˇ ¤ f0g, i.e., there exists an element y0 2 Y , y0 ¤ 0 such that "y0 D y0.
Put L D Ker ˇ D fy 2 Y W "y D yg. Obviously, that ".L/ D L.

Consider the restriction of equation (13.1) to L. We get

f .uC v/g.uC v/ D f .u/g.u/f .v/g.v/; u; v 2 L: (13.8)

Substituting v D �u into (13.8) we find

1 D f 2.u/g2.u/; u 2 L:
It follows from this that f .y/ D g.y/ D 1 for all y 2 L. Put K D A.X;L/.
By Proposition 2.13 the functions f .y/ and g.y/ are L-invariant and the inclusions
�.�j / � K, j D 1; 2, hold. We note that by Theorems 1.9.1 and 1.9.2, K� Š Y=L.
Since the functions f .y/ and g.y/ areL-invariant, they induce some functions Qf .Œy�/
and Qg.Œy�/ on the factor group Y=L, namely Qf .Œy�/ D f .y/, Qg.Œy�/ D g.y/, y 2 Œy�.
In view of ".L/ D L the automorphism " also induces some automorphism O" on the
factor group Y=L by the formula O"Œy� D Œ"y�, y 2 Œy�. Therefore we can consider
equation (13.1) on the factor group Y=L. The induced homomorphism Ǒ can also
satisfy the condition Ker Ǒ ¤ f0g. Repeating this procedure in a finite number of steps
we get the induced homomorphism Ǒ which is an automorphism. Then case 1 yields
that Qf .Œy�/ and Qg.Œy�/ are the characteristic functions of some Haar distributionsmbK ,

where bK is a subgroup of X . Returning to the original characteristic functions f .y/
and g.y/, we obtain the required statement. It should be noted that if ˇmy D 0 for
some m and for all y 2 Y , then it means that �1 and �2 are degenerate distributions.
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The proof of Theorem 13.1 implies directly the following

Corollary 13.2. Let X be a finite group, �1 and �2 be independent random variables
with values in X and distributions �1 and �2. Let ı 2 Aut.X/. If the linear forms
L1 D �1 C �2 and L2 D �1 C ı�2 are independent, then �j D mK 	Exj

, whereK is

a subgroup of the group X and xj 2 X; j D 1; 2. Moreover Qı.A.Y;K// D A.Y;K/.

Using Theorem 13.1 we can prove the following statement.

Theorem 13.3. Let X D Rm � G, where m � 1 and G is a finite group. Assume
that �1 and �2 are independent random variables with values in X and distributions
�1 and �2. Let j̨ , ǰ , j D 1; 2, be topological automorphisms of X . If the linear
forms L1 D ˛1�1 C ˛2�2 and L2 D ˇ1�1 C ˇ2�2 are independent, then �1; �2 2
�.X/ 	 I.X/.
Proof. We will only consider the case m D 1, i.e., X D R � G. The case when
m > 1 can be considered similarly. We have Y Š R �H , where H D G�. To avoid
introducing new notation we will assume that Y D R � H . Denote by y D .s; h/,
s 2 R, h 2 H , elements of the group Y . Set f .y/ D O�1.y/, g.y/ D O�2.y/.
The subgroups R and H are characteristic subgroups of the group Y because R is
the connected component of zero of Y and H consists of all compact elements of Y .
Therefore every automorphism ˛ 2 Aut.Y / is of the form ˛.s; h/ D .˛s; ˛h/.

Arguing as in the proof of Theorem 13.1, we reduce the proof of the theorem to
solving equation (13.1) which in our notation takes the form

f .s C s0; hC h0/g.s C "s0; hC "h0/ D f .s; h/g.s; h/f .s0; h0/g."s0; "h0/; (13.9)

.s; h/; .s0; h0/ 2 Y . Putting h D h0 D 0 in (13.9) and taking into account Lemma 10.1
we find by the Skitovich–Darmois theorem

f .s; 0/ D expf��1s
2 C i t1sg; g.s; 0/ D expf��2s

2 C i t2sg; (13.10)

where �j � 0, tj 2 R, j D 1; 2.
Putting s D s0 D 0 in (13.9) we obtain the functional equation

f .0; hC h0/g.0; hC "h0/ D f .0; h/g.0; h/f .0; h0/g.0; "h0/; h; h0 2 H: (13.11)

We conclude from Lemma 10.1 and Corollary 13.2 that the solutions of equation (13.11)
are of the form

f .0; h/ D ymK.h/.g1; h/; g.0; h/ D ymK.h/.g2; h/; h 2 H; (13.12)

where K is a subgroup of the group G and g1; g2 2 G. Set E D A.H;K/. Consider
the shifts�0

j D �j 	E�gj
and put f 0.y/ D O�0

1.y/, g
0.y/ D O�0

2.y/. In view of 2.14 (i)
and 2.7 (c) it follows from (13.12) that

f 0.0; h/ D g0.0; h/ D
(
1 if h 2 E;
0 if h … E: (13.13)
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Obviously, the characteristic functions f 0.y/ and g0.y/ satisfy equation (13.9). Put
B D H=E. We have Y=E Š R � B . By Theorem 1.9.2, K� Š B , and hence
.R �K/� Š Y=E. By Proposition 2.13 we deduce from (13.13) that the characteristic
functions f 0.y/ and g0.y/ are E-invariant. By Corollary 13.2 we have ".E/ D E.
Hence we can pass from equation (13.9) for the functions f 0.y/ and g0.y/ on the
group Y to the induced equation on the factor group Y=E putting Qf .Œy�/ D f 0.y/,
Qg.Œy�/ D g0.y/, O"Œy� D Œ"y�. It follows from ".E/ D E that O" 2 Aut.Y=E/. It
means that we pass from consideration of the random variables �j with values in the
group R � G to consideration of random variables taking values in the group R �K.
Obviously, we have

fb 2 B W Qf .0; b/ D 1g D fb 2 B W Qg.0; b/ D 1g D f0g: (13.14)

Put A D fb 2 B W O"b D bg. As has been proved in case 2 of Theorem 13.1 it
follows from (13.11) that Qf .0; b/ D Qg.0; b/ D 1 for all b 2 A. In view of (13.14) it
means that A D f0g. This implies that

I � O" 2 Aut.Y=E/: (13.15)

Moreover,

Qf .0; b/ D Qg.0; b/ D
(
1 if b D 0;

0 if b ¤ 0:
(13.16)

Consider equation (13.9) for the functions Qf .s; b/ and Qg.s; b/ on the factor group
Y=E Š R � B .

Qf .s C s0; b C b0/ Qg.s C O"s0; b C O"b0/
D Qf .s; b/ Qg.s; b/ Qf .s0; b0/ Qg.O"s0; O"b0/; .s; b/; .s0; b0/ 2 R � B .

(13.17)

We note that
Qf .s; 0/ D f .s; 0/; Qg.s; 0/ D g.s; 0/: (13.18)

Putting s D 0; b0 D 0 in (13.17) we get

Qf .s0; b/ Qg.O"s0; b/ D Qf .0; b/ Qg.0; b/ Qf .s0; 0/ Qg.O"s0; 0/; s0 2 R; b0 2 B: (13.19)

We conclude from (13.16) that the right-hand side of equation (13.19) is equal to zero
for all b ¤ 0. Hence Qf .s0; b/ Qg.O"s0; b/ D 0 for all s0 2 R. By Proposition 2.20 it
follows from (13.10) and (13.18) that Qf .s; b/ and Qg.s; b/ are entire functions in s for
every fixed b 2 B . Therefore either Qf .s; b/ 
 0 or Qg.s; b/ 
 0 in s 2 R for all b ¤ 0.
Hence the right-hand side of equation (13.17) is equal to zero for all b ¤ 0. Take an
arbitrary element b0 2 B , b0 ¤ 0 and find b and b0 from the system of equations(

b C b0 D 0;

b C "b0 D b0:
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In view of (13.15) this system of equations has a unique solution. Substituting the
found b, b0, and s0 D 0 into (13.17) and taking into account (13.10), we obtain that
Qg.s; b0/ D 0 for all s 2 R. By (13.10) and (13.18) it follows from this that

Qg.s; b/ D
(

expf��2s
2 C i t2sg if b D 0;

0 if b ¤ 0:

Returning to the original function g.s; h/, we find

g.s; h/ D
(

expf��2s
2 C i t2sg.g2; h/ if h 2 E;

0 if h … E: (13.20)

We also obtain a similar representation for the function f .s; h/. Let �j be a Gaussian
distribution on the group X with the characteristic function

O�j .y/ D expf��j s
2 C i tj sg.gj ; h/; .s; h/ 2 Y; j D 1; 2:

We deduce from (13.20) and 2.14 (i) that g.s; h/ D O�2.s; h/ ymK.s; h/. Then 2.7 (b)
implies that �2 D �2 	mK . Arguing as above we also prove that �1 D �1 	mK .

Corollary 13.4. LetX D Rm �G, wherem � 1 andG is a finite group. Let �1 and �2

be independent random variables with values in X and distributions �1 and �2. Let
ı 2 Aut.X/. If the linear forms L1 D �1 C �2 and L2 D �1 C ı�2 are independent,
then �j D �j 	mF 	Exj

, where �j 2 �s.Rm/, F is a subgroup of the group G, and
xj 2 X , j D 1; 2.

Now consider the case whenX is a discrete group. First we prove a statement which
can be regarded as a group analogue of the Skitovich–Darmois theorem for discrete
torsion-free groups.

Theorem 13.5. Let X be a discrete torsion-free group, �j , j D 1; 2; : : : ; n, n � 2,
be independent random variables with values in X and distributions �j . Let j̨ ; ǰ 2
Aut.X/. If the linear forms L1 D ˛1�1 C � � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n

are independent, then all �j are degenerate distributions.

Proof. Taking into consideration new independent random variables �j D j̨ �j we
reduce the proof of the theorem to the case when L1 D �1 C � � � C �n and
L2 D ı1�1 C � � � C ın�n, where ıj 2 Aut.X/. By Lemma 10.1 if L1 and L2 are
independent, then the characteristic functions O�j .y/ satisfy equation 10.1 (i) which
takes the form (10.2).

First we prove that the characteristic functions O�j .y/ do not vanish. Put �j D
�j 	 N�j . We conclude from 2.7 (c) and 2.7 (d) that O�j .y/ D j O�j .y/j2 � 0, y 2 Y .
Obviously, the characteristic functions O�j .y/ also satisfy equation (10.2). Set

Aj D fy 2 Y W O�j .y/ > 0g; A D
nT

j D1

Aj ;

B D ˚
y 2 Y W

nY
j D1

O�j . Qıjy/ > 0
�
; C D

nT
j D1

Qıj .B/:
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It is easy to see that A C C � A. Indeed, let u 2 A, v 2 C . Then v D Qıj tj , where
tj 2 B , j D 1; 2; : : : ; n. It results from equation (10.2) that uC v D uC Qıj tj 2 Aj ,
j D 1; 2; : : : ; n. Therefore uC v 2 Tn

j D1Aj D A. Put .m/C D fy 2 Y W y D y1 C
� � �Cym; yj 2 C g. Then the inclusionACC � A implies thatACS1

mD1.m/C � A.
Hence AC S1

mD1.m/C D A because 0 2 C .
Since X is a discrete torsion-free group, by Theorems 1.6.1 and 1.6.2, Y is a

compact connected group. It follows from the connectedness of the group Y that
Y D S1

mD1.m/C because C is an open set containing the zero of the group Y . This
implies that A D Y , i.e., the characteristic functions O�j .y/ > 0 for all y 2 Y . Hence
O�j .y/, j D 1; 2; : : : ; n, do not vanish.

Put 'j .y/ D � ln 1�j .y/. It results from (10.2) that the functions 'j .y/ satisfy the
equation

nX
j D1

'j .uC Qıj v/ D
nX

j D1

'j .u/C
nX

j D1

'j . Qıj v/; u; v 2 Y: (13.21)

Integrating equation (13.21) over the group Y with respect to the Haar distribution
dmY .u/ and using that the Haar distribution mY is Y -invariant, we find

nX
j D1

'j . Qıj v/ D 0; v 2 Y: (13.22)

It follows from this that all functions 'j .y/ 
 0 on Y . This implies that the char-
acteristic functions O�j .y/ 
 1 on Y , j D 1; 2; : : : ; n. Thus we have proved that all
�j D E0. Hence �j 2 D.X/, j D 1; 2; : : : ; n.

Corollary 13.6. Let Y be a compact connected group and Q̨j , Q̌
j 2 Aut.Y /, j D

1; 2; : : : ; n, n � 2. Let O�j .y/ be characteristic functions on the group Y satisfying
equation 10.1 .i/. Then O�j .y/ are of the form

O�j .y/ D .xj ; y/; xj 2 X; j D 1; 2; : : : ; n:

Remark 13.7. We proved in Theorem 13.5 that the characteristic functions O�j .y/ do
not vanish. In the course of the proof we used only the connectedness of the group Y .
This implies in particular that if Y D Rm and characteristic functions O�j .y/ on the
group Y satisfy equation 10.1 (i), then O�j .y/ do not vanish. Taking into account this
remark we see that the Ghurye–Olkin theorem ([54]) results from Lemma 10.1 and
Theorem 10.3.

Theorem 13.5 allows us to prove the following general statement.

Proposition 13.8. Let X D Rm � G, where m � 0, and the group G contains a
compact open subgroup. Let �j , j D 1; 2; : : : ; n, n � 2, be independent random
variables with values in X and distributions �j . Let j̨ , ǰ 2 Aut.X/. If the linear
formsL1 D ˛1�1 C� � �C˛n�n andL2 D ˇ1�1 C� � �Cˇn�n are independent. Then the
randomvariables �j can be replaced by their shifts � 0

j in such away that all distributions
�0

j are supported in Rm �K, where K is a compact subgroup of the group X .
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Proof. Obviously, we can assume without loss of generality thatL1 D �1C� � �C�n and
L2 D ı1�1 C � � � C ın�n, where ıj 2 Aut.X/:Note that bX D bG . By Theorem 1.11.2
we have cY D L�M , whereL Š Rm, andM is a connected compact group. Since by
Theorem 1.9.3, A.G;M/ D bG , we conclude that A.X;M/ D Rm � bG D Rm � bX .

Put �j D �j 	 N�j . By Lemma 10.1 it follows from the independence ofL1 andL2

that the characteristic functions O�j .y/ satisfy equation 10.1 (i) which takes the form
(10.2). We find from 2.7 (c) and 2.7 (d) that O�j .y/ D j O�j .y/j2 � 0, y 2 Y . It is
clear that the characteristic functions O�j .y/ also satisfy equation (10.2). Note that M
is a characteristic subgroup of the group Y . Hence we can consider the restriction of
equation (10.2) to the subgroup M . By Corollary 13.6, O�j .y/ D 1 for y 2 M . By
Proposition 2.13, �.�j / � A.X;M/ D Rm � bX . It follows from Proposition 2.2
that the distributions �j can be replaced by their shifts �0

j in such a manner that
�.�0

j / � Rm �bX . It should be noted that Rm �bX is a characteristic subgroup and by
Corollary 10.2 the linear forms L0

1 D ˛1�
0
1 C � � � C˛n�

0
n and L0

2 D ˇ1�
0
1 C � � � Cˇn�

0
n

are independent.
Thus we may prove the proposition assuming thatG consists of compact elements.

Then by Theorem 1.9.3, the groupH D G� is totally disconnected. By Theorem 1.12.1
every neighbourhood of zero of the group H contains a compact open subgroup. De-
note by N this subgroup and choose it in such a way that all characteristic functions
O�j .y/ > 0 for y 2 N . Applying Theorem 1.12.1 again and taking into account the con-
tinuity of automorphisms Qıj we get that there exists a compact open subgroup F � N

such that Qıj .F / � N , j D 1; 2; : : : ; n. Set 'j .y/ D � ln O�j .y/, y 2 H . Since
the characteristic functions O�j .y/ satisfy equation (10.2), the functions 'j .y/ satisfy
equation (13.21) for u 2 N , v 2 F .

Integrating equation (13.21) over the groupN with respect to the Haar distribution
dmN .u/ and using that the Haar distribution mN is N -invariant, we find that the
functions 'j .y/ satisfy equation (13.22) on the subgroup F . Hence all characteristic

functions O�j . Qıj v/ 
 1 on F . Put B D Ts
j D1

Aıj .F /. Then B is an open subgroup
of H , and all characteristic functions O�j .y/ 
 1 on B .

Put K D A.G;B/ and note that A.X;B/ D Rm � K, where K is a compact
group by Theorem 1.9.4. By Proposition 2.13, �.�j / � Rm � K. It follows from
Proposition 2.2 that the distributions �j can be replaced by their shifts �0

j in such a
manner that all �.�0

j / � Rm � K. It should be noted that generally speaking the
subgroup Rm �K does not need to be characteristic.

The following statement follows directly from the proof of Proposition 13.8.

Lemma 13.9. Let X be a discrete torsion group, �j , j D 1; 2; : : : ; n, n � 2, be
independent random variables with values in X and distributions �j such that all
characteristic functions O�j .y/ � 0. Let ıj 2 Aut.X/. If the linear forms L1 D
�1 C � � � C �n and L2 D ı1�1 C � � � C ın�n are independent, then all characteristic
functions O�j .y/ 
 1 on an open subgroup B � Y .

Lemma 13.10. Let K be a compact subgroup of a group X and ˛ be a continuous
endomorphism of the group X . Then the following statements are equivalent:



13 The number of random variables n D 2 141

(i) if Q̨y 2 A.Y;K/, then y 2 A.Y;K/;
(ii) ˛.K/ � K.

Proof. Let us assume that (i) is true. Suppose that y 2 A.Y; ˛.K//. Then .˛x; y/ D 1

for all x 2 K. Hence .x; Q̨y/ D 1 for all x 2 K, i.e., Q̨y 2 A.Y;K/, and in view
of (i), y 2 A.Y;K/. Therefore A.Y; ˛.K// � A.Y;K/. By Theorem 1.9.1 it follows
from this that (ii) holds.

Let us assume that (ii) is true. We conclude from (ii) that

A.Y;K/ � A.Y; ˛.K//: (13.23)

Suppose that Q̨y 2 A.Y;K/. Then .x; Q̨y/ D 1 for allx 2 K. By 1.13 (a), .˛x; y/ D 1

for all x 2 K, i.e., y 2 A.Y; ˛.K//. Hence (13.23) implies that y 2 A.Y;K/. The
equivalence of (i) and (ii) is proved.

Lemma 13.11. Let G be a closed subgroup of a group X and ı 2 Aut.X/. Then the
following statements are equivalent:

(i) ı.G/ D G;
(ii) Qı.A.Y;G// D A.Y;G/.

Proof. In view of Theorem 1.9.1 and 1.13 (a) it suffices to show that (i) implies (ii).
Let us assume that (i) is true and let y 2 A.Y;G/. Then .ıx; y/ D 1 for all x 2 G and
hence .x; Qıy/ D 1 for all x 2 G, i.e., Qıy 2 A.Y;G/. Thus

Qı.A.Y;G// � A.Y;G/: (13.24)

We note that the equality ı�1.G/ D G follows from (i). As has been shown above
Qı�1.A.Y;G// � A.Y;G/. It follows from this that A.Y;G/ � Qı.A.Y;G//. Taking
into account (13.24), we get (ii).

Corollary 13.12. A closed subgroup G of a group X is characteristic if and only if its
annihilator A.Y;G/ is a characteristic subgroup of the group Y .

Lemma 13.13. Let �1 and �2 be independent identically distributed random variables
with values in a group X and distribution mK , where K is a compact subgroup of X .
Let ı 2 Aut.X/. Then the following statements are equivalent:

(i) the linear forms L1 D �1 C �2 and L2 D �1 C ı�2 are independent;

(ii) .I � ı/.K/ � K.

Proof. Put " D Qı, ˇ D I �",H D A.Y;K/, f .y/ D ymK.y/. Let us assume that (i) is
true. By Lemma 10.1 if L1 and L2 are independent, then the characteristic functions
of the random variables �j satisfy equation 10.1 (i) which takes the form

f .uC v/f .uC "v/ D f 2.u/f .v/f ."v/; u; v 2 Y: (13.25)

Substituting v D �u into equation (13.25) we obtain

f .ˇu/ D f 3.u/f ."u/; u 2 Y: (13.26)
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It follows from (13.26) that if ˇy 2 H , then y 2 H . Therefore by Lemma 13.10, (ii)
holds.

Let us assume that (ii) is true. We will verify that the function f .y/ D ymK.y/

satisfies equation (13.25). If u; v 2 H and "v 2 H , then both sides of equation (13.25)
are equal to 1. If u; v 2 H and "v … H , then both sides of equation (13.25) are equal
to zero. If either u 2 H; v … H or u … H , v 2 H , then both sides of equation
(13.25) are equal to zero. If u; v … H , then the right-hand side of equation (13.25)
is equal to zero. If the left-hand side of equation (13.25) is not equal to zero we have
uC v; uC "v 2 H . It follows from this that ˇv 2 H . But in view of Lemma 13.10,
(ii) implies that assertion 13.10 (i) holds for Q̨ D ˇ. Hence v 2 H . The contradiction
obtained shows that the left-hand side of equation (13.25) is also equal to zero. Thus
the function f .y/ satisfies equation (13.25). By Lemma 10.1 the linear forms L1 and
L2 are independent. The equivalence of (i) and (ii) is proved.

Remark 13.14. We note that when ı D �I , Lemma 13.13 yields the description of
idempotent distributionsmK which are Gaussian distributions in the sense of Bernstein
on the group X . Namely, K must be a Corwin group (see Proposition 7.4).

We also note that if K is a finite group, then (ii) is equivalent to .I � ı/.K/ D K.
On the other hand, if K is a compact group, then in general, the independence of the
linear forms L1 and L2 does not imply the equality .I � ı/.K/ D K. Indeed, let G
be an arbitrary compact group. Consider the direct product

X D 1
P

j D�1Gj ;

where all Gj Š G. Put

K D 1
P

j D0
Gj ;

and let ı 2 Aut.X/ be an automorphism of the form

ı.gj /
1
j D�1 D .gj C1/

1
j D�1; .gj /

1
j D�1 2 X:

It is obvious that (ii) is true, whereas K is a proper subgroup of .I � ı/.K/.
Lemma 13.15. Let �1 and �2 be independent random variables with values in a group
X and distributions�1 D mK1

and�2 D mK2
, whereK1 andK2 are finite subgroups

of X . Let ı 2 Aut.X/. If the linear forms L1 D �1 C �2 and L2 D �1 C ı�2 are
independent, then K1 D K2 D K and ı.K/ D K.

Proof. Put " D Qı, ˇ D I � ", f .y/ D ymK1
.y/, g.y/ D mK2

.y/, Hj D A.Y;Kj /,
j D 1; 2. We use representation 2.14 (i). By Lemma 10.1 ifL1 andL2 are independent,
then the characteristic functions f .y/ and g.y/ satisfy equation 10.1 (i) which take the
form (13.1). Substituting u D �"v into (13.1) we get (13.5). We conclude from equa-
tion (13.5) that if ˇv 2 H1, then v 2 H1. Hence by Lemma 13.10, .I � ı/.K1/ � K1.
Taking into account that subgroupK1 is finite, we get .I �ı/.K1/ D K1. This implies
that ı.K1/ � K1. Since ı 2 Aut.X/ and K1 is a finite group, we have ı.K1/ D K1.



13 The number of random variables n D 2 143

By Lemma 13.11 it follows from this that ".H1/ D H1. Consider the restriction of
equation (13.1) to the subgroup H1. We have

g.uC "v/ D g.u/g."v/; u; v 2 H1:

This implies that g.y/ D 1 for all y 2 H1, i.e., H1 � H2.
Substituting v D �u into equation (13.1) we obtain (13.2). Arguing as above and

considering equation (13.2) instead of equation (13.5), we prove thatH2 � H1. Hence
H1 D H2. It follows from this by Theorem 1.9.1 that K1 D K2 D K.

Remark 13.16. In general Lemma 13.15 is false if K1 and K2 are compact but not
finite groups. To show this consider the following example. Let X be the same group
as in Remark 13.14. Put H D G�. By Theorem 1.7.2,

Y D
1
P *

j D�1Hj ;

where Hj Š H . Let ı 2 Aut.X/ be an automorphism of the form

ı.gj /
1
j D�1 D .gj �2/

1
j D�1; .gj /

1
j D�1 2 X:

Put " D Qı. Then

".hj /
1
j D�1 D .hj C2/

1
j D�1; .hj /

1
j D�1 2 Y:

It is easy to see that
Ker.I � "/ D f0g: (13.27)

Consider the subgroups

K1 D P
j ¤1

Gj ; K2 D P
j ¤2

Gj :

It is obvious that K1 ¤ K2 and Hj D A.Y;Kj /; j D 1; 2. We will check that the
characteristic functions f .y/ D ymK1

.y/ and g.y/ D ymK2
.y/ satisfy equation (13.1).

It suffices to verify that equation (13.1) is satisfied for all u ¤ 0, v ¤ 0. Since
H1 \H2 D f0g, the right-hand side of equation (13.1) is equal to zero for all u ¤ 0,
v ¤ 0. Then the left-hand side of equation (13.1) is also equal to zero. In the opposite
case we have uCv 2 H1, uC "v 2 H2. It follows from this that .I � "/v 2 H1 �H2.
But it is possible only if .I � "/v D 0. In view of (13.27) this implies that v D 0,
contrary to the assumption. Thus the characteristic functions f .y/ and g.y/ satisfy
equation (13.1). By Lemma 10.1 if �1 and �2 are independent random variables with
values in X and distributions mK1

and mK2
, then the linear forms L1 D �1 C �2 and

L2 D �1 C ı�2 are independent.

Theorem 13.17. LetX be a discrete group, �1 and �2 be independent random variables
with values inX and distributions�1 and �2. Let j̨ , ǰ , j D 1; 2, be automorphisms
of X . If the linear forms L1 D ˛1�1 C ˛2�2 and L2 D ˇ1�1 C ˇ2�2 are independent,
then �1; �2 2 I.X/.
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Proof. Reasoning as in the proof of Theorem 13.1, we reduce the proof of the theorem to
the case whenL1 D �1C�2 andL2 D �1Cı�2, where ı 2 Aut.X/. Setf .y/ D O�1.y/,
g.y/ D O�2.y/. By Lemma 10.1 if L1 and L2 are independent, then the characteristic
functions O�j .y/ satisfy equation 10.1 (i) which takes the form (13.1), where " D Qı. Put
�j D �j 	 N�j . It follows from 2.7 (c) and 2.7 (d) that O�j .y/ D j O�j .y/j2 � 0, y 2 Y .
Obviously, the characteristic functions O�j .y/ also satisfy equation (13.1). If we prove
that �j 2 I.X/, then 2.7 (b) and 2.7 (e) imply that �j 2 I.X/. Thus we can solve
equation (13.1) assuming that f .y/ � 0, g.y/ � 0, f .�y/ D f .y/, g.�y/ D g.y/.
We will prove that in this case f .y/ D g.y/ D ymK.y/, where K is a finite subgroup
of the group X . The statement of the theorem follows from this.

Since X is a discrete group, bX is a subgroup of X consisting of elements of finite
order. Taking into account that bX is a characteristic subgroup of X and applying
Proposition 13.8 we can assume from the beginning that X is a torsion group.

Put Ef D fy 2 Y W f .y/ D 1g, Eg D fy 2 Y W g.y/ D 1g. Then by
Proposition 2.13, �.�1/ � A.X;Ef / D F , �.�2/ � A.X;Eg/ D G. In view of
Lemma 13.9 there exists an open subgroup B of the group Y such that B � Ef \Eg .
Set S D A.X;B/. ThenF andG are subgroups of S . SinceB is an open subgroup, by
Theorem 1.9.4, S is a compact group. Taking into account that X is a discrete group,
S is a finite group. Hence F and G are also finite groups.

Note now that for all natural n the functions f n.y/ and gn.y/ also satisfy equa-
tion (13.1), i.e.,

f n.uC v/gn.uC "v/ D f n.u/gn.u/f n.v/gn."v/; u; v 2 Y: (13.28)

Obviously, there exist the limits

Nf .y/ D lim
n!1f n.y/ D

(
1 if y 2 Ef ;

0 if y 62 Ef ;
Ng.y/ D lim

n!1gn.y/ D
(
1 if y 2 Eg ;

0 if y 62 Eg :

Since by Theorem 1.9.1, Ef D A.Y; F / and Eg D A.Y;G/, it follows from 2.14 (i)
that

ymF .y/ D
(
1 if y 2 Ef ;

0 if y 62 Ef ;
ymG.y/ D

(
1 if y 2 Eg ;

0 if y 62 Eg :

Hence
ymF .y/ D Nf .y/; ymG.y/ D Ng.y/:

Let �1 and �2 be independent random variables with values in X and distributions
�1 D mF and �2 D mG . We deduce from (13.28) that the characteristic functions
Nf .y/ and Ng.y/ also satisfy equation (13.1). By Lemma 10.1 this implies that the linear

forms L1 D �1 C �2 and L2 D �1 C ı�2 are independent. Note that the conditions of
Lemma 13.15 are fulfilled. It follows from Lemma 13.15 that F D G and ı.G/ D G.

Let us return to the original random variables �1 and �2 and to the linear forms
L1 D �1 C �2 and L2 D �1 C ı�2. Since �.�j / � G, the random variables �j take
values in the finite group G. Since ı.G/ D G, the conditions of Corollary 13.2 are
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fulfilled. By Corollary 13.2, �j D mK 	Egj
, where K is a subgroup of the group G,

and gj 2 G, j D 1; 2.

Corollary 13.18. LetX be adiscrete group, �1 and �2 be independent randomvariables
with values in X and distributions �1 and �2. Let ı 2 Aut.X/. If the linear forms
L1 D �1 C �2 and L2 D �1 C ı�2 are independent, then �j D mK 	 Exj

, where K

is a finite subgroup of the group X and xj 2 X , j D 1; 2. Moreover Qı.A.Y;K// D
A.Y;K/.

Remark 13.19. Theorem 13.17 implies an analogue of Theorem 13.3 for groups of
the form X D Rm �G, wherem � 1 and G is a discrete group. The proof is the same
as the proof of Theorem 13.3, but instead of Corollary 13.2 we use Corollary 13.18.

Now consider the case when X is a compact totally disconnected group. We need
some lemmas.

Lemma 13.20. Let X be a compact group. Assume that there exist an automorphism
ı 2 Aut.X/ and an element Qy 2 Y such that the following conditions are satisfied:

(i) Ker.I � Qı/ D f0g;
(ii) .I � Qı/Y \ f0;˙ Qy;˙2 Qyg D f0g;

(iii) Qı Qy ¤ � Qy.

Then for every n � 2 there exist independent identically distributed random variables
�j , j D 1; 2; : : : ; n, with values in X and distribution � 62 �.X/ 	 I.X/ such that the
linear forms L1 D �1 C � � � C �n and L2 D �1 C � � � C �n�1 C ı�n are independent.

Proof. Consider on the group X the function

�.x/ D 1C .1=2/Re.x; Qy/:

Then �.x/ > 0, x 2 X , and Z
X

�.x/dmX .x/ D 1:

Denote by � the distribution on X with density �.x/ with respect to the Haar distri-
bution mX . It is obvious that � 62 �.X/ 	 I.X/. Let �j , j D 1; 2; : : : ; n, n � 2, be
independent identically distributed random variables �j , j D 1; 2; : : : ; n, n � 2, with
values in X and distribution �. Put f .y/ D O�.y/. We will verify that the linear forms
L1 D �1 C � � � C �n andL2 D �1 C � � � C �n�1 C ı�n are independent. By Lemma 10.1
it suffices to show that the characteristic functions of the random variables �j satisfy
equation 10.1 (i) which takes the form

f n�1.uC v/f .uC "v/ D f n.u/f n�1.v/f ."v/; u; v 2 Y; (13.29)
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where " D Qı. Let a. Qy/ D 1
4

if 2 Qy ¤ 0 and a. Qy/ D 1
2

if 2 Qy D 0. It is easily seen that

f .y/ D

�
1 if y D 0;

a. Qy/ if y D ˙ Qy;
0 if y … f0;˙ Qyg:

(13.30)

Obviously, it suffices to show that equation (13.29) is satisfied for all u ¤ 0; v ¤ 0.
We conclude from (i) and (iii) that " Qy ¤ ˙ Qy. Hence (13.30) implies that the right-
hand side of equation (13.29) is equal to zero for all v ¤ 0. If the left-hand side of
equation (13.29) is not equal to zero, this implies that u C v; u C "v 2 f0;˙ Qyg. It
follows from this that .I � "/v 2 f0;˙ Qy;˙2 Qyg. Taking into account (ii), we obtain
that .I � "/v D 0. But then (i) implies that v D 0. The contradiction obtained proves
that the left-hand side of equation (13.29) is also equal to zero.

Lemma 13.21. Let p be a prime number and X D �
@0
p . Then for every n � 2 there

exist an automorphism ı 2 Aut.X/ and independent identically distributed random
variables �j , j D 1; 2; : : : ; n, with values in X and distribution � 62 I.X/ such that
the linear formsL1 D �1 C � � � C �n andL2 D �1 C � � � C �n�1 C ı�n are independent.

Proof. We will assume that elements of the groupX are bilateral sequences of the form
x D .xk/

1
kD�1, xk 2 �p . Consider ı 2 Aut.X/ of the form

ı.xk/
1
kD�1 D .xk�1/

1
kD�1:

We have ��
p Š Z.p1/. Then by Theorem 1.7.2, Y Š .Z.p1//@0�. Denote by

y D .yk/
1
kD�1, yk 2 Z.p1/, elements of the group Y . Then

Qı.yk/
1
kD�1 D .ykC1/

1
kD�1:

Put Qy D .yk/
1
kD�1, where yk D 0 for all k ¤ 0, and y0 is an arbitrary nonzero

element of the group Z.p1/. We will show that the automorphism ı and the element
Qy satisfy the conditions of Lemma 13.20.

Take y D .yk/
1
kD�1 2 Ker.I � Qı/. Then Qıy D y. It follows from this that

ykC1 D yk , k 2 Z. Sinceyk ¤ 0only for a finite number of indicesk, we haveyk D 0,
k 2 Z. Thus 13.20 (i) is fulfilled. Note that if y D .yk/

1
kD�1 2 .I � Qı/Y , y ¤ 0,

then at least two elements yk1
and yk2

are different from zero. This implies 13.20 (ii).
Obviously, 13.20 (iii) is also fulfilled. Since the group X is totally disconnected, by
Proposition 3.6, �.X/ D D.X/. Hence �.X/ 	 I.X/ D I.X/, and the statement of
the lemma follows from Lemma 13.20.

Lemma 13.22. Let p be a prime number and

X D 1
P

mD1
Z.pkm/; km � kmC1; m D 1; 2; : : : :

Then for every n � 2 there exist an automorphism ı 2 Aut.X/ and independent
identically distributed random variables �j , j D 1; 2; : : : ; n, with values in X and
distribution � 62 I.X/ such that the linear forms L1 D �1 C � � � C �n and L2 D
�1 C � � � C �n�1 C ı�n are independent.
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Proof. Denote elements of the group X by t D .tm/
1
mD1, where tm 2 Z.pkm/. Let

j � i and �ij be the epimorphism �ij W Z.pkj / 7! Z.pki / defined by

�ij .tj / D tj .mod pki /; tj 2 Z.pkj /:

Note that �m;mC1 B �mC1;mC2 D �m;mC2.
Define a homomorphism ı W X 7! X by the formula ı.tm/1mD1 D .sm/

1
mD1, where

sm D
(
tm C �m;mC1tmC1 C �m;mC2tmC2 if m is odd;

tm C �m;mC1tmC1 if m is even:
(13.31)

It is obvious that the homomorphism ı is continuous. We will show that ı is a monomor-
phism. Assume that ı.tm/1mD1 D 0. Take two sequential numbers m and mC 1 with
m odd. We have

tm C �m;mC1tmC1 C �m;mC2tmC2 D 0; (13.32)

tmC1 C �mC1;mC2tmC2 D 0: (13.33)

Apply �m;mC1 to equality (13.33). We obtain

�m;mC1tmC1 C �m;mC2tmC2 D 0: (13.34)

Subtracting (13.34) from (13.32) we get tm D 0 (m D 1; 3; 5; : : : ). Then it follows
from (13.33) that tmC1 D 0 (m D 1; 3; 5; : : : ). Thus all tm D 0.

We will verify that ı is an epimorphism. For this purpose we will prove that for any
s D .sm/

1
mD1 2 X the equation ıt D s has a solution. It suffices to show the existence

of the solution of the system of equations�
tm C �m;mC1tmC1 C �m;mC2tmC2 D sm; (13.35)

tmC1 C �mC1;mC2tmC2 D smC1 (13.36)

for any odd m. Apply �m;mC1 to equality (13.36). We obtain

�m;mC1tmC1 C �m;mC2tmC2 D �m;mC1smC1: (13.37)

Subtracting (13.37) from (13.35) we get that tm D sm ��m;mC1smC1 and find in such
a way all tm, where m is odd, and then we find from (13.36) all tm, where m is even.
Thus we have proved that ı 2 Aut.X/.

By Theorem 1.7.2,

Y Š
1
P *

mD1
Z.pkm/;

where km � kmC1, m D 1; 2; : : : . We will denote elements of the group Y by
l D .lm/

1
mD1, where lm 2 Z.pkm/ and lm D 0 for all but a finite set of indices.

Let Qy D .ym/
1
mD1 2 Y be an element such that y1 ¤ 0 and ym D 0 for m > 1.

We will prove that the automorphism ı and the element Qy satisfy the conditions of
Lemma 13.20.
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Let j � i . It is easy to see that the homomorphism Q�ij W Z.pki / 7! Z.pkj / is
defined by

Q�ij ti D pkj �ki ti ; ti 2 Z.pki /:

A direct verification shows that the homomorphism Qı is of the form Qı.lm/1mD1 D
.hm/

1
mD1, where

hm D

�
l1 if m D 1;

Q�m�1;mlm�1 C lm if m is even;

Q�m�2;mlm�2 C Q�m�1;mlm�1 C lm if m is odd, m ¤ 1.

(13.38)

We conclude from (13.31) that I�ı is an epimorphism. Then by Theorem 1.13 (b), I�Qı
is a monomorphism, i.e., 13.20 (i) is fulfilled. It follows from (13.38) that 13.20 (ii) is
true. Obviously, 13.20 (iii) is also fulfilled. Since the group X is totally disconnected,
by Proposition 3.6, �.X/ D D.X/. Hence �.X/ 	 I.X/ D I.X/, and the statement
of the lemma follows from Lemma 13.20.

Remark 13.23. Let G be a closed subgroup of a group X . Let j̨ ; ǰ 2 Aut.G/ and
assume that the automorphisms j̨ , ǰ can be extended to some topological automor-
phisms N̨j , Ň

j of the group X . Assume that there exist independent random variables
�j with values in G and distributions �j 62 �.G/ 	 I.G/ such that the linear forms
L1 D ˛1�1 C � � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n are independent. Obviously,
we can consider �j as independent random variables taking values in the group X .
Furthermore, the linear forms L1 D N̨1�1 C � � � C N̨n�n and L2 D Ň

1�1 C � � � C Ň
n�n

will be independent and �j 62 �.X/ 	 I.X/.
We also note that if G is a topological direct factor of X , then any topological

automorphism ı 2 Aut.G/ can be extended to a topological automorphism of the
group X .

Lemma 13.24. LetX be a compact totally disconnected group. Then either the group
X is topologically isomorphic to a group of the form

.i/ P
p2P

.�
np
p �Gp/;

where np is a nonnegative integer and Gp is a finite p-primary group, or for some
prime number p there exists a topological direct factorK of the group X such that K
is topologically isomorphic to either the group �@0

p or the group

.ii/
1
P

nD1
Z.pmn/; mn � mnC1; n D 1; 2; : : : :

Proof. By Theorems 1.6.1 and 1.6.4, Y is a discrete torsion group. We deduce from
Theorem 1.19.1 that Y is a weak direct product of its p-components Yp ,

Y D P *

p2P
Yp: (13.39)
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By Theorem 1.19.2 each p-primary subgroup Yp can be represented as a direct product
Yp D Dp�Np;whereDp is the maximal divisible subgroup ofYp andNp is a countable
reduced p-primary group. By Theorem 1.19.3 the group Dp can be represented in its
turn as a weak direct product of groups each of which is isomorphic to the group
Z.p1/. Taking into account that .Z.p1//� Š �p , we conclude from Theorem 1.7.2
that

X D P
p2P

Xp;

where
Xp Š �n

p �Gp; n � @0; Gp Š .Np/
�: (13.40)

Assume that the groupX is not topologically isomorphic to a group of the form (i).
This means that in (13.40) for some p either n D @0 or Gp is an infinite group. If
n D @0, then the group X has a topological direct factor G topologically isomorphic
to the group �@0

p . If Gp is an infinite group, then the group Np is also infinite. As is
well known every countable infinite p-primary group has a direct factor isomorphic to
the group

1
P *

nD1
Z.pmn/; mn � mnC1; n D 1; 2; : : :

([51], Proposition 77.5). It follows from this that the group Np also has such a direct
factor. But then by Theorem 1.7.2 the group Gp has a topological direct factor G,
topologically isomorphic to a group of the form (ii).

Theorem 13.25. Let X be a compact totally disconnected group, �1 and �2 be inde-
pendent random variables with values in X and distributions �1 and �2. Let j̨ , ǰ ,
j D 1; 2, be topological automorphisms of X . The independence of the linear forms
L1 D ˛1�1 C ˛2�2 and L2 D ˇ1�1 C ˇ2�2 implies that �1; �2 2 I.X/ if and only if
X is topologically isomorphic to a group of the form 13.24 (i).

Proof. We first prove the necessity. Assume that a group X is not topologically iso-
morphic to a group of the form 13.24 (i). By Lemma 13.24 for some prime number p
the group X has a topological direct factor G such that either G is topologically iso-
morphic to the group �@0

p or to a group of the form 13.24 (ii). If G is topologically
isomorphic to the group �@0

p , then by Lemma 13.21 there exist an automorphism
ı 2 Aut.G/ and independent random variables �1 and �2 with values in G and distri-
butions �1; �2 62 I.G/ such that the linear forms L1 D �1 C �2 and L2 D �1 C ı�2

are independent. If G is topologically isomorphic to a group of the form 13.24 (ii),
then by Lemma 13.22 the analogous statement is also true. Since the subgroup G is a
topological direct factor of X , the necessity results from Remark 13.23.

We prove the sufficiency. Assume that a group X is topologically isomorphic to
a group of the form 13.24 (i). By Lemma 10.1 if the linear forms L1 and L2 are
independent, then the characteristic functions O�j .y/ satisfy equation 10.1 (i). Set
�j D �j 	 N�j . We conclude from 2.7 (c) and 2.7 (d) that O�j .y/ D j O�j .y/j2 � 0,
y 2 Y . Obviously, the characteristic functions O�j .y/ also satisfy equation 10.1 (i). If
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we prove that �j 2 I.X/, then 2.7 (b) and 2.7 (e) imply that �j 2 I.X/. Thus we
can solve equation 10.1 (i) assuming that O�j .y/ � 0. The sufficiency will be proved
if we show that the functions O�j .y/ take only the values 0 and 1. Indeed, in this
case O�2

j .y/ D O�j .y/, y 2 Y , j D 1; 2. Then it follows from 2.7 (b) and 2.7 (c) that
��2

j D �j , i.e., �j 2 I.X/, j D 1; 2.
Let y0 2 Y . Taking into account (13.39) we have

y0 D
nX

j D1

yj ;

where yj 2 Ypj
. It is obvious that p

kj

j yj D 0, j D 1; 2; : : : ; n for some natural kj .

Consider the subgroupsBj D fy 2 Ypj
W pj

kj y D 0g. Theny0 2 B D B1 � � � � � Bn.
Since the group X is topologically isomorphic to a group of the form 13.24 (i), every
subgroupBj is finite. Hence the subgroupB is also finite. Obviously,B is a character-
istic subgroup of the group Y . It is clear that for any u; v 2 Y there exists a subgroup
B of the form above such that u; v 2 B . Consider the restriction of equation 10.1 (i)
to the subgroup B . By Corollary 2.11 the restriction of the characteristic functions
O�j .y/ to B are the characteristic functions of some distributions on the factor group
X=A.X;B/. Note that by Theorems 1.9.1 and 1.9.2, .X=A.X;B//� Š B . Taking into
account that the group B is finite, this implies that the factor group X=A.X;B/ is also
finite. By Theorem 13.1 the characteristic functions O�j .y/ take only values 0 and 1.
The sufficiency is also proved.

Consider now the case when X is a compact connected group. The following
theorem is valid.

Theorem 13.26. LetX be a compact connected group. Then there exist automorphisms
j̨ ; ǰ 2 Aut.X/ and independent random variables �1 and �2 with values in the group
X anddistributions�1; �2 … �.X/	I.X/ such that the linear formsL1 D ˛1�1C˛2�2

and L2 D ˇ1�1 C ˇ2�2 are independent.

Proof. By Theorems 1.6.1 and 1.6.2, Y is a discrete torsion-free group. Two cases
are possible: fp … Aut.X/ for some prime number p and fp 2 Aut.X/ for all prime
numbers p.

1. Suppose that
fp … Aut.X/ (13.41)

for some prime number p. We will assume that p in (13.41) is the smallest one. Since
X is a connected group, by Theorem 1.9.6, X .n/ D X for all n 2 N. Therefore, if
fp … Aut.X/, then Ker fp ¤ f0g.

Let p D 2. Then Ker f2 D fx 2 X W 2x D 0g ¤ f0g, i.e., the group X contains
elements of order 2. Since cX D X , by Theorem 7.10 there exist independent random
variables �1 and �2 with values inX and distributions �1; �2 … �.X/	I.X/ such that
the linear forms L1 D �1 C �2 and L2 D �1 � �2 are independent.
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Assume that p � 3. Set a D 1 � p. Since p is the smallest natural number with
property (13.41), we have f�a 2 Aut.X/. Hence fa 2 Aut.X/. By Theorem 1.9.5,
Ker fp D A.X; Y .p//. This implies that Y .p/ ¤ Y . Take Qy … Y .p/ and verify that the
automorphism ı D fa and the element Qy satisfy the conditions of Lemma 13.20. We
conclude from 1.13 (d) that Qfa D fa. We have I � Qfa D Qfp . Since Y is a torsion-free
group, Ker.I � Qfa/ D f0g, i.e., 13.20 (i) is fulfilled. It follows from I � Qfa D Qfp

that .I � Qfa/Y D Y .p/. Since p � 3, the numbers 2 and p are relatively prime.
Therefore there exist integers m and n such that 2m C pn D 1. It follows from this
that y D 2myCpny. Hence if Qy … Y .p/, then 2 Qy … Y .p/. This implies that 13.20 (ii)
is true. Since Y is a torsion-free group, it is obvious that 13.20 (iii) is fulfilled. In this
case the theorem follows from Lemma 13.20.

2. fp 2 Aut.X/ for all prime numbers p. This means that X is a torsion-free
group. Since X is a connected group, by Theorem 1.11.4 the group X is topologically
isomorphic to a group of the form

.†a/
n; a D .2; 3; 4; : : : /; n � @0:

It is clear that it suffices to prove the theorem for the group X D †a. Then Y Š Q.
We will denote elements of the group Y by r , r 2 Q.

Let H be a subgroup of Y of the form H D ˚
m
5n

�
m;n2Z

: Set G D H�, K D
A.G;H .2//. It follows from Theorems 1.9.1 and 1.9.2 that K Š Z.2/. Let � be an
arbitrary non-idempotent distribution on the group G supported in K. It is easy to see
that the characteristic function O�.h/ is of the form

O�.h/ D
(
1 if h 2 H .2/;

c if h … H .2/;
(13.42)

where �1 < c < 1. Consider on the group Y the function

g.y/ D
( O�.y/ if y 2 H;
0 if y … H: (13.43)

By Proposition 2.12, g.y/ is a positive definite function. By the Bochner theorem
there exists a distribution � 2 M1.X/ such that O�.y/ D g.y/. It is obvious that
� … �.X/ 	 I.X/.

Let �1 and �2 be independent identically distributed random variables with values
inX and distribution �. We will verify that the linear forms L1 D �1 C 2�2 and L2 D
2�1 � �2 are independent. By Lemma 10.1 it suffices to show that the characteristic
functions of the random variables �j satisfy equation 10.1 (i) which takes the form

O�.uC 2v/ O�.2u � v/ D O�.u/ O�.2u/ O�.2v/ O�.�v/; u; v 2 Y: (13.44)

It follows from (13.42) that if u; v 2 H , then equation (13.44) is satisfied. It is also
obvious that equation (13.44) holds if either u 2 H , v … H or v 2 H , u … H .
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Assume that u; v … H . Then the right-hand side of equation (13.44) is equal to zero.
If the left-hand side of equation (13.44) is not equal to zero, then uC 2v; 2u� v 2 H .
This implies that 5u 2 H , and hence u 2 H . The contradiction obtained shows that
equation (13.44) is true for all u; v 2 Y .

Remark 13.27. Let X be a compact connected group. Assume that automorphisms
j̨ D fmj

; ǰ D fnj
2 Aut.X/ satisfy the condition

˛1ˇ1 C ˛2ˇ2 D 0: (13.45)

Then there exist independent identically distributed random variables �1 and �2 with
values in X and nondegenerate Gaussian distribution � such that the linear forms
L1 D ˛1�1 C ˛2�2 and L2 D ˇ1�1 C ˇ2�2 are independent. A natural problem
arises: is it possible to construct automorphisms j̨ , ǰ in Theorem 13.26 satisfying
condition (13.45) and independent identically distributed random variables �1 and �2

with values in X and distribution � … �.X/ 	 I.X/ such that the linear forms L1 D
˛1�1 C ˛2�2 and L2 D ˇ1�1 C ˇ2�2 are independent?

In case 2 this has already been done in the proof of Theorem 13.26.
Consider case 1. Let fp … Aut.X/ for some prime number p, where p � 3.

Assume that �1 and �2 are independent identically distributed random variables with
values in X and distribution �. Consider the linear forms L1 D �1 C a�2 and L2 D
a�1��2, wherea D p�1. We will show that there exists a distribution� … �.X/	I.X/
such that the linear formsL1 andL2 are independent. Set q D a2 C1. By Lemma 10.1
the independence ofL1 andL2 is equivalent to the fact that the characteristic functions
of the random variables �j satisfy equation 10.1 (i) which takes the form

O�.uC av/ O�.au � v/ D O�.u/ O�.au/ O�.av/ O�.�v/; u; v 2 Y: (13.46)

If fq … Aut.X/, we reason as in case 1 of the proof of Theorem 13.26. Take
Qy … Y .q/. Let � be the distribution on the group X with density �.x/ D 1C Re.x; Qy/
with respect to the Haar distribution mX . It is clear that � 62 �.X/ 	 I.X/. We
verify that the characteristic function O�.y/ satisfies equation (13.46). It is obvious that
equation (13.46) holds if eitheru D 0 or v D 0. Letu ¤ 0 and v ¤ 0. Since a Qy ¤ � Qy,
the right-hand side of equation (13.46) is equal to zero for all v ¤ 0. If the left-hand
side of equation (13.46) is not equal to zero, this implies that uCav; au�v 2 f0;˙ Qyg.
It follows from this that

qv 2 f0;˙ Qy;˙.a˙ 1/ Qyg: (13.47)

By the condition ˙ Qy … Y .q/. Taking into account that the numbers a C 1 and q
are relatively prime and the numbers a � 1 and q are also relatively prime, we have
.a ˙ 1/ Qy … Y .q/. Therefore it follows from (13.47) that qv D 0. Since Y is a tor-
sion-free group, v D 0. The contradiction obtained proves that the left-hand side of
equation (13.46) is also equal to zero.

If fq 2 Aut.X/, we follow the scheme of the proof of Theorem 13.26 in case 2.
Namely, let y0 be an arbitrary element of the group Y . Since fq 2 Aut.X/, we have
fq 2 Aut.Y /. Therefore we can consider a subgroup H of the group Y of the form
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H D ˚
m
qny0

�
m;n2Z

. Let G D H�. Since the numbers q and a are relatively prime,

H ¤ H .a/. Consider the distribution � D � 	 � 2 M1.G/, where � 2 �.G/,
� 2 M1.K/, K D A.G;H .a// and construct the distribution � as has already been
done in Theorem 13.26 in case 2.

If we assume thatf2 … Aut.X/ for a groupX , then the answer to the above question,
generally, is negative. Indeed, let X D T . Then Aut.T / D f˙I g, and for this reason
the study of arbitrary linear formsL1 andL2 is reduced to the formsL1 D �1 C �2 and
L2 D �1 ��2. Since the groupX contains only one element of order 2, by Theorem 9.9
if �1 and �2 are independent identically distributed random variables with values in X
and distribution � such that L1 D �1 C �2 and L2 D �1 � �2 are independent, then
� 2 �.X/ 	 I.X/.

On the other hand, let X D T 2. As follows from Lemma 9.6, there exist indepen-
dent identically distributed random variables �1 and �2 with values inX and distribution
� … �.X/ 	 I.X/ such that the linear forms L1 D �1 C �2 and L2 D �1 � �2 are
independent.

Remark 13.28. Let X be a compact connected group. Following the scheme of the
proof of Theorem 13.26 we will verify that the statement of Theorem 13.26 is true for
an arbitrary number n � 2 of independent random variables.

Let f2 … Aut.X/. Consider the distributions �1 and �2 on the circle group T
constructed in Lemma 7.8. We conclude from 2.7 (c) that the parameters a and b in
(7.11) can be chosen in such a way that �1 D ��.n�1/, where � 2 M1.T /. Let �j be
independent random variables with values in the circle group T and distributions �j ,
where �1 D � � � D �n�1 D � , �n D �2. It follows from Lemmas 7.8 and 10.1 that
the linear forms L1 D �1 C � � � C �n and L2 D �1 C � � � C �n�1 � �n are independent.
Next we argue as in the proof of statement (II) of Theorem 7.10 and get the desired
statement.

If fp … Aut.X/ for some prime number p � 3, then the required assertion follows
directly from Lemma 13.20.

Let fp 2 Aut.X/ for all prime numbers p. Arguing as in Theorem 13.26, we
assume thatX D †a, where a D .2; 3; 4; : : : /. Let � be a distribution on the groupX
with the characteristic function defined by (13.43). Let �j be independent identically
distributed random variables with values in X and distribution �. Arguing as in the
proof of Theorem 13.26 and using Lemma 10.1, we show that the linear forms L1 D
�1 C � � � C �n�1 C �n and L2 D 2�1 C � � � C 2�n�1 � �n are independent.

14 The number of random variables n � 3

Let X be a second countable locally compact Abelian group, Y be its character group,
�j , j D 1; 2; : : : ; n, n � 3, be independent random variables with values in X and
distributions �j . Let L1 D ˛1�1 C � � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n, where
the coefficients j̨ ; ǰ 2 Aut.X/. It turns out that in contrast to the case n D 2 the
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classes of groups for which the Skitovich–Darmois theorem is true are very poor. We
study group analogues of the Skitovich–Darmois theorem for finite, compact totally
disconnected, discrete torsion and compact groups. First we study the case when X is
a finite group. We need some lemmas.

Lemma 14.1. Let X be a group of the form

.i/ Z.2m1/ � � � � � Z.2ml /; where 0 � m1 < � � � < ml ;

let j̨ ; ǰ 2 Aut.X/, j D 1; 2; : : : ; n, n � 2, and let �j be independent random
variables with values in X and distributions �j . If the linear forms L1 D ˛1�1 C
� � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n are independent, then all �j are degenerate
distributions.

Proof. Arguing as in the proof of Theorem 10.3, we reduce the proof of the lemma
to the case when L1 D �1 C � � � C �n and L2 D ı1�1 C � � � C ın�n, where ıj 2
Aut.X/. By Lemma 10.1 ifL1 andL2 are independent, then the characteristic functions
O�j .y/ satisfy equation 10.1 (i) which takes the form (10.2). Put �j D �j 	 N�j . We
conclude from 2.7 (c) and 2.7 (d) that O�j .y/ D j O�j .y/j2 � 0, y 2 Y . Obviously,
the characteristic functions O�j .y/ also satisfy equation (10.2). In view of 2.7 (b) and
2.7 (e) the lemma will be proved if we show that all �j 2 D.X/. Therefore, we can
assume from the beginning that all O�j .y/ � 0; y 2 Y . We will prove that in this case
O�j .y/ 
 1, j D 1; 2; : : : ; n.

By Theorem 1.7.1, Y Š X . Let " be an arbitrary automorphism of the group Y .
PutHi D Y .2mi �1/ \Y.2/, i D 1; 2; : : : ; l . Since for any natural k the subgroups Y .k/

and Y.k/ are characteristic, the subgroups Hi are also characteristic. This implies that

".Hi�1nHi / D Hi�1nHi : (14.1)

It follows from (14.1) that if u; v 2 Hi�1nHi , then uC "v 2 Hi , i D 1; 2; : : : ; l . It
is easy to see that Hl Š Z.2/. Hence "y D y, y 2 Hl . The restriction of equation
(10.2) to the subgroup Hl takes the form

nY
j D1

O�j .uC v/ D
nY

j D1

O�j .u/

nY
j D1

O�j .v/; u; v 2 Hl : (14.2)

Put

f .y/ D
nY

j D1

O�j .y/; y 2 Y:

We deduce from (14.2) that the restriction of the function f .y/ to the subgroup Hl

is a character of the group Hl . Taking into account that f .y/ � 0, we get that
f .y/ D 1; y 2 Hl . Hence O�j .y/ D 1; y 2 Hl , j D 1; 2; : : : ; n. Substituting
u; v 2 Hl�1nHl into equation (10.2) and taking into account that uC Qıj v 2 Hl for all
Qıj , we obtain that O�j .y/ D 1, y 2 Hl�1, j D 1; 2; : : : ; n. Repeating this procedure,
we prove that O�j .y/ D 1; y 2 Y.2/, j D 1; 2; : : : ; n.
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Let us prove now that O�j .y/ D 1, y 2 Y , j D 1; 2; : : : ; n. We will prove this
by induction on ml . For ml D 1 we have X D Z.2/. Then Y Š Z.2/ and hence
Y D Y.2/. As has been noted above, if y 2 Y.2/, then O�j .y/ D 1, j D 1; 2; : : : ; n.
Thus for ml D 1 the statement is true.

Since O�j .y/ D 1, y 2 Y.2/, j D 1; 2; : : : ; n, by Proposition 2.13 the functions
O�j .y/ take constant values on each coset y C Y.2/. Hence they induce some charac-
teristic functions gj .Œy�/ on the factor group Y=Y.2/ by the formula gj .Œy�/ D O�j .y/,
y 2 Œy�. Since Y.2/ is a characteristic subgroup of the group Y , the automorphisms
Qıj also induce some automorphisms "j on the factor group Y=Y.2/ by the formula
"j Œy� D Œ Qıjy�, y 2 Œy�. It means that we can consider equation (10.2) on the factor
group Y=Y.2/. Taking into account that

Y=Y.2/ Š Z.2m1�1/ � � � � � Z.2ml �1/;

by the induction hypothesis gj .Œy�/ D 1, j D 1; 2; : : : ; n, for all Œy� 2 Y=Y.2/. Hence
O�j .y/ D 1, y 2 Y , j D 1; 2; : : : ; n.

Corollary 14.2. Let Y be a group of the form 14.1 (i) and Q̨j ; Q̌
j 2 Aut.Y /, j D

1; 2; : : : ; n, n � 2. Let O�j .y/ be characteristic functions on the group Y satisfying
equation 10.1 (i). Then O�j .y/ are of form

O�j .y/ D .xj ; y/; xj 2 X; j D 1; 2; : : : ; n:

Lemma 14.3. Let X D Z.3/, j̨ ; ǰ 2 Aut.X/, j D 1; 2; : : : ; n, n � 2. Let �j
be independent random variables with values in X and distributions �j . If the linear
formsL1 D ˛1�1C� � �C˛n�n andL2 D ˇ1�1C� � �Cˇn�n are independent, then either
all �j are degenerate distributions or �j1

D �j2
D mX for at least two distributions

�j1
and �j2

, and the remaining �j are arbitrary distributions.

Proof. Note that Aut.X/ D f˙I g. Obviously, we can assume without loss of general-
ity thatL1 D �1C� � �C�n andL2 D �1C� � �C�m�� � ���n. Consider new independent
random variables 
1 D �1 C � � � C �m and 
2 D �mC1 C � � � C �n. By the condition
of the lemma the linear forms L1 D 
1 C 
2 and L2 D 
1 � 
2 are independent.
Denote by �j the distribution of the random variables 
j . We conclude from (2.1) that
�1 D �1 	 � � � 	�m, �2 D �mC1 	 � � � 	�n. Since cX D f0g, by Theorem 7.10 either
�1; �2 2 D.X/ or �1 D �2 D mX . If �1; �2 2 D.X/, then all �j 2 D.X/. It follows
directly from 2.7 (c) and 2.14 (i) that if X D Z.3/ and �1 	 �2 D mX , then �j D mX

at least for one distribution �j . Hence if �1 D �2 D mX , then �j1
D �j2

D mX at
least for two distributions�j1

and�j2
, and the remaining�j are arbitrary distributions.

Lemma 14.4. Let X D Z.5/, j̨ , ǰ 2 Aut.X/, j D 1; 2; 3. Let �j be independent
random variables with values in X and distributions �j . If the linear forms L1 D
˛1�1 C ˛2�2 C ˛3�3 and L2 D ˇ1�1 C ˇ2�2 C ˇ3�3 are independent, then either all
�j are degenerate distributions or �j1

D mX for at least one distribution �j1
.
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Proof. Note that Y Š Z.5/. Arguing as in the proof of Theorem 10.3, we reduce the
proof of the lemma to the case whenL1 D �1 C �2 C �3 andL2 D ı1�1 C ı2�2 C ı3�3,
where ıj 2 Aut.X/.

First assume that not all automorphisms ıj are different. Let for definiteness ı2 D
ı3 D ı. Consider the random variables �1 and � D �2 C �3. Then the linear forms
L1 D �1 C � andL2 D ı1�1 C ı� are independent. By (2.1) the random variable � has
the distribution � D �2 	 �3. It follows from Theorem 13.1 that either �1 and � are
degenerate distributions and then all�j are degenerate distributions, or�1 D � D mX .

Assume now that all automorphisms ıj are different. Obviously, every automor-
phism ı 2 Aut.X/ is of the form ıx D kx, k D 1; 2; 3; 4, x 2 X . Since the
linear forms L1 and L2 are independent if and only if the linear forms L1 and ıL2

are independent, it is easy to see that we can assume without loss of generality that
L2 D �1 C 2�2 C 3�3. Set f .y/ D O�1.y/, g.y/ D O�2.y/; h.y/ D O�3.y/. By
Lemma 10.1 if L1 and L2 are independent, then the characteristic functions O�j .y/

satisfy equation 10.1 (i) which takes the form

f .uCv/g.uC2v/h.uC3v/ D f .u/g.u/h.u/f .v/g.2v/h.3v/; u; v;2 Y: (14.3)

We note that the group X contains no subgroup topologically isomorphic to the
circle group T . Therefore, if the characteristic functions O�j .y/ do not vanish, then by
Theorem 10.3 all �j are degenerate distributions.

Suppose that only one characteristic function O�j .y/ vanishes. We note that for any
u 2 Y , u ¤ 0, and any automorphism " 2 Aut.Y / there exists an element v 2 Y such
that uC"v D 0. Assume for definiteness that f .y/ vanishes and g.y/ and h.y/ do not
vanish. Let f .u0/ D 0. Substitute u D u0, v D �u0 into equation (14.3). Then the
right-hand side of equation (14.3) is equal to zero, whereas the left-hand side is not.
The contradiction obtained shows that at least two characteristic functions vanish.

Assume that only two characteristic functions, say for definiteness f .y/ and g.y/
vanish. Then they have common zeros. Indeed, in the opposite case we have f .u0/ D
g.2u0/ D 0, f .2u0/ ¤ 0, g.u0/ ¤ 0 for some u0 2 Y . Hence for u D 3u0, v D 4u0

the right-hand side of equation (14.3) is equal to zero, whereas the left-hand side is
not. Thus f .y/ and g.y/ have common zeros. Let f .u0/ D g.u0/ D 0. Substituting
u D u0, v D 2u0 into (14.3) we get f .3u0/ D 0, i.e., �1 D mX . Substituting
u D 3u0, v D 2u0 into (14.3) we get g.2u0/ D 0, i.e., �2 D mX . The other cases,
where eitherf .y/ andh.y/ vanish org.y/ andh.y/ vanish can be considered similarly.

Assume now that all three characteristic functions f .y/, g.y/, and h.y/ vanish.
We first consider the case when, at a certain point u0 2 Y ,

f .u0/ D g.u0/ D h.u0/ D 0: (14.4)

Putting u D u0, v D 2u0 in (14.3) we obtain f .3u0/h.2u0/ D 0. This implies that
either �1 D mX or �3 D mX .

If (14.4) is not true, then the following three cases are possible:
1. f .u0/ D g.u0/ D h.2u0/ D 0, h.u0/ ¤ 0 at a certain point u0 2 Y . Putting

u D 2u0, v D 3u0 in (14.3) we get g.3u0/ D 0, i.e., �2 D mX .
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2. f .u0/ D g.2u0/ D h.u0/ D 0, g.u0/ ¤ 0 at a certain point u0 2 Y .
Substituting u D 2u0, v D u0 into (14.3) we obtain f .3u0/ D 0, i.e., �1 D mX .
Putting u D u0, v D 4u0 in (14.3) we get h.3u0/ D 0, i.e., �3 D mX .

3. f .2u0/ D g.u0/ D h.u0/ D 0, f .u0/ ¤ 0 at a certain point u0 2 Y .
Substituting u D 4u0, v D 2u0 into (14.3) we obtain g.3u0/ D 0, i.e., �2 D mX .

Remark 14.5. It should be noted that Lemma 14.4 may not be strengthened. To put
it in another way: it is not true that �j1

D �j2
D mX for at least two distributions �j1

and �j2
. To prove this take u0 2 Y , u0 ¤ 0, and consider the distributions �1 D mX ,

�2.fxg/ D .1=5/.1 C Re.x; u0//, x 2 X , and �3 D �2. Then O�j .y/ D 0 for
y 2 f2u0; 3u0g, j D 2; 3. It is easy to check that the characteristic functions O�j .y/

satisfy equation (14.3). Hence by Lemma 10.1 if �j are independent random variables
with values in X and distributions �j , then the linear forms L1 D �1 C �2 C �3 and
L1 D �1 C 2�2 C 3�3 are independent.

Lemma 14.6. For each of the groups X D .Z.k//2, where k � 2, X D Z.2k � 1/,
where k � 4, and X D Z.3/ � Z.5/, and for every n � 3 there exist automorphisms
˛; ˇ 2 Aut.X/ and independent identically distributed random variables �j , j D
1; 2; : : : ; n, with values in X and distribution � … I.X/ such that the linear forms
L1 D �1 C � � � C �n and L2 D �1 C � � � C �n�2 C ˛�n�1 C ˇ�n are independent.

Proof. We note that Y Š X . Let X D .Z.k//2, where k � 2. Denote by .p; q/,
p; q 2 Z.k/, elements of the groups X and Y . Set Qy D .0; 1/ 2 Y . Let � be
the distribution on the group X such as in Lemma 13.20. Then the characteristic
function f .y/ D O�.y/ is defined by (13.30). It is obvious that � … I.X/. Let �j ,
j D 1; 2; : : : ; n, n � 3, be independent identically distributed random variables with
values in X and distribution �. Let automorphisms ˛; ˇ 2 Aut.X/ be of the form

˛.p; q/ D .p; p C q/; ˇ.p; q/ D .q; p/; p; q 2 Z.k/: (14.5)

Then
Q̨ .p; q/ D .p C q; q/; Q̌.p; q/ D .q; p/; p; q 2 Z.k/: (14.6)

We verify that the linear formsL1 D �1 C� � �C�n andL2 D �1 C� � �C�n�2 C˛�n�1 C
ˇ�n are independent. By Lemma 10.1 it suffices to show that the characteristic functions
of the random variables �j satisfy equation 10.1 (i) which takes the form

f n�2.uC v/f .uC Q̨v/f .uC Q̌v/
D f n.u/f n�2.v/f . Q̨v/f . Q̌v/; u; v 2 Y: (14.7)

Obviously, equation (14.7) is satisfied if either u D 0 or v D 0. Let u ¤ 0 and
v ¤ 0. Since Q̌ Qy ¤ ˙ Qy, the right-hand side of equation (14.7) is equal to zero. If the
left-hand side of equation (14.7) is not equal to zero, then as follows from (13.30) we
have uC v; uC Q̨v; uC Q̌v 2 f0;˙ Qyg. We conclude from this that

. Q̨ � I /v 2 f0;˙ Qy;˙2 Qyg (14.8)



158 V The Skitovich–Darmois theorem for locally compact Abelian groups (general case)

and
. Q̨ � Q̌/v 2 f0;˙ Qy;˙2 Qyg: (14.9)

Let v D .p; q/. Then . Q̨ � I /v D .q; 0/. Hence (14.8) implies that q D 0. On the
other hand, . Q̨ � Q̌/v D .p; q � p/. Therefore, (14.9) yields that p D 0, and hence
v D 0 contrary to the assumption. Thus the left-hand side of equation (14.7) is also
equal to zero. We get that the characteristic function f .y/ satisfies equation (14.7).
So, for the group X D .Z.k//2, k � 2, the lemma is proved.

Let eitherX D Z.2k � 1/, where k � 4 orX D Z.3/� Z.5/. IfX D Z.2k � 1/,
where k � 4, then denote by Qy an element of order 2k � 1 in Y . If X D Z.3/� Z.5/,
then denote by Qy an element of order 15 in Y . Let � be the distribution on the groupX
such as in Lemma 13.20. Then the characteristic function f .y/ D O�.y/ is defined
by (13.30). Obviously, � … I.X/. Let �j , j D 1; 2; : : : ; n, n � 3, be independent
identically distributed random variables with values in X and distribution �. Let
automorphisms ˛; ˇ 2 Aut.X/ be of the form ˛ D f2, ˇ D �I .

We check that the linear forms L1 D �1 C � � � C �n and L2 D �1 C � � � C �n�2 C
2�n�1 � �n are independent. By Lemma 10.1 it suffices to show that the characteristic
functions of the random variables �j satisfy equation 10.1 (i) which takes the form

f n�2.uCv/f .uC2v/f .u�v/ D f n.u/f n�2.v/f .2v/f .�v/; u; v 2 Y: (14.10)

Obviously, equation (14.10) holds if either u D 0 or v D 0. Let u ¤ 0 and v ¤ 0.
Since 2 Qy ¤ ˙ Qy, the right-hand side of equation (14.10) is equal to zero. If the left-
hand side of equation (14.10) is not equal to zero, then as follows from (13.30), we
have

u˙ v; uC 2v 2 f0;˙ Qyg: (14.11)

This implies that
v; 2v 2 f0;˙ Qy;˙2 Qyg: (14.12)

We conclude from (14.12) that v D ˙ Qy. Taking into account that u C v 2 f0;˙ Qyg,
we have the following possibilities: u D Qy, v D � Qy; u D 2 Qy, v D � Qy; u D � Qy,
v D Qy; u D �2 Qy, v D Qy. In each of these cases we have u� v … f0;˙ Qyg, contrary to
(14.11). Thus the left-hand side of equation (14.10) is also equal to zero. We get that the
characteristic function f .y/ satisfies equation (14.10). For the groupsX D Z.2k�1/,
where k � 4, and X D Z.3/ � Z.5/ the lemma is also proved.

Theorem 14.7. Let X be a finite group, G be a group of the form 14.1 (i). Then the
following statements hold:

(I) Let j̨ ; ǰ 2 Aut.X/, j D 1; 2; 3, and let �j be independent random variables
with values in X and distributions �j . Assume that the linear forms L1 D
˛1�1 C˛2�2 C˛3�3 andL2 D ˇ1�1 Cˇ2�2 Cˇ3�3 are independent. IfX D G,
then all �j are degenerate distributions. If X D Z.3/ � G, then either all �j

are degenerate distributions or �j1
	 Ex1

D �j2
	 Ex2

D mZ.3/, xj 2 X , for
at least two distributions �j1

and �j2
. If X D Z.5/ � G, then either all �j

are degenerate distributions or �j1
	 Ex1

D mZ.5/, x1 2 X , for at least one
distribution �j1

.
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(II) If a group X is not isomorphic to any of the groups mentioned in (I), then for
every n � 3 there exist automorphisms j̨ ; ǰ 2 Aut.X/, j D 1; 2; : : : ; n, and
independent identically distributed random variables �j with values in X and
distribution � … I.X/ such that the linear forms L1 D ˛1�1 C � � � C ˛n�n and
L2 D ˇ1�1 C � � � C ˇn�n are independent.

Proof. (I). If X D G, then the statement of the theorem follows from Lemma 14.1.
Let X D Z.3/ � G. By Theorem 1.7.1, Y D L �H , where L Š Z.3/, H Š G.

By Lemma 10.1 if the linear forms L1 and L2 are independent, then the characteristic
functions O�j .y/ satisfy equation 10.1 (i). Put �j D �j 	 N�j . It follows from 2.7 (c)
and 2.7 (d) that O�j .y/ D j O�j .y/j2 � 0, y 2 Y . Obviously, the characteristic func-
tions O�j .y/ also satisfy equation 10.1 (i). SinceH is the 2-component of the group Y ,
the subgroup H is characteristic. Consider the restriction of equation 10.1 (i) to H .
Applying Corollary 14.2 we get that O�j .y/ D 1 for all y 2 H . By Proposition 2.13
the inclusions �.�j / � A.X;H/ D Z.3/, j D 1; 2; 3 hold. It follows from Proposi-
tion 2.2 that the distributions �j can be replaced by their shifts �0

j in such a manner
that �.�0

j / � Z.3/. Let � 0
j be independent random variables with values in X and

distributions �0
j . By Corollary 10.2 the linear forms L0

1 D ˛1�
0
1 C ˛2�

0
2 C ˛3�

0
3 and

L0
2 D ˇ1�

0
1 Cˇ2�

0
2 Cˇ3�

0
3 are independent. Since Z.3/ is a characteristic subgroup of

the group X , we can suppose that j̨ ; ǰ 2 Aut.Z.3// and � 0
j take values in the group

Z.3/. Then the statement of the theorem follows from Lemma 14.3.
For the group X D Z.5/ � G we reason similarly using Lemma 14.4 instead of

Lemma 14.3.
(II). Assume now that a group X is not isomorphic to any of the groups mentioned

in (I). By Theorem 1.19.1 we can represent the group X as a direct product of its
p-components Xp , i.e.,

X D m

P
j D1

Xpj
:

By Theorem 1.19.4 each of the groups Xpj
is isomorphic to a finite direct product of

groups of the form .Z.pj
m//km for different m. It follows from this that if a group X

is not isomorphic to any of the groups mentioned in (I), then the group X has a direct
factor isomorphic to one of the groups mentioned in Lemma 14.6. Then the statement
of the theorem follows from Lemma 14.6 and Remark 13.23.

Remark 14.8. The proof of Theorem 14.7 in the case when X D Z.3/ � G is based
on Lemma 14.3. Lemma 14.3 is valid for an arbitrary number n � 2 of independent
random variables. Therefore the statement of Theorem 14.7 in the case when X D
Z.3/�G is also valid for an arbitrary number n � 2 of independent random variables.

Let us study now the case when X is a compact totally disconnected group.

Lemma 14.9. Let either X D �2 or X D �2 � G, where G is a group of the
form 14.1 (i). Let j̨ ; ǰ 2 Aut.X/, j D 1; 2; : : : ; n, n � 2, and let �j be inde-
pendent random variables with values in X and distributions �j . If the linear forms
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L1 D ˛1�1 C � � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n are independent, then all �j

are degenerate distributions.

Proof. By Lemma 10.1 it follows from the independence of the linear forms L1 and
L2 that the characteristic functions O�j .y/ satisfy equation 10.1 (i). Put �j D �j 	 N�j .
We conclude from 2.7 (c) and 2.7 (d) that O�j .y/ D j O�j .y/j2 � 0, y 2 Y . Obviously,
the characteristic functions O�j .y/ also satisfy equation 10.1 (i). The lemma will be
proved if we show that all �j 2 D.X/. Therefore we can assume from the beginning
that O�j .y/ � 0, y 2 Y .

1. Let X D �2. We have Y Š Z.21/ and Y.2m/ Š Z.2m/. Note that the natural
embeddings hold

Y.2/ � � � � � Y.2m/ � � � � � Y; (14.13)

and

Y D
1[

mD1

Y.2m/: (14.14)

Each of the subgroupsY.2m/ is characteristic. Consider the restriction of equation 10.1(i)
to the subgroup Y.2m/. By Lemma 14.1, O�j .y/ D 1, y 2 Y.2m/, j D 1; 2; : : : ; n. We
deduce from (14.13) and (14.14) that O�j .y/ D 1, y 2 Y , j D 1; 2; : : : ; n. The
statement of the lemma follows from 2.7 (b).

2. LetX D �2�G, whereG is a group of the form 14.1 (i). By Theorem 1.7.1,Y D
H �L, whereH Š Z.21/, L Š G. It follows fromG.2ml / D f0g that L.2ml / D f0g
and hence H D Y .2ml /. This implies that H is a characteristic subgroup of the group
Y . Consider the restriction of equation 10.1 (i) to the subgroupH . As has been proved
in case 1, O�j .y/ D 1, y 2 H , j D 1; 2; : : : ; n, By Proposition 2.13 we conclude
from this that the inclusions �.�j / � A.X;H/ D G, j D 1; 2; : : : ; n. hold. Since
H is a characteristic subgroup of the group Y and G D A.X;H/, by Lemma 13.11,
G is a characteristic subgroup of the group X . Therefore j̨ , ǰ can be considered as
automorphisms of the groupG. We have independent random variables �j with values
in the group G and distributions �j such that linear forms L1 D ˛1�1 C � � � C ˛n�n

and L2 D ˇ1�1 C � � � C ˇn�n are independent. The required statement follows from
Lemma 14.1.

Corollary 14.10. Let either Y D Z.p1/ or Y D Z.p1/ �H , where H is a group
of the form 14.1 (i). Let Q̨j ; Q̌

j 2 Aut.Y /, j D 1; 2; : : : ; n, n � 2, and let O�j .y/ be
characteristic functions on the group Y satisfying equation 10.1 (i). Then O�j .y/ are
of the form

O�j .y/ D .xj ; y/; xj 2 X; j D 1; 2; : : : ; n:

Lemma 14.11. Let G be a compact subgroup of a group X , j̨ ; ǰ 2 Aut.X/,
j D 1; 2; : : : ; n, n � 2, and assume that the restrictions of automorphisms j̨ , ǰ

toG are topological automorphisms of the groupG. Let gj .y/ be continuous normal-
ized positive definite functions on the annihilator A.Y;G/. Assume that the following
conditions are satisfied:
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(i) the functions gj .y/ satisfy equation 10.1 (i);
(ii) the characteristic functions O�j .y/ D ymG.y/, j D 1; 2; : : : ; n, satisfy equa-

tion 10.1 (i) when y 2 Y .

Let �j 2 M1.X/; j D 1; 2; : : : ; n, and the characteristic functions O�j .y/, y 2 Y ,
be of the form

O�j .y/ D
(
gj .y/ if y 2 A.Y;G/;
0 if y … A.Y;G/:

Then O�j .y/ also satisfy equation 10.1 (i).

Proof. Set L D A.Y;G/. By Lemma 13.11 the restrictions of automorphisms Q̨j ,
Q̌
j to L are topological automorphisms of the group L because the restrictions of

automorphisms j̨ , ǰ toG are topological automorphisms of the groupG. Ifu; v 2 L,
then in view of (i), equation 10.1 (i) holds. We also note that the characteristic function
ymG.y/ is of the form 2.14 (i). Therefore, if either u 2 L, v … L or u … L, v 2 L,
then both sides of equation 10.1 (i) are equal to zero. If u; v … L, then the right-hand
side of equation 10.1 (i) is equal to zero. If the left-hand side of equation 10.1 (i) is not
equal to zero, then Q̨juC Q̌

j v 2 L, j D 1; 2; : : : ; n, contrary to (ii).

Lemma 14.12. For each of the groups X D �2
2 and X D �p , where p is a prime

number, p � 3, and for every n � 3 there exist automorphisms ˛; ˇ 2 Aut.X/ and
independent identically distributed random variables �j , j D 1; 2; : : : ; n, with values
in X and distribution � … I.X/ such that the linear forms L1 D �1 C � � � C �n and
L2 D �1 C � � � C �n�2 C ˛�n�1 C ˇ�n are independent.

Proof. Let X D �2
2. Set G D X .2/. Then G is a characteristic subgroup of the group

X . By Theorem 1.7.1, Y Š .Z.21//2, and by Theorem 1.9.5, L D A.Y;G/ D Y.2/.
Obviously, Y.2/ Š .Z.2//2. The subgroup L can be considered as the character group
of the group K D .Z.2//2. Denote by .a; b/, a; b 2 �2, elements of the group X ,
and by .p; q/, p; q 2 Z.21/, elements of the group Y . We will also denote by .a; b/,
a; b 2 Z.2/, elements of the group K, and by .p; q/, p; q 2 Z.2/, elements of the
group L. Let automorphisms ˛; ˇ 2 Aut.X/ be of the form

˛.a; b/ D .a; aC b/; ˇ.a; b/ D .b; a/; a; b 2 �2:

Then

Q̨ .p; q/ D .p C q; q/; Q̌.p; q/ D .q; p/; p; q 2 Z.21/: (14.15)

Let automorphisms ˛1; ˇ1 2 Aut.K/ be defined by (14.5). We note that (14.6) and
(14.15) imply that the restrictions of automorphisms Q̨ and Q̌ to the subgroupL coincide
with the automorphisms Q̨1 and Q̌

1. By Lemma 14.6 there exist independent identically
distributed random variables �j , j D 1; 2; : : : ; n, n � 3, with values in the group
K and distribution � … I.K/ such that the linear forms L1 D �1 C � � � C �n and
L2 D �1 C � � � C �n�2 C ˛1�n�1 C ˇ1�n are independent. Then by Lemma 10.1 the
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characteristic functions of the random variables �j satisfy equation 10.1 (i) which takes
the form (14.7).

The characteristic function ymG.y/, y 2 Y , is of the form 2.14 (i). We will verify
that the characteristic function ymG.y/ also satisfies equation (14.7). Since L is a
characteristic subgroup of the group Y , if u; v 2 L, then both sides of equation (14.7)
are equal to 1, and if either u 2 L, v … L or u … L, v 2 L, then both sides of
equation (14.7) are equal to zero. Ifu; v … L, then the right-hand side of equation (14.7)
is equal to zero. If the left-hand side of equation (14.7) is not equal to zero, then
uCv; uC Q̨v; uC Q̌v 2 L. This implies that . Q̨ � Q̌/v 2 L. Since Q̨ � Q̌ 2 Aut.Y /, we
have v 2 L. The contradiction obtained shows that the left-hand side of equation (14.7)
is also equal to zero.

Consider on the group Y the function

f .y/ D
(

y�.y/ if y 2 L,

0 if y … L.

By Proposition 2.12f .y/ is a positive definite function. Hence by the Bochner theorem
there exists a distribution� 2 M1.X/ such that O�.y/ D f .y/. Let �j , j D 1; 2; : : : ; n,
n � 3, be independent identically distributed random variables with values in X and
distribution �. By Lemma 14.11 the characteristic functions O�j .y/ D O�.y/, j D
1; 2; : : : ; n, satisfy equation 10.1 (i) which takes the form (14.7). Then by Lemma 10.1
the linear forms L1 D �1 C � � � C �n and L2 D �1 C � � � C �n�2 C ˛�n�1 C ˇ�n are
independent. Obviously, � … I.X/. In the case when X D �2

2 the lemma is proved.
Let X D �p , where p is a prime number, p � 3. We follow the scheme of the

proof of the lemma for the groupX D �2
2. PutG D X .p2/. ThenG is a characteristic

subgroup of the group X . By Theorem 1.7.1, Y Š Z.p1/, and by Theorem 1.9.5,
L D A.Y;G/ D Y.p2/. It is obvious that Y.p2/ Š Z.p2/. The subgroup L can
be considered as the character group of the group K D Z.p2/. By Lemma 14.6
there exist independent identically distributed random variables �j , j D 1; 2; : : : ; n,
n � 3, with values in the group K and distribution � … I.K/ such that the linear
forms L1 D �1 C � � � C �n and L2 D �1 C � � � C �n�2 C 2�n�1 � �n are independent.
Then by Lemma 10.1 the characteristic functions of the random variables �j satisfy
equation 10.1 (i) on the group L which takes the form (14.10).

The verification that the characteristic function ymG.y/ also satisfies equation (14.10)
and the final part of the proof of the lemma proceed analogously to the case of the group
X D �2

2.

Theorem 14.13. Let X be a compact totally disconnected group, G be a group of the
form 14.1 (i). Denote byK one of the groups G, �2, and�2 �G. Then the following
statements hold:

(I) Let j̨ ; ǰ 2 Aut.X/, j D 1; 2; 3, and let �j be independent random variables
with values in X and distributions �j . Assume that the linear forms L1 D
˛1�1 C˛2�2 C˛3�3 andL2 D ˇ1�1 Cˇ2�2 Cˇ3�3 are independent. IfX D K,
then all �j are degenerate distributions. If X D Z.3/ � K, then either all �j
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are degenerate distributions or �j1
	 Ex1

D �j2
	 Ex2

D mZ.3/, xj 2 X , at
least for two distributions �j1

and �j2
. If X D Z.5/ � K, then either all �j

are degenerate distributions or �j1
	 Ex1

D mZ.5/, x1 2 X , at least for one
distribution �j1

.

(II) If a group X is not topologically isomorphic to any of the groups mentioned
in (I), then for every n � 3 there exist automorphisms j̨ ; ǰ 2 Aut.X/, j D
1; 2; : : : ; n, and independent identically distributed random variables �j with
values in X and distribution � … I.X/ such that the linear forms L1 D ˛1�1 C
� � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n are independent.

Proof. (I). In the case whenX D K the assertion follows from Lemmas 14.1 and 14.9.
If either X D Z.3/ � K or X D Z.5/ � K, then the proof of the theorem proceeds
in the same way as the proof of Theorem 14.7 in case (I). We also use Corollary 14.10
along with Corollary 14.2.

(II). Assume that the group X is not topologically isomorphic to the groups men-
tioned in (I). If the groupX contains a topological direct factor topologically isomorphic
to either the group �@0

p , where p is a prime number, p � 3, or a group of the form
13.24 (ii), then the statement of the theorem follows from Lemmas 13.21, 13.22, and
Remark 13.23.

So, we assume that the group X contains no topological direct factor topologically
isomorphic to either the group �@0

p , where p is a prime number, p � 3, or a group of
the form 13.24 (ii). By Lemma 13.24 in this case the groupX is of the form 13.24 (i). It
follows from representation 13.24 (i) that if the groupX is not topologically isomorphic
to the groups mentioned in (I), thenX contains as a topological direct factor a subgroup
M such that eitherM Š �2

2 orM Š �p , where p is a prime number, p � 3, orM is
topologically isomorphic to one of the groups mentioned in Lemma 14.6. In this case
the statement of the theorem follows from Lemmas 14.12, 14.6, and Remark 13.23.

Now consider the case when X is a discrete group. Since we assume that all
considering groups are second countable, for the discrete groups it means that these
groups are countable. We will not specify it.

Lemma 14.14. Let X be a discrete reduced 2-primary group such that all its Ulm–
Kaplansky invariants are equal to either 0 or 1. Let j̨ ; ǰ 2 Aut.X/, j D 1; 2; : : : ; n,
n � 2, and assume that �j are independent random variables with values in X and
distributions�j . If the linear formsL1 D ˛1�1C� � �C˛n�n andL2 D ˇ1�1C� � �Cˇn�n

are independent, then all �j are degenerate distributions.

Proof. Arguing as in the proof of Theorem 10.3, we reduce the proof of the lemma
to the case when L1 D �1 C � � � C �n and L2 D ı1�1 C � � � C ın�n, where ıj 2
Aut.X/. By Lemma 10.1 ifL1 andL2 are independent, then the characteristic functions
O�j .y/ satisfy equation 10.1 (i) which takes the form (10.2). Put �j D �j 	 N�j . We
conclude from 2.7 (c) and 2.7 (d) that O�j .y/ D j O�j .y/j2 � 0, y 2 Y . Obviously, the
characteristic functions O�j .y/ also satisfy equation (10.2). The lemma will be proved
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if we show that all �j 2 D.X/. Therefore we may assume from the beginning that
O�j .y/ � 0, y 2 Y , j D 1; 2; : : : ; n.

1. First consider the case whenX is either a finite group or an infinite group which
is a weak direct product of cyclic groups. Put X1 D T1

nD1X
.2n/. Then X1 D f0g. It

follows from 1.20 that the Ulm sequence of the group X in this case consists of one
elementX0 D X=X1 Š X . We note that the number of cyclic direct factors of order 2n

in the decomposition of the Ulm factorX0 coincides with the .n�1/th Ulm–Kaplansky
invariant. Therefore, ifX is a finite group, thenX is isomorphic to a group of the form
14.1 (i). The assertion of the lemma in this case is proved in Lemma 14.1. If X is an
infinite group, then X is isomorphic to a group of the form

1
P *

j D1
Z.2mj /; mj < mj C1; j D 1; 2; : : : : (14.16)

By Theorem 1.7.2,

Y D 1
P

j D1
Aj ; Aj Š Z.2mj /:

We prove that O�j .y/ D 1, y 2 Y , j D 1; 2; : : : ; n. Put

Bi D 1
P

j DiC1
Aj ; Hi D Y.2/ \ Bi :

It is easy to see that Hi D Y.2/ \ Y .2
miC1�1

/. Since for every natural k the sub-
groups Y .k/ and Y.k/ are characteristic, the subgroups Hi are also characteristic. By
Lemma 13.9 there exists an open subgroup B � Y such that all the characteristic
functions O�j .y/ D 1, y 2 B . Taking into account that the subgroups Bi form a base
of neighbourhoods of zero, we may assume without loss of generality that B D Bk0

for some k0.
First we check that O�j .y/ D 1, y 2 Y.2/, j D 1; 2; : : : ; n. Consider the restriction

of equation (10.2) to the subgroup Y.2/. Since Hk0
� Bk0

, all the characteristic
functions O�j .y/ D 1, y 2 Hk0

. We note that ".Hi�1 n Hi / D Hi�1 n Hi holds
for any automorphism " 2 Aut.Y / and any natural i . We conclude from this that if
u; v 2 Hi�1 nHi , then uC "v 2 Hi . Substituting u; v 2 Hk0�1 nHk0

into equation
(10.2) we get

1 D n

P
j D1

O�j .u/
n

P
j D1

O�j . Qıj v/; u; v 2 Hk0�1 nHk0
: (14.17)

It follows from (14.17) that all characteristic functions O�j .y/ D 1, y 2 Hk0�1.
Arguing as above after k0 steps we obtain that O�j .y/ D 1, y 2 H0 D Y.2/, j D
1; 2; : : : ; n.

Since all the characteristic functions O�j .y/ D 1, y 2 Y.2/, by Corollary 2.13
every characteristic function O�j .y/ takes a constant value on each coset y C Y.2/ and
induces a characteristic function gj .Œy�/ on the factor group Y=Y.2/ by the formula
gj .Œy�/ D O�j .y/, y 2 Œy�. On the other hand, since Y.2/ is a characteristic subgroup
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of the group Y , every automorphism Qıj induces a topological automorphism "j on the
factor group Y=Y.2/ by the formula "j Œy� D Œ Qıjy�, y 2 Œy�. Therefore we may consider
equation (10.2) on the factor group Y=Y.2/. We have

n

P
j D1

gj .Œu�C "j Œv�/ D n

P
j D1

gj .Œu�/
n

P
j D1

gj ."j Œv�/; Œu�; Œv� 2 Y=Y.2/:

The factor group Y=Y.2/ is of the same form as the group Y , i.e., Y=Y.2/ is a direct
product of groups each of which is isomorphic to the group Z.2lk /, and all lk are
different. Hence as has been proved above, gj .Œy�/ D 1, Œy� 2 .Y=Y.2//.2/, j D
1; 2; : : : ; n. Returning to the original characteristic functions O�j .y/, we obtain that
all the characteristic functions O�j .y/ D 1, y 2 Y.4/. Arguing as above we show that
O�j .y/ D 1, y 2 Y.2m/, j D 1; 2; : : : ; n, for all m. Since the subgroups Y

.2
mk0 /

and
Bk0

generate the group Y , by Proposition 2.13, O�j .y/ D 1, y 2 Y , i.e., �j D E0,
j D 1; 2; : : : ; n.

2. We now consider the general case. Put

X0 D X; X1 D
1T

nD1

X .2n/; X�C1 D .X� /1; X� D T
�<�

X� ;

if � is a limit ordinal number. Let 
 be the least ordinal number for which X � D
f0g. By Theorem 1.20.1, 
 is a countable ordinal number, and each of the groups
X� D X�=X�C1 is a weak direct product of cyclic groups, moreover the group X�

contains elements of arbitrarily large order if � C 1 < 
 . Since the number of cyclic
direct factors of order 2n in the decomposition X� coincides with the !� C n � 1/th
Ulm–Kaplansky invariant, the Ulm factors X� are of the form

X� Š
1
P *

j D1
Z.2m�;j /; m�;j < m�;j C1 if � C 1 < 
: (14.18)

If the ordinal number 
 � 1 exists, the group X��1 is isomorphic to either a group of
the form 14.1 (i) or a group of the form (14.16).

Set L D A.Y;X1/. Obviously, X1 is a characteristic subgroup of the group X .
By Corollary 13.12, L is a characteristic subgroup of the group Y . By Theorem 1.9.1,
X1 D A.X;L/, and hence by Theorem 1.9.2, L Š .X0/

�. Consider the restriction
of equation (10.2) to the subgroup L. Since the group X0 is of the form (14.18), as
has been proved in case 1 O�j .y/ D 1, y 2 L, j D 1; 2; : : : ; n. By Proposition 2.13,
�.�j / � A.X;L/ D X1. Obviously, X� is a characteristic subgroup of the group X
for all � < 
 . Assume that the inclusions �.�j / � X� , j D 1; 2; : : : ; n, � < �, have
already been proved. Two cases are possible: the ordinal number ��1 exists and � is a
limit ordinal number. In the first case we argue as above, replacing X by X��1. Then
we prove that all �.�j / � X�. In the second case X� D T

ı<� X
ı , and then also all

�.�j / � X�. Hence �.�j / � X � D f0g, i.e., �j D E0, j D 1; 2; : : : ; n.

Lemma 14.15. Let either X D Z.21/ or X D Z.21/ � G, where G is a discrete
reduced 2-primary group such that all its Ulm–Kaplansky invariants are equal either 0



166 V The Skitovich–Darmois theorem for locally compact Abelian groups (general case)

or 1. Let j̨ ; ǰ 2 Aut.X/, j D 1; 2; : : : ; n, n � 2, and let �j be independent
random variables with values in X and distributions �j . If the linear forms L1 D
˛1�1 C � � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n are independent, then all �j are
degenerate distributions.

Proof. By Lemma 10.1 it follows from the independence of the linear forms L1 and
L2 that the characteristic functions O�j .y/ satisfy equation 10.1 (i). Put �j D �j 	 N�j .
By 2.7 (c) and 2.7 (d), O�j .y/ D j O�j .y/j2 � 0, y 2 Y . Obviously, the characteristic
functions O�j .y/ also satisfy equation 10.1 (i). The lemma will be proved if we show
that all �j 2 D.X/. Therefore we can assume from the beginning that O�j .y/ � 0,
y 2 Y .

1. Let X D Z.21/, then Y Š �2. Put Yi D Y .2i /. It follows from the definition
of the topology in the group�2 that all sets Yi form a base of neighbourhoods of zero.
By Lemma 13.9 there exists an open subgroup B of the group Y such that O�j .y/ D 1,
y 2 B , j D 1; 2; : : : ; n. We may assume without loss of generality that B D Yk0

for some k0. By Proposition 2.13, �.�j / � A.X; Yk0
/ D X.2k0 / Š Z.2k0/. Since

X.2k0 / is a characteristic subgroup of the groupX , the statement of the lemma follows
from Lemma 14.1.

2. Let X D Z.21/ �G, where G is a discrete reduced 2-primary group such that
all its Ulm–Kaplansky invariants are equal to either 0 or 1. SetH D A.Y;Z.21//. By
Theorem 1.9.1, A.X;H/ D Z.21/. Since Z.21/ is the maximal divisible subgroup
of the group X , Z.21/ is a characteristic subgroup of X . By Corollary 13.12, H is a
characteristic subgroup of the group Y . Consider the restriction of equation 10.1 (i) to
the subgroup H . Since H Š G�, we conclude from Lemma 14.14 that O�j .y/ D 1,
y 2 H , j D 1; 2; : : : ; n. Hence by Proposition 2.13 all �.�j / � A.X;H/ D Z.21/.
Now the assertion of the lemma follows from case 1.

Lemmas 14.14 and 14.15 yield directly

Corollary 14.16. LetH be the character group of a discrete reduced 2-primary group
such that all its Ulm–Kaplansky invariants are equal to either 0 or 1. Let either Y D H

or Y D �2 or Y D �2 �H . Let Q̨j ; Q̌
j 2 Aut.Y /, j D 1; 2; : : : ; n, n � 2, and let

O�j .y/ be characteristic functions on the group Y satisfying equation 10.1 .i/. Then
O�j .y/ are of the form

O�j .y/ D .xj ; y/; xj 2 X; j D 1; 2; : : : ; n:

Lemma 14.17. Let X be a discrete reduced 2-primary group such that not all its
Ulm–Kaplansky invariants are equal to either 0 or 1. Then the group X contains
a subgroup M , M Š .Z.2k//2, such that any automorphism of M extends to an
automorphism of the group X .

Proof. LetA be an arbitrary p-primary group. As is well known (see ([50], § 33) there
exists a subgroup B of A such that B has the following properties:

(a) B is a weak direct product of cyclic groups;
(b) B is pure in A;
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(c) A=B is divisible.
Such a subgroup B is called a basic subgroup of A. Denote by Bn a weak direct

product of cyclic factors in B of order pn, i.e., Bn Š P * Z.pn/ and

B D
1
P *

nD1
Bn:

Then the decomposition holds

A D B1 � � � � � Bn � Cn; n D 1; 2; : : : ; (14.19)

whereCn is the subgroup ofA generated by P *
i�nC1 Bi andA.pn/ ([50], Theorem 32.4).

Pass now to the proof of the lemma. By Theorem 1.20 every Ulm factor of the
group X is a weak direct product of cyclic 2-primary groups. Therefore it follows
from the condition of the lemma that there exists an Ulm factor X� such that X�

has a direct factor L which is isomorphic to the group .Z.2k//2 for some natural k.
We have X� D X�=X�C1. Let B be a basic subgroup of the group X� . Then
X�C1 \ B D f0g. Denote by B0 the image of the subgroup B under the natural
homomorphism � W X� 7! X� . Then B0 is a basic subgroup of the group X� and
� is an isomorphism between B and B0 ([50], § 34). Since X� is a weak direct
product of cyclic groups, a basic subgroup of X� is itself. Taking into account that all
basic subgroups of a p-primary group are isomorphic ([50], Theorem 35.2), we have
X� Š B0. This implies that X� Š B . Hence the subgroup B has a direct factor M
isomorphic to .Z.2k//2. We have B D M �N , where N is a weak direct product of
cyclic groups, because N is a subgroup of B . We get a decomposition of the group B
into a weak direct product of cyclic groups. Let Bn be a weak direct product of cyclic
factors in B of order 2n. Then M is a direct factor of Bk . Applying decomposition
(14.19) to the group X� we conclude that M is a direct factor of X� . Hence every
automorphism of the subgroupM extends to an automorphism of the groupX� . By the
Zippin theorem every automorphism of the subgroup X� extends to an automorphism
of the group X ([51], Theorem 77.4). Thus every automorphism of the subgroup M
extends to an automorphism of the group X .

Lemma 14.18. For each of the groups X D .Z.21//2 and X D Z.p1/, where p is
a prime number, p � 3, and for every n � 3 there exist automorphisms ˛; ˇ 2 Aut.X/
and independent identically distributed random variables �j , j D 1; 2; : : : ; n, with
values in X and distribution � … I.X/ such that the linear forms L1 D �1 C � � � C �n

and L2 D �1 C � � � C �n�2 C ˛�n�1 C ˇ�n are independent.

Proof. LetX D .Z.21//2. Denote by .a; b/, a; b 2 Z.21/, elements of the groupX .
Let automorphisms ˛; ˇ 2 Aut.X/ be of the form

˛.a; b/ D .a; aC b/; ˇ.a; b/ D .b; a/; a; b 2 Z.21/:

Consider the subgroup K D X.2/. Obviously, K Š .Z.2//2. The subgroup K is
characteristic and the restrictions of the automorphisms ˛ and ˇ toK coincide with the
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automorphisms defined by (14.5). By Lemma 14.6 there exist independent identically
distributed random variables �j , j D 1; 2; : : : ; n; n � 3, with values in the group
K and distribution � … I.X/ such that the linear forms L1 D �1 C � � � C �n and
L2 D �1 C � � � C �n�2 C ˛�n�1 C ˇ�n are independent. The statement of the lemma
follows from Remark 13.23.

Let X D Z.p1/, where p is a prime number, p � 3. The scheme of the proof of
the lemma in this case is the same as for the group X D .Z.21//2. Set K D X.p2/.
It is obvious that K Š Z.p2/, and the subgroup K is characteristic. By Lemma 14.6
there exist independent identically distributed random variables �j , j D 1; 2; : : : ; n,
n � 3, with values in the groupK and distribution� … I.X/ such that the linear forms
L1 D �1 C� � �C�n andL2 D �1 C� � �C�n�2 C2�n�1 ��n are independent. Obviously,
the automorphisms f2 and �I extend from K to automorphisms of the group X . The
statement of the lemma also follows from Remark 13.23.

Theorem 14.19. LetX be a discrete torsion group,G be a discrete reduced 2-primary
group such that all its Ulm–Kaplansky invariants are equal to either 0 or 1. Denote by
K one of the groups G, Z.21/, and Z.21/�G. Then the following statements hold:

(I) Let j̨ ; ǰ 2 Aut.X/, j D 1; 2; 3, and assume that �j are independent random
variables with values in X and distributions �j . Assume that the linear forms
L1 D ˛1�1 C ˛2�2 C ˛3�3 and L2 D ˇ1�1 C ˇ2�2 C ˇ3�3 are independent. If
X D K, then all �j are degenerate distributions. If X D Z.3/�K, then either
all �j are degenerate distributions or�j1

	Ex1
D �j2

	Ex2
D mZ.3/, xj 2 X ,

at least for two distributions �j1
and �j2

. If X D Z.5/ �K, then either all �j

are degenerate distributions or �j1
	 Ex1

D mZ.5/, x1 2 X , at least for one
distribution �j1

.

(II) If a group X is not isomorphic to any of the groups mentioned in (I), then for
every n � 3 there exist automorphisms j̨ ; ǰ 2 Aut.X/, j D 1; 2; : : : ; n, and
independent identically distributed random variables �j with values in X and
distribution � … I.X/ such that the linear forms L1 D ˛1�1 C � � � C ˛n�n and
L2 D ˇ1�1 C � � � C ˇn�n are independent.

Proof. (I). If X D K, the statement of the theorem follows from Lemmas 14.14 and
14.15. If either X D Z.3/ � K or X D Z.5/ � K, then the proof of the theorem is
similar to the proof of case (I) of Theorem 14.7.

(II). Assume that the group X is not topologically isomorphic to the groups men-
tioned in (I). By Theorem 1.19.1, X is a weak direct product of its p-components
Xp . By Theorem 1.19.2 each p-primary subgroup Xp can be represented as a direct
productXp D Dp �Np , whereDp is the maximal divisible subgroup ofXp andNp is
a countable reduced p-primary group. By Theorem 1.19.3 the groupDp is represented
in its turn as a weak direct product of groups each of which is isomorphic to the group
Z.p1/. We use the fact that every reduced p-primary group has a cyclic direct factor
([50], § 27). Hence the group Np has a direct factor M Š Z.pk/ for some natural
k. We conclude from this that if a group X is not isomorphic to any of the groups
mentioned in (I), then the group X has a direct factor isomorphic to either .Z.21//2
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or Z.p1/, where p is a prime number, p � 3, or a reduced 2-prime group such that
not all its Ulm–Kaplansky invariants are equal to either 0 or 1, or one of the groups
mentioned in Lemma 14.6. The statement of the theorem follows from Lemmas 14.18,
14.17, 14.6 and Remark 13.23.

Now we discuss the case when X is either a compact group or a discrete torsion
group and the number of independent random variables n � 4. We need the following.

Lemma 14.20. Assume that a group X contains a compact subgroup F with the
following properties:

(a) F 6Š Z.3/;
(b) there exists an automorphism ı 2 Aut.F / that extends to a topological automor-

phism of the group X ;
(c) I � ı is an epimorphism of the subgroup F .

Then for every n � 4 there exist automorphisms j̨ ; ǰ 2 Aut.X/, j D 1; 2; : : : ; n,
and independent random variables �j with values inX and distributions �j … �.X/	
I.X/ such that the linear formsL1 D ˛1�1 C � � � C˛n�n andL2 D ˇ1�1 C � � � Cˇn�n

are independent.

Proof. In view of Remark 13.23 in the proof of the lemma we can assume from the
beginning thatX D F . Then it follows from (a) and (c) that Y 6Š Z.3/ and Y 6Š Z.2/.
Hence we can take nonzero elements y1; y2 2 Y such that fy1;�y1g\fy2;�y2g D ;.
Consider on the group X the functions

�j .x/ D 1C .1=2/Re.x; yj /:

Then �j .x/ > 0; x 2 X , andZ
X

�j .x/dmX .x/ D 1; j D 1; 2:

Denote by �j the distribution on the group X with density �j .x/ with respect to the
Haar distribution mX . Let a.yj / D 1

4
if 2yj ¤ 0 and a.yj / D 1

2
if 2yj D 0. It is

easily seen that the characteristic functions of the distributions �j have the form:

O�j .y/ D

�
1 if y D 0;

a.yj / if y D ˙yj ;

0 if y … f0;˙yj g:
(14.20)

Let �j be independent random variables with values in X and distributions �j ,
where �1 D �3 D �1, �2 D �4 D �2, and �j , j � 5 are arbitrary distributions
on X such that �j 62 �.X/ 	 I.X/. Assume that ı1 D ı2 D I , ı3 D ı4 D ı, and
ıj 2 Aut.X/ are arbitrary automorphisms. It is obvious that all �j … �.X/ 	 I.X/.
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We will show that the characteristic functions O�j .y/ satisfy equation 10.1 (i) which
takes the form

O�1.uC v/ O�2.uC v/ O�1.uC Qıv/ O�2.uC Qıv/
nY

j D5

O�j .uC Qıj v/

D O�2
1.u/

O�1.v/ O�1. Qıv/ O�2
2.u/

O�2.v/ O�2. Qıv/
nY

j D5

O�j .u/

nY
j D5

O�j . Qıj v/;
(14.21)

u; v 2 Y . Then by Lemma 10.1 it follows from this that the linear forms L1 D
�1 C � � � C �n and L1 D ı1�1 C � � � C ın�n are independent, and the lemma will be
proved.

Obviously, equation (14.21) is true if either u D 0 or v D 0. We will show that
equation (14.21) holds for all u ¤ 0 and v ¤ 0. So, assume that u ¤ 0 and v ¤ 0.
Then we conclude from (14.20) that the right-hand side of equation (14.21) is equal
to zero. We will verify that the left-hand side of equation (14.21) is also equal to
zero. Assume that O�1.uC v/ O�2.uC v/ O�1.uC Qıv/ O�2.uC Qıv/ ¤ 0. This implies that
uC v; uC Qıv 2 f0; y1;�y1g \ f0; y2;�y2g D f0g. Hence(

uC v D 0;

uC Qıv D 0:
(14.22)

It follows from (14.22) that .I � Qı/v D 0. Since I � ı is an epimorphism of the
group X , by 1.13 (b), I � Qı is a monomorphism of the group Y . Hence the equality
.I � Qı/v D 0 implies that v D 0, contrary to the assumption. Thus the left-hand side
of equation (14.21) is also equal to zero for u ¤ 0 and v ¤ 0. So, the characteristic
functions O�j .y/ satisfy equation (14.21).

Proposition 14.21. Let X be a compact group, G be a group of the form 14.1 (i).
Denote byK one of the groupsG,�2, and�2 �G. If the groupX is not topologically
isomorphic to either K or Z.3/ �K, then for every n � 4 there exist automorphisms

j̨ ; ǰ 2 Aut.X/, j D 1; 2; : : : ; n, and independent random variables �j with values
in X and distributions �j … �.X/ 	 I.X/ such that the linear forms L1 D ˛1�1 C
� � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n are independent.

Proof. Consider the connected component of zero cX of the group X and assume that
cX ¤ f0g. By Theorem 1.9.6, .cX /.2/ D cX . Hence the subgroup F D cX and the
automorphism �I satisfy the conditions of Lemma 14.20. In this case the proposition
follows from Lemma 14.20.

If cX D f0g, then X is a totally disconnected group. We apply Theorem 14.13
and conclude that the proposition holds for all groups X except X D Z.5/ �K. Let
X D Z.5/�K. Notice that the subgroup F D Z.5/ and the automorphism �I satisfy
the conditions of Lemma 14.20, and thus the proposition follows.
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Proposition 14.22. Let X be a discrete torsion group, G be a discrete reduced 2-
primary group such that all its Ulm–Kaplansky invariants are equal to either 0 or 1.
Denote by K one of the groups G, Z.21/, and Z.21/ �G.

If the group X is not isomorphic to either K or Z.3/ � K, then for every n � 4

there exist automorphisms j̨ ; ǰ 2 Aut.X/, j D 1; 2; : : : ; n, and independent random
variables �j with values in X and distributions �j … I.X/ such that the linear forms
L1 D ˛1�1 C � � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n are independent.

Proof. We apply Theorem 14.19. It follows from Theorem 14.19 that the proposition
holds for all groups X except X D Z.5/ � K. Let X D Z.5/ � K. Notice that the
subgroupF D Z.5/ and the automorphism �I satisfy the conditions of Lemma 14.20,
and thus the proposition follows.

At the end of this section we will prove the following statement.

Theorem 14.23. Let

.i/ X D Rm ��2 � Z.21/ �D;
where D is a discrete group such that its torsion part bD is a reduced 2-primary
group such that all its Ulm–Kaplansky invariants are equal to either 0 or 1. Let

j̨ ; ǰ 2 Aut.X/, j D 1; 2; : : : ; n, n � 2, and let �j be independent random variables
with values in X and distributions �j . If the linear forms L1 D ˛1�1 C � � � C ˛n�n

and L2 D ˇ1�1 C � � � C ˇn�n are independent, then all �j 2 �.X/.
Proof. By Lemma 10.1, if the linear forms L1 and L2 are independent, then the char-
acteristic functions O�j .y/ satisfy equation 10.1 (i). Put �j D �j 	 N�j . It follows from
2.7 (c) and 2.7 (d) that O�j .y/ D j O�j .y/j2 � 0, y 2 Y , j D 1; 2; : : : ; n. Obviously,
the characteristic functions O�j .y/ also satisfy equation 10.1 (i). The group X has no
subgroup topologically isomorphic to the circle group T . Hence if we prove that
�j 2 �.X/, then applying Theorem 4.6, we get that �j 2 �.X/. Therefore we can
assume from the beginning that the characteristic functions O�j .y/ � 0.

It is easy to see that bX D �2 � Z.21/ � bD and Rm � bX is a characteristic
subgroup. Taking into account Proposition 13.8 we can assume that D is a torsion
group.

Obviously that Y Š Rm � Z.21/ � �2 � L, where L D D�. We will assume
that Y D Rm � Z.21/ � �2 � L. Note that the subgroup Z.21/ � D of X is
closed and characteristic, because it consists of all elements of finite order of the
group X . By Corollary 13.12 its annihilator A.Y;Z.21/ � D/ D Rm � Z.21/ is a
characteristic subgroup of the group Y . Hence Z.21/ is also a characteristic subgroup
of the group Y . Consider the restriction of equation 10.1 (i) to the subgroup Z.21/. It
follows from Corollary 14.10 that O�j .y/ D 1, y 2 Z.21/. Thus by Proposition 2.13
all �.�j / � A.X;Z.21// D K, where

K D Rm � Z.21/ � bD: (14.23)
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Since Z.21/ is a characteristic subgroup of the group Y , by Corollary 13.12 K is a
characteristic subgroup of the groupX . Therefore we can prove the theorem assuming
that the group X is of the form (14.23). Hence Y Š Rm � �2 � L. We will assume
that Y D Rm � �2 � L. The subgroup bY D �2 � L is characteristic. Consider
the restriction of equation 10.1 (i) to the subgroup �2 � L. By Corollary 14.16 all
characteristic functions O�j .y/ D 1, y 2 �2 � L. Thus by Proposition 2.13 we have
the inclusions �.�j / � A.X;�2 � L/ D Rm, j D 1; 2; : : : ; n. Since Rm D cX , Rm

is a characteristic subgroup of the group X . The proof of the theorem is reduced to
the proof for the group X D Rm. Hence the theorem follows from the Ghurye–Olkin
theorem (see Remark 13.7).

15 Random variables with values in the a-adic solenoid †a

LetX be a compact connected group. According to Theorem 13.26 there exist indepen-
dent random variables �1 and �2 with values in X and distributions �1; �2 … �.X/ 	
I.X/ and automorphisms j̨ ; ǰ 2 Aut.X/ such that the linear formsL1 D ˛1�1C˛2�2

andL2 D ˇ1�1 Cˇ2�2 are independent. The aim of this section is to study the follow-
ing problem: Let �1 and �2 be independent random variables with values in the a-adic
solenoid X D †a and distributions �1 and �2. Let j̨ ; ǰ 2 Aut.X/ and assume that
the linear forms L1 D ˛1�1 C ˛2�2 and L2 D ˇ1�1 C ˇ2�2 are independent. What
can one say about the distributions �1 and �2? It turns out that the answer depends on
both the form of the a-adic solenoid †a and the topological automorphisms j̨ , ǰ .

We need some lemmas.

Lemma 15.1. Let Y be an arbitrary Abelian group, let q 2 Z; q ¤ 0, and let a.y/
and b.y/ be functions on Y satisfying the equation

.i/ a.uC v/b.uC qv/ D a.u/b.u/a.v/b.qv/; u; v 2 Y;
and the conditions

.ii/ a.�y/ D a.y/; b.�y/ D b.y/; y 2 Y:
Set s D 1 � q. If for a certain y0 2 Y .s/ the inequality a.y0/b.y0/ ¤ 0 holds, then
there exists a subgroupM � Y such that a.y/b.y/ ¤ 0, y 2 M .

Proof. Putting u D �qy, v D y and then u D y, v D �y in 15.1 (i) and taking into
account 15.1 (ii) we get

a.sy/ D a.qy/b2.qy/a.y/; y 2 Y; (15.1)

b.sy/ D a2.y/b.y/b.qy/; y 2 Y: (15.2)

By the condition of the lemma y0 D sz0, z0 2 Y . Substituting z0 for y into (15.1) and
(15.2) we conclude that

a.z0/ ¤ 0; a.qz0/ ¤ 0; b.z0/ ¤ 0; b.qz0/ ¤ 0: (15.3)
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Putting u D z0, v D kz0 and then u D qz0, v D kz0, k 2 Z, in equation 15.1 (i)
we obtain

a..k C 1/z0//b..kq C 1/z0/ D a.z0//b.z0/a.kz0/b.kqz0/; (15.4)

a..q C k/z0//b..k C 1/qz0/ D a.qz0//b.qz0/a.kz0/b.kqz0/: (15.5)

Taking into account (15.3), it follows by induction from (15.4), (15.5) that a.kz0/ ¤ 0,
b.kqz0/ ¤ 0, k 2 Z. The subgroup M D fkqz0gk2Z is the required one.

Lemma 15.2. Let M be an arbitrary Abelian group, a.y/ and b.y/ be functions on
M satisfying equation 15.1 (i), conditions 15.1 (ii), and the conditions

.i/ 0 < a.y/ � 1; 0 < b.y/ � 1; a.0/ D b.0/ D 1:

Put s D 1 � q. Then on the subgroupM .sq/ the following representation holds:

.ii/ a.y/ D expf�'1.y/g; b.y/ D expf�'2.y/g;
where 'j .y/ � 0 and each of the functions 'j .y/ satisfies equation 2.16 (ii).

Proof. Set '1.y/ D � ln a.y/, '2.y/ D � ln b.y/. It follows from 15.1 (i) that

'1.uC v/C '2.uC qv/ D A.u/C B.v/; u; v 2 M; (15.6)

where A.u/ D '1.u/C '2.u/, B.v/ D '1.v/C '2.qv/.
We use the finite difference method to solve equation (15.6). Let k be an arbitrary

element of Y . Substitute u� qk for u and v C k for v in equation (15.6) and subtract
equation (15.6) from the resulting equation. We get

'1.uC v C sk/ � '1.uC v/ D ��qkA.u/C�kB.v/; u; v; k 2 M: (15.7)

Putting v D 0 in (15.7) and subtracting the resulting equation from (15.7) we obtain

'1.uC v C sk/ � '1.uC v/ � '1.uC sk/C '1.u/

D �kB.v/ ��kB.0/; u; v; k 2 M .
(15.8)

Put v D sk in (15.8). We get

�2
sk'1.u/ D d1.k/; u; k 2 M; (15.9)

where d1.y/ is a function onM . Applying the operator�sk to both sides of (15.9) we
find

�3
sk'1.u/ D 0; u; k 2 M: (15.10)

We conclude from (15.10) that the function '1.y/ satisfies the equation

�3
l '1.u/ D 0; u; l 2 M .s/: (15.11)
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Taking into account (i) we get '1.y/ � 0. By Lemma 10.10 it follows from (15.11)
that the function '1.y/ satisfies equation 2.16 (ii). The desired representation for the
function '1.y/ is proved.

For the function '2.y/ we argue as above. Let k be an arbitrary element of Y .
Substitute u� k for u and v C k for v in equation (15.6) and subtract equation (15.6)
from the resulting equation. We get

'2.uC qv � sk/ � '2.uC qv/ D ��kA.u/C�kB.v/; u; v; k 2 M: (15.12)

Putting v D 0 in (15.12) and subtracting the resulting equation from (15.12) we obtain

'2.uC qv � sk/ � '2.uC qv/ � '2.u � sk/C '2.u/

D �kB.v/ ��kB.0/; u; v; k 2 M .
(15.13)

Substitute k D qt , v D �st , t 2 M , in (15.13). We get

�2�sqt'2.u/ D d2.t/; u; t 2 M; (15.14)

where d2.y/ is a function onM . Applying the operator��sqt to both sides of (15.14)
we find

�3�sqt'2.u/ D 0; u; t 2 M: (15.15)

We conclude from (15.15) that the function '2.y/ satisfies the equation

�3
l '2.u/ D 0; u; l 2 M .sq/: (15.16)

Taking into account (i) we get '2.y/ � 0. By Lemma 10.10 it follows from (15.16)
that the function '2.y/ satisfies equation 2.16 (ii). The desired representation for the
function '2.y/ is also proved.

Corollary 15.3. Assume that the conditions of Lemma 15.2 are satisfied, and letM be
a subgroup of Q. Then the following representations hold:

.i/ a.y/ D e��1y2

; b.y/ D e��2y2

; �1 � 0; �2 � 0; y 2 M .sq/:

Lemma 15.4. Let X D †a, and let K be a compact subgroup of X such that its
annihilator A.Y;K/ 6Š Z. Let � 2 M1.X/ and � D � 	 N�. If � D � 	 mK , where
� 2 �.X/, then � 2 �.X/ 	 I.X/.
Proof. Let p W X 7! X=K be the natural homomorphism. Put L D A.Y;K/ and use
representation 2.14 (i) for the characteristic function ymK.y/. Since by Theorem 1.9.2,
.X=K/� Š L, it follows from Corollary 2.11 that the restriction of the characteristic
function O�.y/ toL is the characteristic function of the Gaussian distributionp.�/ on the
factor groupX=K. We conclude fromL 6Š Z thatX=K 6Š T . It is clear that the factor
group X=K contains no subgroup topologically isomorphic to the circle group T . We
have p.�/ D p.�/ 	 p. N�/. Applying Theorem 4.6 to the factor group X=K we get
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p.�/ 2 �.X=K/. Hence the restriction of the characteristic function O�.y/ to L is the
characteristic function of a Gaussian distribution. Thus we have the representation

O�.y/ D
(
.Œx0�; y/ expf�'.y/g if y 2 L;
0 if y … L; (15.17)

where Œx0� 2 X=K, and '.y/ D �y2; � � 0. The function '.y/ extends in the natural
way fromL to Y . Denote by Q'.y/ the extended function. Take x0 2 Œx0� and consider
a Gaussian distribution � on the group X with the characteristic function

O�.y/ D .x0; y/ expf� Q'.y/g; y 2 Y: (15.18)

We conclude from (15.18) and representation 2.14 (i) for the characteristic function
ymK.y/ that O�.y/ D O�.y/ ymK.y/. In view of 2.7 (b) and 2.7 (c) we get � D � 	mK .

Lemma 15.5. Let Y be a subgroup of Q, and let F be a subgroup of Y . Consider
Q as a subgroup of R and assume that the subgroup F is dense in R in the topology
of R, i.e., in the topology induced on F by the standard topology of R. Let g.y/ be a
positive definite function on Y such that its restriction to F is a continuous function in
the topology of R. Then the following statements hold:

(a) For any u 2 Y the restriction of the function g.y/ to the coset u C F is a
uniformly continuous function in the topology of R;

(b) for any u 2 Y there exists the limit

gu D lim
y!0;y2uCF

g.y/I

(c) assume thatgu D 1 for someu 2 Y and denote byV the subgroup ofY generated
by u and F . Then g.y/ is a uniformly continuous function on V in the topology
of R.

Proof. Note that by the Bochner theorem inequality 2.7 (g) holds for any normalized
positive definite function g.y/. Statement (a) follows from this. Statement (b) follows
directly from (a). To prove (c) we notice that inequality (2.3) is true for any normalized
positive definite function g.y/. We conclude from (2.3) that if gu D 1, then gv D 1

for any v 2 V . Since the factor group V=F is finite, inequality 2.7 (g) implies that the
restriction of the function g.y/ to V is uniformly continuous.

15.6 Notation. Let �1 and �2 be independent random variables with values in the
groupX D †a and distributions�1 and�2. Let j̨ ; ǰ 2 Aut.X/. Consider the linear
forms L1 D ˛1�1 C ˛2�2 and L2 D ˇ1�1 C ˇ2�2 and assume that L1 and L2 are
independent. Taking into consideration new independent random variables �j D j̨ �j
we reduce the study of the problem to the case whenL1 D �1C�2 andL2 D ı1�1Cı2�2,
where ıj 2 Aut.X/. According to 1.14 (d), any topological automorphism ı of the
group X is of the form

ı D fpf
�1

q ;
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for some relatively prime p and q, where fp , fq 2 Aut.X/. Note that for any ı 2
Aut.X/ the linear forms L1 and L2 are independent if and only if the linear forms L1

and ıL2 are independent. Hence without loss of generality, we can assume from the
beginning thatL1 D �1 C �2, L2 D p�1 C q�2, where p; q 2 Z, pq ¤ 0, pq ¤ 1 and
p and q are relatively prime.

Put s D p � q, and decompose jsj into prime factors jsj D s
k1

1 : : : s
kl

l
. Consider

the corresponding homomorphisms fsj
, j D 1; 2; : : : ; l . Let fsj1

; : : : ; fsjr
be the ho-

momorphisms which are topological automorphisms ofX . Denote byH the subgroup
of Y of the form

H D
n

m

s
n1
j1

:::s
nr
jr

W m; nj 2 Z
o

(in the case when if either jsj D 1 or all fsj
… Aut.X/, we suppose H D Z). Set

G D H�. We fix the notation: fsj
, H , and G throughout this section.

Now we formulate the main result of this section.

Theorem 15.7. LetX D †a, and let �1 and �2 be independent random variables with
values in X and distributions �1 and �2. Assume that fp; fq 2 Aut.X/, pq ¤ 1,
and p and q are relatively prime. Put s D p � q. Decompose jsj into prime factors
jsj D s

k1

1 : : : s
kl

l
and consider the corresponding homomorphisms fsj

, j D 1; 2; : : : ; l .
If the linear formsL1 D �1C�2 andL2 D p�1Cq�2 are independent, then the possible
distributions �1 and �2 are described in Tables 1 and 2.

Table 1

pq is a composite
number

pq D �1
f2 2 Aut.X/ f2 … Aut.X/

there exist �1; �2 …
�.X/ 	 I.X/

�1; �2 2 �.X/ 	
I.X/

there exist �1; �2 …
�.X/ 	 I.X/

Table 2

pq is a prime number

fsj
… Aut.X/

at least for one
sj ¤ 2

fsj
2 Aut.X/ for all sj ¤ 2 and f2 … Aut.X/

fs 2 Aut.X/
s is divisible by 4 s is not divisible by 4

there exist
�1; �2 …
�.X/ 	 I.X/

there exist �1; �2 …
�.X/ 	 I.X/

at least one of
�j 2 �.X/ 	 I.X/

at least one of
�j 2
�.X/ 	 I.X/
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Proof. By Lemma 10.1 the independence of L1 and L2 is equivalent to the fact that
the characteristic functions O�j .y/ satisfy equation 10.1 (i) which takes the form

O�1.uC pv/ O�2.uC qv/ D O�1.u/ O�2.u/ O�1.pv/ O�2.qv/; u; v 2 Y: (15.19)

We will study the solutions of this equation. Three cases are possible: pq is a composite
number, pq D �1, and pq is a prime number.

1. pq is a composite number. We prove that in this case there exist independent
random variables �1 and �2 with values in X and distributions �1; �2 … �.X/ 	 I.X/
such that the linear forms L1 and L2 are independent. Obviously, without loss of
generality we can assume that the following statement is true: Ify D m

n
2 Y ,m; n 2 Z,

n ¤ 0, then the factorization of n into prime factors contains only such sj from the
factorization of jsj for which fsj

2 Aut.X/. For this reason sy 2 H implies that
y 2 H . There exist two possibilities.

A. jpj > 1, jqj > 1. Since p and s are relatively prime, and so are q and s, we have
H .p/ ¤ H and H .q/ ¤ H . Assume that �j 2 M 1.G/ and �.�1/ � A.G;H .p//,
�.�2/ � A.G;H .q//. It follows from this that O�1.y/ D 1, y 2 H .p/, and O�2.y/ D 1,
y 2 H .q/. Hence by Proposition 2.13,

O�1.uC pv/ D O�1.u/; O�2.uC qv/ D O�2.u/; u; v 2 H: (15.20)

Consider the functions gj .y/ on the group Y of the form

gj .y/ D
( O�j .y/ if y 2 H;
0 if y … H: (15.21)

By Proposition 2.12, gj .y/ are positive definite functions on Y . By Bochner’s theorem
there exist distributions �j 2 M1.X/ such that O�j .y/ D gj .y/, j D 1; 2. We will
show that the characteristic functions O�j .y/ satisfy equation (15.19). We conclude
from (15.20) and (15.21) that if u; v 2 H , then equation (15.19) is satisfied. Let
u … H . Then the right-hand side of (15.19) is equal to zero. If the left-hand side of
(15.19) is not equal to zero, we have(

uC pv 2 H;
uC qv 2 H: (15.22)

It follows from (15.22) that sv 2 H . Therefore v 2 H , contrary to the choice of v.
Thus the left-hand side of (15.19) is also equal to zero. Let v … H . If pv; qv 2 H ,
then sv 2 H . We deduce from this that v 2 H , contrary to the choice of v. Hence
either pv … H or qv … H . Then the right-hand side of (15.19) is equal to zero. If the
left-hand side of (15.19) is not equal to zero, then (15.22) holds. This implies v 2 H ,
contrary to the choice of v. Hence the left-hand side of (15.19) is also equal to zero.

We checked that the characteristic functions O�j .y/ satisfy equation (15.19). If �1

and �2 are independent random variables with values in X and distributions �j , then
by Lemma 10.1 the linear forms L1 and L2 are independent. It is clear that �j can be
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chosen in such a way that �1; �2 … �.X/ 	 I.X/. The desired statement in case A is
proved.

B. Either jpj D 1 or jqj D 1. Assume for definiteness that jpj D 1. Without
loss of generality, we suppose p D 1. Let q D q1q2 be a decomposition of q, where
jqj j > 1; j D 1; 2. It is obvious that if fq 2 Aut.X/, then fq1

; fq2
2 Aut.X/. Note

that the linear forms L1 D �1 C �2 and L2 D �1 C q�2 are independent if and only
if the linear forms L1 D �1 C �2 and L2 D 1

q1
�1 C q2�2 are independent. Making

the substitution �1 D 1
q1
�1, we reduce the problem to the case when L1 D q1�1 C �2,

L2 D �1 C q2�2.
Equation 10.1 (i) for the characteristic functions O�j .y/ in this case takes the form

O�1.q1uC v/ O�2.uC q2v/ D O�1.q1u/ O�2.u/ O�1.v/ O�2.q2v/; u; v 2 Y: (15.23)

Assume that �j 2 M 1.G/ and �.�j / � A.G;H .qj //, j D 1; 2. It is obvious that
O�j .y/ D 1, y 2 H .qj /. Hence by Proposition 2.13,

O�1.q1uC v/ D O�1.v/; O�2.uC q2v/ D O�2.u/ u; v 2 H: (15.24)

In the same manner as in case A we define the functions gj .y/ by formulas (15.21) and
the distributions �j 2 M1.X/. To show that the characteristic functions O�j .y/ satisfy
equation (15.23) we reason as in case A. If u; v 2 H , in view of (15.24) equation
(15.23) holds true. Let u … H . Then the right-hand side of equation (15.23) is equal
to zero. If the left-hand side of (15.23) is not equal to zero, then we have(

q1uC v 2 H;
uC q2v 2 H:

It follows from this that su 2 H , and henceu 2 H , contrary to the choice ofu. Thus the
left-hand side of (15.23) is also equal to zero. The case v … H is considered similarly.
We checked that the characteristic functions O�j .y/ satisfy equation (15.23). If �1 and
�2 are independent random variables with values in X and distributions �j , then by
Lemma 10.1 the linear forms L1 and L2 are independent. Since the distributions �j

can be chosen in such a way that �1; �2 … �.X/ 	 I.X/, the desired assertion in case
B is proved. Therefore, the statement of the theorem in case 1 is proved.

2. pq D �1. Assume for definiteness that p D 1. Then q D �1 and L1 and
L2 have the form L1 D �1 C �2, L2 D �1 � �2. It follows from Theorem 7.10, if
f2 2 Aut.X/, then the independence ofL1 andL2 implies that�1; �2 2 �.X/	I.X/.
If f2 … Aut.X/, then there exist independent random variables �1 and �2 with values
in X and distributions �1; �2 … �.X/ 	 I.X/ such that the linear forms L1 and L2

are independent.
3. pq is a prime number. Assume for definiteness that p D 1 and q is a prime

number, i.e., L1 D �1 C �2 andL2 D �1 Cq�2. Equation 10.1 (i) for the characteristic
functions O�j .y/ takes the form

O�1.uC v/ O�2.uC qv/ D O�1.u/ O�2.u/ O�1.v/ O�2.qv/; u; v 2 Y: (15.25)
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There exist the following possibilities.
A. Either fsj

… Aut.X/ at least for one sj ¤ 2 or f2 … Aut.X/ and s is divisible
by 4. We will prove that there exist independent random variables �1 and �2 with
values in the group X and distributions �1; �2 … �.X/ 	 I.X/ such that L1 and L2

are independent. Assume that fsj
… Aut.X/ for some sj ¤ 2. This implies that

Y .sj / ¤ Y . Take y0 … Y .sj / and consider on the group X the function

�.x/ D 1C Re.x; y0/:

Then �.x/ � 0, x 2 X , and Z
X

�.x/ dmX .x/ D 1:

Let � 2 M 1.X/ be the distribution with density �.x/ with respect to the Haar distri-
bution mX . We have

O�.y/ D

8̂<̂
:
1 if y D 0;
1
2

if y D ˙y0;

0 if y … f0;˙y0g:
Let �1 and �2 be independent identically distributed random variables with values in
X and distribution �. We will verify that the characteristic functions of the random
variables �j satisfy equation (15.25) which becomes the form

O�.uC v/ O�.uC qv/ D O�2.u/ O�.v/ O�.qv/; u; v 2 Y: (15.26)

Obviously, it suffices to verify that equation (15.26) holds true when u ¤ 0, v ¤ 0. In
this case the right-hand side of (15.26) is equal to zero. If the left-hand side of (15.26)
is not equal to zero, then (

uC v 2 f0;˙y0g;
uC qv 2 f0;˙y0g:

This implies that
sv 2 f0;˙y0;˙2y0g: (15.27)

Since the numbers 2 and sj are relatively prime and y0 … Y .sj /, we have 2y0 … Y .sj /,
but this contradicts (15.27). The contradiction obtained shows that the left-hand side
of (15.25) is also equal to zero.

In the case where f2 … Aut.X/ and s is divisible by 4we reason similarly. We take
y0 … Y .2/ and obtain the contradiction with (15.27) because s is divisible by 4.

Hence, the characteristic functions O�j .y/ satisfy equation (15.26). Therefore, by
Lemma 10.1, the linear formsL1 andL2 are independent. By the construction�1; �2 …
�.X/ 	 I.X/. The theorem is proved in case A.

B. fs 2 Aut.X/. We will prove that in this case at least one of the distributions
�j 2 �.X/ 	 I.X/. Put �j D �j 	 N�j . We conclude from 2.7 (c) and 2.7 (d) that
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O�j .y/ D j O�j .y/j2 > 0, y 2 Y . Obviously, the characteristic functions O�j .y/ also
satisfy equation (15.25). Set a.y/ D O�1.y/, b.y/ D O�2.y/. It is clear that the
functions a.y/ and b.y/ satisfy equation 15.1 (i) and conditions 15.1 (ii). We deduce
from equation 15.1 (i) that the functions a.y/ and b.y/ satisfy equations (15.1) and
(15.2).

Assume first that a.y/b.y/ D 0, y 2 Y , y ¤ 0. It follows from (15.1) that
a.sy/ D 0, y 2 Y , y ¤ 0. Since fs 2 Aut.X/, we conclude that a.y/ D 0, y 2 Y ,
y ¤ 0. Hence �1 D mX , so that �1 D mX . Similarly, (15.2) implies that �2 D mX .

Assume now that a.y0/b.y0/ ¤ 0 for some y0 2 Y , y0 ¤ 0. Consider two cases:
q > 0 and q < 0.

(i) q > 0. Since Y .s/ D Y , we can apply Lemma 15.1 and obtain a subgroup
M � Y such that a.y/b.y/ ¤ 0, y 2 M . The restrictions of the characteristic
functions a.y/ and b.y/ to M satisfy the conditions of Corollary 15.3. Therefore we
have representation 15.3 (i) on M .sq/. Substituting representation 15.3 (i) into 15.1 (i)
we get �1 C q�2 D 0. This implies that �1 D �2 D 0. Thus on the subgroup M .sq/

the equality a.y/ D b.y/ D 1 is fulfilled. Put E D fy 2 Y W a.y/ D b.y/ D 1g.
Then E is a nonzero subgroup of Y and by Proposition 2.13 the following equalities
hold:

a.y C h/ D a.y/; b.y C h/ D b.y/; y 2 Y; h 2 E:
Therefore we can pass from equation 15.1 (i) on the group Y to the induced equation
on the factor group L D Y=E putting Oa.Œy�/ D a.y/; Ob.Œy�/ D b.y/; y 2 Œy�. We
note that

fŒy� 2 L W Oa.Œy�/ D Ob.Œy�/ D 1g D f0g: (15.28)

We deduce from (15.2) that fs is a monomorphism on L. Since L is a torsion group,
fs 2 Aut.L/. Taking into account that Oa.Œy�/ � 1, Ob.Œy�/ � 1, it follows from (15.1)
that

Oa.sŒy�/ � Oa.Œy�/; Œy� 2 L: (15.29)

Since L is a torsion group, we have snŒy� D Œy� for every Œy� 2 L and some natural n.
Generally, n depends on Œy�. Inequality (15.29) implies that

Oa.Œy�/ D Oa.snŒy�/ � � � � � Oa.sŒy�/ � Oa.Œy�/; Œy� 2 L:
Hence the function Oa.Œy�/ takes a constant value on each orbit fŒy�; sŒy�; : : : ; sn�1Œy�g.
The analogous statement for the function Ob.Œy�/ follows from (15.2).

Assume that Oa.Œy�0/ ¤ 0 for some Œy�0 2 L, Œy�0 ¤ 0. It follows from this that
Oa.sŒy�0/ D Oa.Œy�0/ ¤ 0 and (15.1) implies that

Oa.qŒy�0/ D Ob.qŒy�0/ D 1: (15.30)

We conclude from (15.28) and (15.30) that qŒy�0 D 0. Arguing as above we find from
(15.2) that if Ob.Œy�0/ ¤ 0, Œy�0 2 L, Œy�0 ¤ 0, then Oa.Œy�0/ D Ob.qŒy�0/ D 1. Hence
(15.30) is also fulfilled. Note that any factor group of the group Y contains no more
then one subgroup A Š Z.q/. In particular, it is true for the factor group L. Let A be
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the subgroup of L generated by the element Œy�0. Consider the restriction of equation
15.1 (i) to A. Taking into account that qŒy� D 0 for all Œy� 2 A, we get

Oa.Œu�C Œv�/ Ob.Œu�/ D Oa.Œu�/ Ob.Œu�/ Oa.Œv�/; Œu�; Œv� 2 A: (15.31)

Assume that Ob.Œu�0/ ¤ 0 for Œu�0 2 A, Œu�0 ¤ 0. It follows from (15.31) that

Oa.Œu�0 C Œv�/ D Oa.Œu�0/ Oa.Œv�/; Œv� 2 A:
Substituting here Œv� D .q�1/Œu�0, we obtain Oa.Œu�0/ D 1. Since q is a prime number,
Oa.Œy�/ D 1 for Œy� 2 A. In the case when Ob.Œy�/ D 0 for all Œy� 2 A, Œy� ¤ 0 it is
obvious that the Oa.Œy�/ can be an arbitrary function. Thus we have proved that either

Oa.Œy�/ D
(
1 if Œy� 2 A;
0 if Œy� … A (15.32)

or

Ob.Œy�/ D
(
1 if Œy� D 0;

0 if Œy� ¤ 0:
(15.33)

Returning from the induced functions Oa.Œy�/ and Ob.Œy�/ on L to the original functions
a.y/ and b.y/ on Y , we get that either �1 2 I.X/ or �2 2 I.X/. Hence either
�1 2 I.X/ or �2 2 I.X/.

In the case when Oa.Œy�0/ D Ob.Œy�0/ D 0 for all Œy�0 2 L, Œy�0 ¤ 0, representation
(15.32) holds for the function Oa.Œy�/, whereA D f0g, and representation (15.33) holds
for the function Ob.Œy�/. Obviously, in this case �1; �2 2 I.X/. Case (i), q > 0, is
completely studied.

(ii) q < 0. We conclude from (15.2) that

a
� y0

sm

�
b

� y0

sm

�
¤ 0

for any natural m. It follows from the proof of Lemma 15.1 that a.y/b.y/ ¤ 0 on
the subgroup y0H

.q/. Hence by Corollary 15.3 representation 15.3 (i) holds on the
subgroup y0H

.q2/. LetF be the maximal subgroup of Y containing y0H
.q2/ on which

representation 15.3 (i) holds.
Since F 6Š Z, the subgroup F is dense in R in the topology of R. Using 15.3 (i)

we can apply Lemma 15.5 to the functions a.y/ and b.y/. We conclude that for any
u 2 Y there exist the limits

au D lim
y!0;y2uCF

a.y/; bu D lim
y!0;y2uCF

b.y/:

Note that the functions au and bu by the construction take constant values on each coset
uCF . Therefore they define some functionsaŒu� andbŒu� on the factor groupL D Y=F .
Obviously, the functions aŒu� and bŒu� satisfy equation 15.1 (i) and conditions 15.1 (ii).
Hence they also satisfy equations (15.1) and (15.2). SinceF is the maximal subgroup of
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Y on which representation 15.3 (i) holds, it follows from statement (c) of Lemma 15.5
that

fŒu� 2 L W aŒu� D bŒu� D 1g D f0g:
The obtained condition is an analogue of (15.28). Taking into account that L is a
torsion group, we deduce from (15.2) that fs 2 Aut.L/. Arguing as in case (i), we
obtain either representation (15.32) for the function aŒu� or representation (15.33) for
the function bŒu�.

We will prove that if aŒu� D 0 for all Œu� … A, then a.y/ D 0 for all y … f �1
q .F /.

Indeed, substitute u 2 F , v0 … f �1
q .F / in 15.1 (i). Taking into account 15.3 (i), we

get

a.uC v0/b.uC qv0/ D e��1u2��2q2u2

a.v0/b.qv0/:

Passing here to the limit as u ! �v0, u 2 F and taking into account that Œv0� … A,
we arrive at

0 D e��1v2
0

��2q2v2
0a.v0/b.qv0/:

Hence a.v0/b.qv0/ D 0. It follows from (15.1) that a.sv0/ D 0. Note that fs 2
Aut.F /. Indeed, by Corollary 4.7 we conclude from (15.1) that representation 15.3 (i)
holds on the subgroup f �1

s .F /. Hence f �1
s .F / D F because F is the maximal

subgroup for which representation 15.3 (i) is true. This implies that fs.F / D F , so
that fs 2 Aut.F /. We deduce from this that fs is a one-to-one mapping of the set
f �1

q .F / onto itself. Hence if a.sv/ D 0 for all v … f �1
q .F /, then a.v/ D 0 for all

v … f �1
q .F /. Thus we obtain from representation (15.32) for the function aŒu� the

following representation for the function a.y/:

a.y/ D
(
e��1y2

if y 2 f �1
q .F /;

0 if y … f �1
q .F /:

(15.34)

Arguing as above we deduce that if bŒu� D 0 for all Œu� ¤ 0, then b.y/ D 0 for all
y … F . In this case representation (15.33) for the function bŒu� implies that

b.y/ D
(
e��2y2

if y 2 F;
0 if y … F: (15.35)

Thus at least one of the distributions �j 2 �.X/ 	 I.X/. Then by Lemma 15.4 the
corresponding distribution �j 2 �.X/	 I.X/. Case (ii) q < 0 is also studied. Case B
is completely studied.

C. fsj
2 Aut.X/ for all sj ¤ 2, f2 … Aut.X/ and s is not divisible by 4. We will

prove that in this case at least one of the distributions �j 2 �.X/ 	 I.X/. Since s is
divisible by 2 and s is not divisible by 4, we have q D 4k� 1, k 2 Z. As in case B put
�j D �j 	 N�j , j D 1; 2, a.y/ D O�1.y/, b.y/ D O�2.y/. There are two possibilities.

(i) Assume that
a.y/b.y/ D 0; y 2 Y .2/; y ¤ 0: (15.36)
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Substituting u D qy, v D y, and then u D v D y into 15.1 (i) and taking into account
(15.1) and (15.2), we get

a.sy/ D a..q C 1/y/b.2qy/; y 2 Y; (15.37)

b.sy/ D a.2y/b..q C 1/y//; y 2 Y: (15.38)

Since s D 2 � 4k, it follows from (15.37) and (15.38) that

a..1 � 2k/y/ D a.2ky/b.qy/; y 2 Y; (15.39)

b..1 � 2k/y/ D a.y/b.2ky/; y 2 Y: (15.40)

Multiplying (15.39) and (15.40), we find

a..1 � 2k/y/b..1 � 2k/y/ D a.2ky/b.2ky/a.y/b.qy/; y 2 Y: (15.41)

Since 1 � 2k is a factor of s, we have f1�2k 2 Aut.X/. Then (15.41) and (15.36)
yields that a.y/b.y/ D 0, y 2 Y , y ¤ 0. In this case we conclude from (15.1) and
(15.2) that a.y/ D b.y/ D 0, y 2 Y .2/, y ¤ 0. Then (15.39) and (15.40) imply
that a.y/ D b.y/ D 0, y 2 Y , y ¤ 0. It means that �1 D �2 D mX , and hence
�1 D �2 D mX . Case (i) is completely studied.

(ii) Assume that condition (15.36) does not hold, i.e., a.y0/b.y0/ ¤ 0 for some
y0 2 Y .2/, y0 ¤ 0. If q > 0we argue as in case B (i), because the equality Y .s/ D Y .2/

implies that the functions a.y/ and b.y/ satisfy the conditions of Lemma 15.1.
If q < 0, we follow the scheme of the proof of case B (ii). We also make some

remarks because in contrast to case B (ii), fs … Aut.X/. We retain the same notation
as in case B (ii).

In order to prove that there exists a subgroup W 6Š Z on which representation
15.3 (i) holds we reason as follows. Assume that on the subgroup M generated by
some element � the inequality a.y/b.y/ ¤ 0 is fulfilled (the existence of such a
subgroup follows from Lemma 15.1). Substitute

u D l

1 � 2k �; v D
�
1 � l

1 � 2k
�
�; l 2 Z;

in 15.1 (i). For such u and v we have uC v; uC qv 2 M . Hence the left-hand side of
15.1 (i) is not equal to zero, so that

a
� l

1 � 2k �
�
b
� l

1 � 2k �
�

¤ 0:

Since f1�2k 2 Aut.X/, we obtain that the inequality a.y/b.y/ ¤ 0 holds on the
subgroup S D �H . It follows from q ¤ �1 that H 6Š Z, so that S 6Š Z. Then
we argue as in the proof of case B (ii). We obtain either representation (15.32) for
the function aŒu� or representation (15.33) for the function bŒu�. To get the desired
representations, i.e., either (15.34) for the function a.y/ or (15.35) for the function
b.y/, it suffices to show that if a.sy/ D 0 for all y … f �1

q .F /, then a.y/ D 0,
y … f �1

q .F /, and also if b.sy/ D 0 for all y … F , then b.y/ D 0, y … F .
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We will give the proof only for the function a.y/. For the function b.y/ we argue
similarly. Take y0 … f �1

q .F /. Consider the coset y0 C F and notice that qŒy0� ¤ 0.
It follows from fs 2 Aut.L/ that

sŒy0� D Œy0� (15.42)

for some Œy0� 2 L. We note that y0 … f �1
q .F / because in the opposite case qŒy0� D 0,

and taking into account (15.42), we have Œy0� D Œy0�, contrary to the choice of y0. We
conclude from (15.42) that sy0 D y0 Ch, h 2 F . This implies that s.y0 Ch0/ 2 y0 CF
for all h0 2 F . Since F 6Š Z, the set s.y0 C F / is dense in y0 C F in the topology
of R. The function a.y/ is uniformly continuous on y0 C F in the topology of R and
by the condition a.s.y0 C h0// D 0 for any h0 2 F . Hence a.y/ 
 0, y 2 y0 C F , in
particular a.y0/ D 0. Case (ii) is completely studied. The desired statement in case C
is proved, hence the statement of the theorem in case 3 is also proved.

Remark 15.8. It follows from the proof of Theorem 15.7 in cases 3B and 3C that
equation (15.25) always has solutions O�j .y/ such that one of the distributions �j …
�.X/ 	 I.X/. Hence the statements of Theorem 15.7 in cases 3B and 3C may not be
strengthened.

Remark 15.9. LetX be a connected group, �1 and �2 be independent random variables
with values in X and distributions �1 and �2. We conclude from Theorems 1.9.6 and
7.10 that the independence of �1 C �2 and �1 � �2 implies that �1; �2 2 �.X/ 	 I.X/
if and only if the condition

.i/ f2 2 Aut.X/

is satisfied. It follows from Theorem 15.7 that the following statements hold true:
.˛/ Let X D †a. Then (i) is a necessary condition in order that, for some auto-

morphisms j̨ ; ǰ 2 Aut.X/, the independence of the linear forms L1 D ˛1�1 C˛2�2

and L2 D ˇ1�1 C ˇ2�2 imply that �1; �2 2 �.X/ 	 I.X/.
.ˇ/ Let X D †a and j̨ ; ǰ 2 Aut.X/. Assume that condition (i) is fulfilled. The

only forms L1 D ˛1�1 C ˛2�2 and L2 D ˇ1�1 C ˇ2�2 for which the independence of
L1 and L2 implies that �1; �2 2 �.X/ 	 I.X/ are L1 D �1 C �2 and L2 D �1 � �2.

Generally, statements .˛/ and .ˇ/ are not true for arbitrary compact connected
Abelian groups. To construct the corresponding counterexample for statement .˛/ put
X D X1 � X2, where Xj D †aj

, a1 D .2; 2; : : : /, a2 D .3; 3; : : : /. Obviously,
the group X is connected and f2 … Aut.X/. Let an automorphism ˛ 2 Aut.X/ be
of the form ˛.x1; x2/ D .�x1; x2/, xj 2 Xj . Let �1 and �2 be independent random
variables with values in X and distributions �1 and �2. We verify that if the linear
formsL1 D �1 C�2 andL2 D �1 C˛�2 are independent, then�1; �2 2 �.X/	I.X/.

By Lemma 10.1 the linear forms L1 and L2 are independent if and only if the
characteristic functions O�j .y/ satisfy the equation

O�1.uC v/ O�2.uC Q̨v/ D O�1.u/ O�2.u/ O�1.v/ O�2. Q̨v/; u; v 2 Y; (15.43)

where Q̨ .y1; y2/ D .�y1; y2/, yj 2 Yj D X�
j . Set �j D �j 	 N�j . It follows from

2.7 (c) and 2.7 (d) that O�j .y/ D j O�j .y/j2 � 0, y 2 Y . The characteristic functions
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O�j .y/ also satisfy equation (15.43). Consider the restriction of equation (15.43) for the
functions O�j .y/ to the subgroup Y2. We have

O�1.uC v/ O�2.uC v/ D O�1.u/ O�2.u/ O�1.v/ O�2.v/; u; v 2 Y2: (15.44)

Put g.y/ D O�1.y/ O�2.y/. We conclude from (15.44) that g.y/ D 1, y 2 Y2. Hence
O�j .y/ D 1, y 2 Y2, j D 1; 2. By Proposition 2.13, �.�j / � A.X; Y2/ D X1.
Applying Proposition 2.2 we obtain that the distributions �j can be substituted by
their shifts �0

j in such a way that �.�0
j / � X1. The characteristic functions of the

distributions �0
j also satisfy equation (15.43). Since O�0

j .y C h/ D O�0
j .y/ for all

y 2 Y , h 2 Y2, it suffices to solve equation (15.43) assuming that u; v 2 Y1. But on
the subgroup Y1 equation (15.43) takes the form

O�0
1.uC v/ O�0

2.u � v/ D O�0
1.u/ O�0

2.u/ O�0
1.v/ O�0

2.�v/; u; v 2 Y1: (15.45)

Note that f2 2 Aut.X1/ and apply Theorem 7.10 to the group X1. We deduce from
(15.45) that �0

j 2 �.X1/ 	 I.X1/. This implies that �j 2 �.X/ 	 I.X/.
We will obtain a counterexample to statement .ˇ/ if in the considerations given

above we take X D X2
1 .



Chapter VI

The Heyde theorem for locally compact Abelian
groups

Let �j , j D 1; 2; : : : ; n, n � 2, be independent random variables, j̨ , ǰ be nonzero
real numbers. Assume that the conditions ˇi˛

�1
i ˙ ǰ˛

�1
j ¤ 0 for all i ¤ j are

satisfied. By the Heyde theorem if the conditional distribution of the linear form
L2 D ˇ1�1 C � � � Cˇn�n givenL1 D ˛1�1 C � � � C˛n�n is symmetric, then all random
variables �j are Gaussian. Let X be a second countable locally compact Abelian
group, �j , j D 1; 2; : : : ; n, n � 2, be independent random variables with values in X
and distributions �j . This chapter is devoted to some group analogues of the Heyde
theorem. We consider linear forms of independent random variables taking values
in X , and coefficients of the linear forms are topological automorphisms of X . First
we assume that the characteristic functions of the considered random variables do not
vanish. Then we omit this restriction but suppose that X is either a finite or a discrete
group.

16 The characteristic functions of random variables
do not vanish

Let X be a second countable locally compact Abelian group, Y be its character group.
In this section we describe groups X that have the following property: if j̨ , ǰ ,
j D 1; 2; : : : ; n, n � 2, are topological automorphisms of the group X satisfying the
conditions ˇi˛

�1
i ˙ ǰ˛

�1
j 2 Aut.X/ for all i ¤ j , and �j , j D 1; 2; : : : ; n, n � 2,

are independent random variables with values in X and distributions �j with non-
vanishing characteristic functions, then the symmetry of the conditional distribution
of the linear form L2 D ˇ1�1 C � � � C ˇn�n given L1 D ˛1�1 C � � � C ˛n�n implies
that all �j 2 �.X/. We prove that it holds if and only if X contains no elements of
order 2. Thus if a group X contains elements of order 2, a natural problem arises: to
describe all possible distributions�j of independent random variables �j assuming that
the conditional distribution of the linear formL2 givenL1 is symmetric. We solve this
problem for two independent random variables taking values in the two-dimensional
torus T 2.

Lemma 16.1. Let j̨ , ǰ , j D 1; 2; : : : ; n, n � 2, be topological automorphisms of a
group X . Let �j be independent random variables with values in X and distributions
�j . The conditional distribution of the linear form L2 D ˇ1�1 C � � � C ˇn�n given
L1 D ˛1�1 C � � � C ˛n�n is symmetric if and only if the characteristic functions O�j .y/
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satisfy the equation

.i/
nY

j D1

O�j . Q̨juC Q̌
j v/ D

nY
j D1

O�j . Q̨ju � Q̌
j v/; u; v 2 Y:

Proof. Taking into account that O�j .y/ D EŒ.�j ; y/�, and the random variables �j are
independent, we have

(i) ()
nY

j D1

EŒ.�j ; Q̨juC Q̌
j v/� D

nY
j D1

EŒ.�j ; Q̨ju � Q̌
j v�;

() E
h nY

j D1

.�j ; Q̨juC Q̌
j v/

i
D E

h nY
j D1

.�j ; Q̨ju � Q̌
j v/

i
;

() E
h nY

j D1

.�j ; Q̨ju/

nY
j D1

.�j ; Q̌
j v/

i
D E

h nY
j D1

.�j ; Q̨ju/

nY
j D1

.�j ;� Q̌
j v/

i
;

() E
h nY

j D1

. j̨ �j ; u/

nY
j D1

. ǰ �j ; v/
i

D E
h nY

j D1

. j̨ �j ; u/

nY
j D1

.� ǰ �j ; v/
i
;

() EŒ.L1; u/.L2; v/� D EŒ.L1; u/.�L2; v/�; u; v 2 Y .

(16.1)

Let .�;A; P / be a probabilistic space, where the random variables �j are defined.
Equality (16.1) is equivalent to the statement that the random variables .L1; L2/ and
.L1;�L2/ are identically distributed, i.e.,

Pf! 2 � W L1.!/ 2 A; L2.!/ 2 Bg D Pf! 2 � W L1.!/ 2 A; L2.!/ 2 �Bg

for all A;B 2 B.X/. In view of 2.21 the equality obtained is equivalent to the
symmetry of the conditional distribution of L2 given L1.

Equation (i) is called the Heyde functional equation.

Theorem 16.2. Let X be a group containing no elements of order 2, j̨ , ǰ , j D
1; 2; : : : ; n, n � 2, be topological automorphisms of X such that ˇi˛

�1
i ˙ ǰ˛

�1
j 2

Aut.X/ for all i ¤ j . Let �j be independent random variables taking values in
the group X and having distributions �j with non-vanishing characteristic functions.
If the conditional distribution of the linear form L2 D ˇ1�1 C � � � C ˇn�n given
L1 D ˛1�1 C � � � C ˛n�n is symmetric, then all �j 2 �.X/.
Proof. We can put �j D j̨ �j and reduce the proof of the theorem to the case when
L1 D �1 C � � � C �n and L2 D ı1�1 C � � � C ın�n, ıj 2 Aut.X/. The conditions
ˇi˛

�1
i ˙ ǰ˛

�1
j 2 Aut.X/ for all i ¤ j are transformed into the conditions ıi ˙ ıj 2

Aut.X/ for all i ¤ j . By Lemma 16.1 the symmetry of the conditional distribution
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of L2 D ı1�1 C � � � C ın�n given L1 D �1 C � � � C �n implies that the characteristic
functions O�j .y/ satisfy equation 16.1 (i) which takes the form

nY
j D1

O�j .uC Qıj v/ D
nY

j D1

O�j .u � Qıj v/; u; v 2 Y: (16.2)

Set �j D �j 	 N�j . It follows from 2.7 (c) and 2.7 (d) that O�j .y/ D j O�j .y/j2 > 0,
y 2 Y . Obviously, the characteristic functions O�j .y/ also satisfy equation (16.2). Put
'j .y/ D � ln O�j .y/. We conclude from (16.2) that the functions 'j .y/ satisfy the
equation

nX
j D1

Œ'j .uC Qıj v/ � 'j .u � Qıj v/� D 0; u; v 2 Y: (16.3)

We use the finite difference method to solve equation (16.3). Let k1 be an arbitrary
element of the group Y . Set h1 D Qınk1, then h1 � Qınk1 D 0. Substitute uC h1 for
u and v C k1 for v in equation (16.3). Subtracting equation (16.3) from the resulting
equation we obtain

nX
j D1

�l1;j
'j .uC Qıj v/ �

n�1X
j D1

�l1;j Cn
'j .u � Qıj v/ D 0; u; v 2 Y; (16.4)

where l1;j D h1 C Qıjk1 D . Qın C Qıj /k1, j D 1; 2; : : : ; n, l1;j Cn D h1 � Qıjk1 D
. Qın � Qıj /k1, j D 1; 2; : : : ; n � 1. Let k2 be an arbitrary element of the group Y . Put
h2 D Qın�1k2. Then h2 � Qın�1k2 D 0. Substitute u C h2 for u and v C k2 for v in
equation (16.4). Subtracting equation (16.4) from the resulting equation we obtain

nX
j D1

�l2;j
�l1;j

'j .uC Qıj v/ �
n�2X
j D1

�l2;j Cn
�l1;j Cn

'j .u � Qıj v/ D 0; u; v 2 Y;
(16.5)

where l2;j D h2 C Qıjk2 D . Qın C Qıj /k2, j D 1; 2; : : : ; n, l2;j Cn D h2 � Qıjk2 D
. Qın � Qıj /k2, j D 1; 2; : : : ; n � 2. Arguing as above in n steps we get the equation

nX
j D1

�ln;j
�ln�1;j

: : : �l1;j
'j .uC Qıj v/ D 0; u; v 2 Y; (16.6)

where lp;j D . Qın�pC1 C Qıj /kp , p D 1; 2; : : : ; n, j D 1; 2; : : : ; n. Let knC1 be an
arbitrary element of the group Y . Set hnC1 D �QınknC1, hence hnC1 C QınknC1 D 0.
Substitute uChn for u and vCkn for v in equation (16.6). Subtracting equation (16.6)
from the resulting equation we obtain

n�1X
j D1

�lnC1;j
�ln;j

�ln�1;j
: : : �l1;j

'j .uC Qıj v/ D 0; u; v 2 Y; (16.7)
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where lnC1;j D hnC1 C QıjknC1 D . Qıj � Qın/knC1, j D 1; 2; : : : ; n � 1. Equation
(16.7) does not contain the function 'n. Arguing similarly we sequentially exclude the
functions 'n�1; 'n�2; : : : ; '2 from equation (16.7). Finally we obtain

�l2n�1;1
�l2n�2;1

: : : �l1;1
'1.uC Qı1v/ D 0; u; v 2 Y; (16.8)

where lp;1 D . Qı1 C Qın�pC1/kp , p D 1; 2; : : : ; n � 1, ln;1 D 2 Qı1kn, lnCp;1 D
. Qı1 � Qın�pC1/knCp , p D 1; 2; : : : ; n � 1.

Taking into account that kp are arbitrary elements of the group Y and Qıi ˙ Qıj 2
Aut.Y / for i ¤ j , we can substitute in (16.8) ln;1 D 2k, lp;1 D h, p D 1; 2; : : : ;

n � 1; nC 1; : : : ; 2n � 1, where k and h are arbitrary elements of the group Y . Sub-
stituting v D 0 into the resulting equation we obtain

�2k�
2n�2
h '1.u/ D 0; (16.9)

where k, h, and u are arbitrary elements of the group Y . Since the group X contains
no elements of order 2, by Theorem 1.9.5 the subgroup Y .2/ is dense in Y . We deduce
from (16.9) that

�2n�1
h '1.u/ D 0; u; h 2 Y;

i.e., the function '1.y/ is a continuous polynomial. Since the group X contains no
elements of order 2, X contains no subgroup topologically isomorphic to the circle
group T . By Theorem 5.11 �1 2 �.X/. Applying Theorem 4.6 we get �1 2 �.X/.
Arguing as above we prove that all �j 2 �.X/.
Remark 16.3. The statement of Theorem 16.2 is not valid if a group X contains
elements of order 2. To prove this observe that ifK is a closed subgroup of a groupX ,
� 2 M1.X/, and �.�/ � K, then O�.y C l/ D O�.y/ for y 2 Y; l 2 A.Y;K/. Let
G D X.2/, i.e., G is a closed subgroup of X generated by all elements of order 2.

Taking into account that A.Y;G/ D Y .2/ by Theorem 1.9.5, we see that if �.�/ � G,
then O�.yC2h/ D O�.y/. Hence O�.yCh/ D O�.y�h/ for all y; h 2 Y . It follows from
this that if �j are independent random variables with values in the subgroup G � X

and distributions �j , then the characteristic functions O�j .y/ satisfy equation 16.1 (i).
By Lemma 16.1 the conditional distribution of the linear formL2 D ˇ1�1 C� � �Cˇn�n

given L1 D ˛1�1 C � � � C ˛n�n is symmetric. Obviously, if G 6D f0g, we can suppose
that �j … �.X/, j D 1; 2; : : : ; n.

Remark 16.4. Generally, the statement of Theorem 16.2 is not valid, even when a
groupX contains no elements of order 2, if we assume that the characteristic functions
of the considering distributions can vanish. To construct an example let X be the a-
adic solenoid X D †a, where a D .2; 3; 4; : : : /. Then X is a torsion-free group, and
Y Š Q. We will assume that Y D Q.

Take arbitrary nondegenerate distributions �1; �2 2 M1.T / such that �.�1/ �
Z.2/, �.�2/ � Z.3/. It follows from this that

O�1.u˙ 2v/ D O�1.u/; O�2.u˙ 3v/ D O�2.u/; u; v 2 Z: (16.10)



190 VI The Heyde theorem for locally compact Abelian groups

Consider on the group Q the functions fj .y/ of the form

fj .y/ D
( O�j .y/ if y 2 Z;

0 if y … Z:
(16.11)

Since O�j .y/ are positive definite functions on the group Z, by Theorem 2.12, fj .y/

are positive definite functions on the group Q. By the Bochner theorem there exist
distributions �j 2 M1.†a/ such that O�j .y/ D fj .y/, j D 1; 2. Obviously, �j …
�.†a/, j D 1; 2.

We verify that the characteristic functions fj .y/ satisfy the equation

f1.uC 2v/f2.uC 3v/ D f1.u � 2v/f2.u � 3v/; u; v 2 Q: (16.12)

If u; v 2 Z, we deduce from (16.10) and (16.11) that equation (16.12) is satisfied.
If u … Z, v 2 Z, then u˙2v … Z and both sides of equation (16.12) are equal to zero.
If v … Z, then both sides of equation (16.12) are equal to zero. Indeed, if the left-hand
side of equation (16.12) is not equal to zero, then uC 2v; uC 3v 2 Z. We conclude
from this that v 2 Z, contrary to the assumption. Arguing similarly we prove that
the right-hand side of equation (16.12) is also equal to zero. Thus the characteristic
functions fj .y/ satisfy equation (16.12).

Let �1 and �2 be independent random variables with values in the group X D †a

and distributions�1 and�2. It follows from 1.14 (d) that multiplication by any nonzero
integer is a topological automorphism of the group†a. By Lemma 16.1 the conditional
distribution of the linear form L2 D 2�1 C 3�2 given L1 D �1 C �2 is symmetric.

Assume that a group X contains elements of order 2. As has been noted in Re-
mark 16.3, Theorem 16.2 is false. Therefore for such groups the following natural
problem arises: to describe all possible distributions of independent random variables
�j with non-vanishing characteristic functions, assuming that the conditional distribu-
tion of the linear form L2 D ˇ1�1 C � � � C ˇn�n given L1 D ˛1�1 C � � � C ˛n�n is
symmetric. Now we solve this problem for two independent random variables taking
values in the two-dimensional torus T 2. We need two lemmas.

Lemma 16.5. Let " D �
a b
c d

� 2 Aut.Z2/. Assume that j det "j D j det.I ˙ "/j D 1.
Consider the equation

.i/ AC B" D 0;

where A D .aij /
2
i;j D1 and B D .bij /

2
i;j D1 are symmetric positive semidefinite matri-

ces. Then

A D �

�
t20 t0
t0 1

�
; B D kA;

where � � 0, t0 D a�d�p
5

2b
, k D

p
5CaCd

2
.

Proof. It follows from j det "j D j det.I ˙ "/j D 1 that det " D �1 and ja C d j D 1.
The conditions of item 2A of the proof of Lemma 11.2 are satisfied. The desired
representation follows from (11.27).
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Lemma 16.6. Let a group X be of the form X D Rm � G, where m � 1 and all
nonzero elements of the group G have order 2. Assume that � 2 M1.X/, � D � 	 !,
where � 2 �.Rm/, ! 2 M1.G/, and the characteristic function of ! does not vanish.
Then any factor �1 of the distribution � can be represented in the form �1 D 
 	 �,
where 
 2 �.Rm/ and � 2 M1.G/.

Proof. We will prove the lemma only for the case m D 1, i.e., X D R �G. The case
when m > 1 can be considered similarly. We have Y Š R �H , where H D G�. To
avoid introducing new notation we will assume that Y D R � H . Denote by .s; h/,
s 2 R, h 2 H , elements of the group Y . We can assume without loss of generality that
O�.s/ D expf��s2g. We note that the characteristic function of any distribution on the
group G is real-valued. Therefore the characteristic function y!.h/ can be represented
in the form y!.h/ D expf�d.h/ C i�k.h/g, h 2 H , where d.h/ � 0, k.h/ 2 Z. In
view of 2.7 (c) we have

O�.s; h/ D expf��s2 � d.h/C i�k.h/g; .s; h/ 2 Y:
Let �1 be a factor of �, i.e., � D �1 	 �2, where �j 2 M1.X/, j D 1; 2. It follows
from 2.7 (c) that

O�.s; h/ D O�1.s; h/ O�2.s; h/; .s; h/ 2 Y: (16.13)

Note that O�.s; 0/ is an entire function. This implies that O�1.s; 0/ is also an entire
function (see [74], Theorem 6.2.1). By Proposition 2.20 the function O�1.s; h/ is an
entire function for any fixed h 2 H , and equality (16.13) holds for all s 2 C, h 2 H .
Therefore we can represent the function O�1.s; h/ in the form

O�1.s; h/ D expff .s; h/g; s 2 C; h 2 H;
where a branch of the entire function ln O�1.s; h/ is chosen in such a way that f .s; h/ D
f .�s; h/. Substituting h D 0 into (16.13) and applying Theorem 2.18 we obtain

O�1.s; 0/ D expf�as2 C ibsg; (16.14)

where 0 � a � � , b 2 R. Note that

max
jsj�r;h2H

j O�1.s; h/j D max
jsj�r

j O�1.s; 0/j D expfar2 C jbjrg:

Hence Re f .s; h/ D O.r2/, and this means that f .s; h/ is a polynomial of degree � 2.
We have

O�1.s; h/ D expfa.h/s2 C b.h/s C c.h/g: (16.15)

Let % 2 M1.X/ be an arbitrary distribution such that for any fixed h 2 H the
function O%.s; h/ is an entire function in s. Then the function

gs.hI %/ D O%.is; h/
O%.is; 0/ (16.16)
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for any fixed s 2 R is the characteristic function of a distribution on G. We conclude
from (16.13) and (16.16) that

gs.hI�/ D gs.hI�1/gs.hI�2/:

Obviously, gs.hI�/ D y!.h/. Thus gs.hI�1/ D y!s.h/, where !s is a factor of !. The
characteristic function y!s.h/ can be written in the form

y!s.h/ D expf�ds.h/C i�ks.h/g; (16.17)

where ds.h/ � 0, ks.h/ 2 Z. It follows from (16.16) that the functions ds.h/ and ks.h/

are continuous in s. Since ks.h/ is an integer-valued function, we have ks.h/ D k0.h/.
Therefore we deduce from this (16.17) that

y!s.h/ D expf�ds.h/C i�k0.h/g: (16.18)

Since !s is a factor of !, we have

0 � ds.h/ � d.h/: (16.19)

We conclude from (16.16) that

O�1.is; h/ D gs.hI�1/ O�1.is; 0/: (16.20)

Taking into account (16.14) and (16.18), it follows from (16.20) that

O�1.is; h/ D expfas2 � bs � ds.h/C i�k0.h/g: (16.21)

We find from (16.15) and (16.21) that

� a.h/s2 C ib.h/s C c.h/ D as2 � bs � ds.h/C i�k0.h/C 2�in.s; h/; (16.22)

where n.s; h/ 2 Z. Since n.s; h/ is an integer-valued function and continuously
depends on s we get n.s; h/ D n.h/. Note that in view of (16.19) the function ds.h/

as a function in s is bounded. Then (16.22) yields that

a.h/ D �a; b.h/ D ib: (16.23)

We conclude from (16.15) that O�1.0; h/ D expfc.h/g. Finally we get from (16.23),
(16.14), and (16.15) that

O�1.s; h/ D O�1.s; 0/ O�1.0; h/:

Consider a Gaussian distribution 
 on the group R with the characteristic function
O
.s; h/ D O�1.s; 0/ and a distribution � on the group G with the characteristic function
O�.s; h/ D O�1.0; h/. Since O�1.s; h/ D O
.s; h/ O�.s; h/, it follows from 2.7 (b) and 2.7 (c)
that �1 D 
 	 �.
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16.7. Let X D T 2. Denote by x D .z; w/, z; w 2 T , elements of the group X .
We have Y Š Z2. To avoid introducing new notation we will assume that Y D Z2.
Denote by y D .m; n/, m; n 2 Z, elements of the group Y . We recall that according
to 1.14 (e) every automorphism ı 2 Aut.T 2/ is defined by an integer-valued matrix�

a b
c d

�
, where jad � bcj D 1. The automorphism ı acts on T 2 as follows:

ı.z; w/ D .zawc ; zbwd /; .z; w/ 2 T 2:

The adjoint automorphism " D Qı 2 Aut.Z2/ is of the form

".m; n/ D .amC bn; cmC dn/; .m; n/ 2 Z2:

We will identify the automorphisms ı and " with the corresponding matrix
�

a b
c d

�
.

Let �1 and �2 be independent random variables with values in a group X and
distributions�1 and�2. Assume that j̨ , ǰ , j D 1; 2, are topological automorphisms
of X . It is easy to see that the study of possible distributions �j , provided that the
conditional distribution of the linear formL2 D ˇ1�1 Cˇ2�2 givenL1 D ˛1�1 C˛2�2

is symmetric, is reduced to the case when L1 D �1 C �2 and L2 D �1 C ı�2, where
ı 2 Aut.X/.

Theorem 16.8. Let X D T 2. Assume that ı D �
a b
c d

� 2 Aut.X/ satisfies the condi-
tions I ˙ ı 2 Aut.X/. Let �1 and �2 be independent random variables with values in
X and distributions �1 and �2 with non-vanishing characteristic functions. Let G be
the subgroup of X generated by all elements of order 2. Assume that the conditional
distribution of the linear form L2 D �1 C ı�2 given L1 D �1 C �2 is symmetric. Then
�j D �j 	 �j , where �j 2 �.X/, �.�j / � G, j D 1; 2. Moreover, the distributions
�j are concentrated on the cosets of a dense in X one-parameter subgroup of X .

Proof. Set " D Qı. By Lemma 16.1 if the conditional distribution of L2 D �1 C ı�2

given L1 D �1 C �2 is symmetric, then the characteristic functions O�j .y/ satisfy
equation 16.1 (i) which takes the form

O�1.uC v/ O�2.uC "v/ D O�1.u � v/ O�2.u � "v/; u; v 2 Y: (16.24)

Put �j D �j 	 N�j . It follows from 2.7 (c) and 2.7 (d) that O�j .y/ D j O�j .y/j2 > 0,
y 2 Y . Obviously, the characteristic functions O�j .y/ also satisfy equation (16.24). Put
'j .y/ D � ln O�j .y/. We conclude from (16.24) that the functions 'j .y/ satisfy the
equation

'1.uC v/C '2.uC "v/ � '1.u � v/ � '2.u � "v/ D 0; u; v 2 Y: (16.25)

We will solve equation (16.25) by the finite difference method. Arguing as in the
proof of Theorem 16.2 we arrive at equation (16.9) for the function '1.y/. Taking into
account that n D 2, we get

�2k�
2
h'1.u/ D 0; k; h; u 2 Y: (16.26)
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We deduce from (16.26) that the function '1.y/ satisfies the equation

�3
h'1.y/ D 0

on the subgroup H0 D Y .2/ D f.2m; 2n/ W m; n 2 Zg. It means that the restriction
of the function '1.y/ to the subgroup H0 is a polynomial of degree � 2. Note that
'1.�y/ D '1.y/; '1.y/ � 0; y 2 Y , and '1.0/ D 0. It follows from Lemma 10.10
that the function '1.y/ satisfies equation 2.16 (ii). This implies the representation

'1.y/ D hAy; yi; y 2 H0; (16.27)

whereA is a symmetric positive semidefinite matrix. The analogous representation we
also obtain for the function '2.y/, i.e., '2.y/ D hBy; yi, y 2 H0.

We represent the group Y as the union of cosets Y D H0 [ H1 [ H2 [ H3,
where H1 D .1; 0/ C H0; H2 D .0; 1/ C H0; H3 D .1; 1/ C H0. Set '.1/

1 .y/ D
'1..1; 0/C y/; y 2 Y . Evidently, the function '.1/

1 .y/ also satisfies equation (16.26).

Hence the restriction of the function '.1/
1 .y/ to the subgroup H0 is a polynomial of

degree � 2. Since '1.�y/ D '1.y/; y 2 H1, it is not difficult to verify that we get
the representation

'1.u/ D hA1u; ui C r1; u 2 H1; (16.28)

where A1 is a symmetric matrix and r1 2 R.
Set k D h in (16.26) and rewrite the obtained equation in the form

'1.uC 4h/ � 2'1.uC 3h/C 2'1.uC h/ � '1.u/ D 0; u; h 2 Y:
Substituting here u 2 H0; h 2 H1 and taking into account (16.27) and (16.28), we
find that

2h.A � A1/h; hi C h.A � A1/u; hi D 0; u 2 H0; h 2 H1:

We conclude from this that A D A1. Therefore, '1.y/ D hAy; yi C r1; y 2 H1.
Arguing as above we obtain a representation for the function '1.y/ on the cosets H2

and H3. Finally we get

'1.y/ D hAy; yi C rj ; y 2 Hj ; j D 0; 1; 2; 3; (16.29)

where r0 D 0.
Arguing similarly we obtain an analogous representation for the function '2.y/,

'2.y/ D hBy; yi C r 0
j ; y 2 Hj ; j D 0; 1; 2; 3; (16.30)

where r 0
0 D 0. Substituting (16.29) and (16.30) into (16.25) and taking u; v 2 H0 we

get that the matrices A and B satisfy the equation

AC B" D 0:
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Applying Lemma 16.5 we find

A D �

�
t20 t0
t0 1

�
; B D kA;

where � � 0, t0 D a�d�p
5

2b
, k D

p
5CaCd

2
. This yields the representation

hAy; yi D hA.m; n/; .m; n/i D �.t0mC n/2; y D .m; n/ 2 Y: (16.31)

It follows from (16.29) and (16.31) that

O�1.y/ D O�1.m; n/

D expf��.t0mC n/2 � rj g; y D .m; n/ 2 Hj , j D 0; 1; 2; 3.
(16.32)

Consider on the group Y the function

g.y/ D g.m; n/ D expf�rj g; y D .m; n/ 2 Hj , j D 0; 1; 2; 3.

The function g.y/ takes constant values on each coset Hj . This implies that there
exists a signed measure ! on the group X supported in A.X;H0/ such that

y!.y/ D g.y/; y 2 Y: (16.33)

Since H0 D Y .2/, by Theorem 1.9.5, A.X;H0/ D X.2/ D G. It is obvious that G Š
.Z.2//2. Denote by � a Gaussian distribution on the group X with the characteristic
function

O�.y/ D O�.m; n/ D expf��.t0mC n/2g; y D .m; n/ 2 Y: (16.34)

We conclude from (16.32)–(16.34) that

O�1.y/ D O�.y/y!.y/; y 2 Y:
Then 2.7 (b) and 2.7 (c) imply that �1 D � 	!. We will verify that the signed measure
! actually is a distribution.

Consider a Gaussian distribution � on the group R with the characteristic function
O�.s/ D expf��s2g. Denote by 
 W Y 7! R the homomorphism 
.m; n/ D t0m C n.
Let p D Q
 W R 7! X be the adjoint homomorphism. It follows from Proposition 2.10
and 2.7 (b) that � D p.�/. Since t0 is an irrational number it follows that the subgroup

.Y / is dense in R. By 1.13 (b) p is a monomorphism. Moreover, taking into account
that 
 is a monomorphism, we conclude from 1.13 (b) that the image p.R/ is dense in
X . Denote by �j , j D 0; 1; 2; 3, the elements of the group G. Then

! D
3X

j D0

ajE�j
;
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where aj 2 R. We have

�1 D � 	 ! D
3X

j D0

aj .� 	E�j
/: (16.35)

The distribution � 	 E�j
is concentrated on the Borel set p.R/�j , and these sets are

mutually disjoint. Since �1 2 M1.X/, we deduce from (16.35) that all aj � 0, i.e.,
! 2 M1.X/.

Denote by � the natural embedding � W G 7! X . Obviously,p.R/\G D f0g. Extend
p to the monomorphism Op W R � G 7! X as follows: Op.t; �j / D p.t/�.�j / D p.t/�j ,
.t; �j / 2 R �G. By Corollary 2.5 the monomorphism Op generates an isomorphism of
the semigroups M1.R � G/ and M1.p.R/ � G/. Let � D � ˝ ! 2 M1.R � G/ be
the direct product of the distributions � 2 M1.R/ and ! 2 M1.G/. If we consider the
distributions � and ! as distributions on the group R �G, we have � D � 	!. Hence
Op.�/ D p.�/ 	 �.!/ D � 	 ! D �1. Obviously, the distribution �1 is concentrated on

the Borel subgroup p.R/ � G of X . Taking into account that �1 is a factor of �1, by
Proposition 2.2 we can substitute the distribution �1 by its shift �0

1 in such a way that
the distribution �0

1 is also concentrated on the subgroup p.R/�G and �1 D �0
1 	 N�0

1.
It follows from this that � D Op�1.�1/ D Op�1.�0

1/ 	 Op�1. N�0
1/. Set �1 D Op�1.�1/.

Then �1 2 M1.R �G/. By Lemma 16.6 the distribution �1 has the form �1 D 
 	 �,
where 
 2 �.R/, � 2 M1.G/, because �1 is a factor of � . We conclude from this that
�0

1 D Op.�1/ D p.
/	 �.�/ D �1 	 �, where �1 D p.
/ 2 �.X/. This implies that the
distribution �1 also has the desired form. Arguing as above we also get the required
representation for the distribution �2.

Remark 16.9. It should be noted that on the two-dimensional torus X D T 2, three
automorphisms ıj 2 Aut.X/, j D 1; 2; 3, such that ıi ˙ ıj 2 Aut.X/ for all i ¤ j

do not exist. Indeed, without loss of generality we can assume that ı1 D I . Let
ı2 D �

a b
c d

�
; ı3 D �

a0 b0

c0 d 0

�
. As has been noted in the proof of Lemma 16.5, if

j det ıj j D j det.I ˙ ıj /j D 1 for j D 2; 3, then ad � bc D �1 and a0d 0 � b0c0 D
�1. On the other hand, since ı2 ˙ ı3 2 Aut.X/, we have j det.ı2 ˙ ı3/j D 1. It
follows from this that j2 C kj D j2 � kj D 1, where k D ad 0 C da0 � bc0 � cb0,
but it is impossible. Therefore we can formulate Theorem 16.8 as a statement of
n � 2 independent random variables �j , j D 1; 2; : : : ; n, n � 2, taking values in the
two-dimensional torus X D T 2, where automorphisms j̨ ; ǰ 2 Aut.X/ satisfy the
conditions ˇi˛

�1
i ˙ ǰ˛

�1
j 2 Aut.X/ for all i ¤ j . It follows from the above remark

that then n D 2.

Remark 16.10. Let X D T 2. Theorem 16.8 is false if the characteristic functions of
the considered distributions can vanish. To construct an example take an automorphism
ı 2 Aut.X/ of the form

ı D
�
1 1

1 0

�
:

Then I ˙ ı 2 Aut.X/. Set K D X.4/.
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Then K Š .Z.4//2. Denote by .e
�im

2 ; e
�in

2 /, m; n 2 f0; 1; 2; 3g, elements of the
group K. The automorphism ı acts on K as follows:

ı.e
�im

2 ; e
�in

2 / D .e
�i.mCn/

2 ; e
�im

2 /:

Consider the following subgroups of K:

K1 D f.1; 1/; .1;�1/g; K2 D f.1; 1/; .�1;�1/g;
F D f.1; 1/; .1;�1/; .�1; 1/; .�1;�1/; .i; 1/; .�i; 1/; .i;�1/; .�i;�1/g:

Let �1 and �2 be independent random variables with values in the group X and distri-
butions �1 D amK1

C .1 � a/mF and �2 D amK2
C .1 � a/mF , where 0 < a < 1.

Set " D Qı. As will be proved below (Lemma 17.11), the characteristic functions O�j .y/

satisfy equation (16.24). By Lemma 16.1 the conditional distribution of the linear form
L2 D �1 C ı�2 given L1 D �1 C �2 is symmetric. On the other hand, obviously, the
distributions �j can not be represented in the form �j D �j 	 �j , where �j 2 �.X/,
�j 2 M1.G/.

17 Random variables with values in finite and discrete Abelian
groups

In this section we continue to study group analogues of the Heyde theorem. Let X
be a countable discrete Abelian group. Then by Proposition 3.6, �.X/ D D.X/ and
a natural analogue of the class of Gaussian distributions for such groups is the class
of idempotent distributions. Let Y be the character group of the group X , j̨ , ǰ ,
j D 1; 2; : : : ; n, n � 2, be automorphisms of X satisfying the conditions ˇi˛

�1
i ˙

ǰ˛
�1
j 2 Aut.X/ for all i ¤ j . Let �j be independent random variables with values in

X and distributions �j . Our main attention will be devoted to the following problem:
for which groups X does it follow from the symmetry of the conditional distribution
of the linear form L2 D ˇ1�1 C � � � C ˇn�n given L1 D ˛1�1 C � � � C ˛n�n that all
�j are idempotent distributions? In contrast to Section 16 we do not assume that the
characteristic functions O�j .y/ do not vanish.

First consider the case of a finite group X and two random variables.

Theorem 17.1. Let X be a finite group containing no elements of order 2. Let �1 and
�2 be independent random variables with values in X and distributions �1 and �2.
Let j̨ , ǰ , j D 1; 2, be automorphisms of the group X such that ˇ1˛

�1
1 ˙ ˇ2˛

�1
2 2

Aut.X/. If the conditional distribution of the linear form L2 D ˇ1�1 C ˇ2�2 given
L1 D ˛1�1 C ˛2�2 is symmetric, then �1; �2 2 I.X/.
Proof. Passing to the new random variables �j D j̨ �j we reduce the proof of the theo-
rem to the case whenL1 D �1C�2 andL2 D ı1�1Cı2�2, ıj 2 Aut.X/. The condition
ˇ1˛

�1
1 ˙ ˇ2˛

�1
2 2 Aut.X/ is transformed into the condition ı1 ˙ ı2 2 Aut.X/. It is
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clear that we can assume that L2 D �1 C ı�2, where ı; I ˙ ı 2 Aut.X/. Set " D Qı.
By Lemma 16.1 the symmetry of the conditional distribution of L2 given L1 implies
that the characteristic functions O�j .y/ satisfy equation 16.1 (i) which takes the form
(16.24). Put f .y/ D O�1.y/, g.y/ D O�2.y/ and rewrite equation (16.24) using this
notation. We get

f .uC v/g.uC "v/ D f .u � v/g.u � "v/; u; v 2 Y: (17.1)

Set �j D �j 	 N�j . It follows from 2.7 (c) and 2.7 (d) that O�j .y/ D j O�j .y/j2 � 0,
y 2 Y . It is obvious that the characteristic functions O�j .y/ also satisfy equation (17.1).
If we prove that �j 2 I.X/, then by 2.7 (b) and 2.7 (e), �j 2 I.X/. Thus we can solve
equation (17.1) assuming that f .y/ � 0, g.y/ � 0, f .�y/ D f .y/, g.�y/ D g.y/.
We will prove that in this case f .y/ D g.y/ D ymK.y/, where K is a subgroup of X .
The statement of the theorem follows from this.

Put ˛ D I C ", ˇ D I � ". We conclude from the condition of the theorem that
˛; ˇ 2 Aut.Y /. Set � D ˇ˛�1.

Substituting v D �u into (17.1) we get

g.ˇu/ D f .2u/g.˛u/; u 2 Y:
Replace here u by ˛�1u. We obtain

g.�u/ D f .2˛�1u/g.u/; u 2 Y: (17.2)

Since 0 � f .y/ � 1, 0 � g.y/ � 1, (17.2) yields that

g.�u/ � g.u/; u 2 Y:
Note thatY Š X , henceY is a finite group. Therefore, its automorphism group Aut.Y /
is also finite. Hence �n D I for some natural n. We will assume that n is the smallest
one. We have

g.y/ D g.�ny/ � � � � � g.�y/ � g.y/; y 2 Y:
It follows from this that

g.y/ D g.�y/ D � � � D g.�n�1y/; y 2 Y: (17.3)

Substituting u D �"v into (17.1) and taking into account that f .�y/ D f .y/,
g.�y/ D g.y/, we get

f .ˇv/ D f .˛v/g.2"v/; v 2 Y:
Replace here v by ˛�1v. We obtain

f .�v/ D f .v/g.2"˛�1v/; v 2 Y: (17.4)
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Arguing similarly we arrive at

f .y/ D f .�y/ D � � � D f .�n�1y/; y 2 Y: (17.5)

Thus the functions f .y/ and g.y/ take constant values on each of the orbits Oy D
fy; �y; : : : ; �n�1yg. This value generally depends on y. We note that in proving (17.3)
and (17.5) we did not use that the group X contains no elements of order 2.

Set

Nf D fy 2 Y W f .y/ ¤ 0g; Ef D fy 2 Y W f .y/ D 1g;
and

Ng D fy 2 Y W f .y/ ¤ 0g; Eg D fy 2 Y W f .y/ D 1g:
Since X Š Y and X.2/ D f0g, we have Y.2/ D f0g. Hence f2 2 Aut.Y /. We recall
that for a finite set F we denote by jF j the number of elements of F . We conclude
from (17.2) and (17.3) that if y 2 Ng , then

f .2˛�1y/ D 1: (17.6)

Hence (17.6) implies that jNg j � jEf j. Arguing similarly we find from (17.4) and
(17.5) that if y 2 Nf , then g.2"˛�1y/ D 1. This implies the inequality jNf j � jEg j.
So, we get

jNg j � jEf j � jNf j; jNf j � jEg j � jNg j:
It follows from this that

jNf j D jEf j; jNg j D jEg j; (17.7)

and (17.7) implies that
Nf D Ef ; Ng D Eg : (17.8)

Since f2 2 Aut.Y /, we have

I C � D f2˛
�1 2 Aut.Y /: (17.9)

We deduce from (17.3) and (17.8) that �.Eg/ D Eg . Whence, in view of (17.9) we
find

˛.Eg/ D Eg : (17.10)

We conclude from (17.6) that Ng D Eg � Ef . Therefore Ef D Eg D E. So, we
have proved that

f .y/ D g.y/ D
(
1 if y 2 E;
0 if y … E:

PutK D A.X;E/. Then by Theorem 1.9.1, E D A.Y;K/ and it follows from 2.14 (i)
and 2.7 (b) that �1 D �2 D mK . We also note that since " D ˛ � I , (17.10) implies
that ".E/ D E.
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Corollary 17.2. Let X be a finite group containing no elements of order 2, ı be an
automorphism of X such that I ˙ ı 2 Aut.X/. Let �1 and �2 be independent random
variables with values in the group X and distributions �1 and �2. If the conditional
distribution of the linear form L2 D �1 C ı�2 given L1 D �1 C �2 is symmetric, then
�j D mK 	 Exj

, where K is a subgroup of X , and xj 2 X , j D 1; 2. Moreover,
Qı.A.Y;K// D A.Y;K/.

Corollary 17.3. Let Y be a finite group, " be an automorphism of Y such that I ˙ " 2
Aut.Y /. Put � D .I � "/.I C "/�1. If characteristic functions f .y/ and g.y/ satisfy
equation (17.1), then jf .y/j D jf .�y/j, jg.y/j D jg.�y/j for any y 2 Y .

Remark 17.4. The reasoning given in Remark 16.3 shows that Theorem 17.1 is false
if a group X contains elements of order 2.

Remark 17.5. The condition

ˇ1˛
�1
1 � ˇ2˛

�1
2 2 Aut.X/ (17.11)

in Theorem 17.1 can be omitted. Indeed, without loss of generality we may assume that
L1 D �1 C�2 andL2 D �1 Cı�2; ı 2 Aut.X/. Then condition (17.11) is transformed
into the condition I � ı 2 Aut.X/ which is equivalent to the condition ˇ 2 Aut.Y /.
Assume that ˇ … Aut.Y /. Since Y is a finite group, it means that L D Ker ˇ ¤ f0g.
Then if u 2 L we have "u D u and ˛u D 2u. Substituting u D v 2 L into equation
(17.1) we get

f .2u/g.2u/ D 1; u 2 L: (17.12)

Since f2 2 Aut.Y /, it follows from (17.12) that f .y/ D g.y/ D 1, y 2 L. By
Proposition 2.13 the functions f .y/ and g.y/ are L-invariant. Hence they induce
functions Qf .Œy�/ and Qg.Œy�/ on the factor groupY=L, namely Qf .Œy�/ D f .y/, Qg.Œy�/ D
g.y/, y 2 Œy�. The automorphism " also induces an automorphism O" on the factor
group Y=L by the formula O"Œy� D Œ"y�, y 2 Œy�. So, we can consider equation (17.1)
on the factor group Y=L. If the induced homomorphism Ǒ … Aut.Y=L/, we repeat
this procedure until we obtain Ǒ 2 Aut.Y=L/. Then we apply Theorem 17.1. After
returning to the initial distributions we get �j 2 I.X/.

We supplement Theorem 17.1 with the following statement.

Proposition 17.6. Let �1 and �2 be independent identically distributed random vari-
ables with values in a group X and distribution mK , where K is a compact subgroup
of X . Let ı 2 Aut.X/ and I ˙ ı 2 Aut.X/. Then the conditional distribution of the
linear form L2 D �1 C ı�2 given L1 D �1 C �2 is symmetric if and only if

.i/ �.K/ � K;

where � D .I C ı/�1.I � ı/.
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Proof. We retain the notation used in the proof of Theorem 17.1. Put L D A.Y;K/,
f .y/ D ymK.y/. We note that � D Q� . By Lemma 16.1 if the conditional distribution
of L2 given L1 is symmetric, then the characteristic functions of the random variables
�j satisfy equation 16.1 (i) which takes the form

f .uC v/f .uC "v/ D f .u � v/f .u � "v/; u; v 2 Y: (17.13)

Substituting u D v into (17.13) we get f .2u/f .˛u/ D f .ˇu/, u 2 Y . It follows
from this that

f .�u/ D f .2˛�1u/f .u/; u 2 Y: (17.14)

Therefore, if �y 2 L, then y 2 L. Hence by Lemma 13.10, �.K/ � K, i.e., (i) holds.
Assume that (i) is fulfilled. We will show that the characteristic function f .y/

satisfies equation (17.13). Suppose that for some u; v 2 Y the left-hand side of
equation (17.13) is equal to 1. This implies that

uC v 2 L; uC "v 2 L; (17.15)

and therefore ˇv D .I � "/v 2 L. Since ˇv D �˛v, by Lemma 13.10 we have that

˛v D .I C "/v 2 L: (17.16)

We conclude from (17.15) and (17.16) thatu�v 2 L, u�"v 2 L. Hence the right-hand
side of equation (17.13) is also equal to 1. Arguing similarly we verify that if for some
u; v 2 Y the right-hand side of equation (17.13) is equal to 1, then the left-hand side
of equation (17.13) is equal to 1. Thus we have proved that the characteristic function
f .y/ D ymK.y/ satisfies equation (17.13). Hence by Lemma 16.1 the conditional
distribution of the linear form L2 given L1 is symmetric.

Note that in the proof of Theorem 17.1 we assumed that there exist automorphisms
j̨ , ǰ , j D 1; 2, of a group X such that ˇ1˛

�1
1 ˙ˇ2˛

�1
2 2 Aut.X/. We will describe

now the finiteAbelian groupsX which have this property. Then we will apply this result
to prove a group analogue of the Heyde theorem for an arbitrary number of independent
random variables. Clearly, it suffices to find out when there exists ı 2 Aut.X/ such
that I ˙ ı 2 Aut.X/.

Proposition 17.7. Let X be a finite group,

.i/ X D P
p2P

Xp

be the decomposition ofX into a direct product of itsp-components. Then the following
statements are equivalent:

(ii) there exists ı 2 Aut.X/ such that I ˙ ı 2 Aut.X/;
(iii) for both p D 2 and p D 3 either Xp D f0g or the decomposition of Xp into a

direct product of cyclic subgroups contains each cyclic factor with multiplicity
not less than 2.
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Proof. Note that eachp-componentXp is a characteristic subgroup ofX . It is clear that
(ii) holds if and only if for each prime p such that Xp ¤ f0g there exists ı 2 Aut.Xp/

such that
I ˙ ı 2 Aut.Xp/: (17.17)

If p > 3 we set ı D f2. Then ı; I ˙ ı 2 Aut.Xp/. Thus we should find out when
condition (17.17) holds for p D 2 and p D 3. In what follows we consider only the
group X3. For the group X2 we argue similarly. PutK D X3. By Theorem 1.19.4 we
have

K Š P
j
.Z.3kj //nj ; kj < kj C1:

The numbers kj and nj are uniquely determined by the groupK. To avoid introducing
new notation we will suppose that

K D P
j
.Z.3kj //nj ; kj < kj C1: (17.18)

We will prove that there exists ı 2 Aut.K/ such that I ˙ ı 2 Aut.K/ if and only if
all nj � 2 in (17.18). We note that for every natural n the subgroups K.n/ and K.n/

are characteristic. Hence the subgroups Hj D K.3
kj �1

/ \ K.3/ are also character-
istic. Therefore any automorphism ˛ 2 Aut.K/ induces an automorphism Ǫ on the
factor group Hj0

=Hj0C1. Assume that nj0
D 1 for some j0. Then as easily seen,

Hj0
=Hj0C1 Š Z.3/. Hence if ı; I ˙ ı 2 Aut.K/, then Oı; I ˙ Oı 2 Aut.Hj0

=Hj0C1/.
Taking into account that there are only two automorphisms ˙I on the group Z.3/, we
obtain the contradiction. Thus we have proved that (ii) implies (iii).

Let us prove that (iii) implies (ii). Set G1 D .Z.3r//2. Let the automorphism
ı1 2 Aut.G1/ be defined by ı1.k; l/ D .k C l; k/, k; l 2 Z.3r/. It is obvious that
I ˙ ı1 2 Aut.G1/. For the group G2 D .Z.3r//3 we put ı2.k; l; m/ D .k C l C
m; k C l; k/, k; l;m 2 Z.3r/. Then ı2; I ˙ ı2 2 Aut.G2/. If in (17.18) all nj � 2,
then the group K is a finite direct product of groups each of which is isomorphic to
either G1 or G2. The desired automorphism ı 2 Aut.X/ can be constructed as a finite
direct product of the automorphisms ı1 and ı2.

Now assume that a finite group X contains elements of order 2 and describe distri-
butions which are characterized by the symmetry of the conditional distribution of one
linear form given another.

Theorem 17.8. LetX be a finite group,X2 be the 2-component ofX . Let �1 and �2 be
independent randomvariableswith values inX anddistributions�1 and�2. Let j̨ , ǰ ,
j D 1; 2 be automorphisms of the groupX such that ˇ1˛

�1
1 ˙ˇ2˛

�1
2 2 Aut.X/. If the

conditional distribution of the linear formL2 D ˇ1�1 Cˇ2�2 givenL1 D ˛1�1 C˛2�2

is symmetric, then �j D �j 	 �j , where �.�j / � X2, �j 2 I.X/, j D 1; 2.

Proof. Arguing as in the proof of Theorem 17.1, we reduce the proof of the theorem
to the case when L1 D �1 C �2, L2 D �1 C ı�2, where ı; I ˙ ı 2 Aut.X/. By
Lemma 16.1 it follows from the symmetry of the conditional distribution of the linear
form L2 given L1 that the characteristic functions O�j .y/ satisfy equation 16.1 (i).
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Decompose the group X into a direct product of its p-components:

X D P
p2P

Xp:

Set
G D X2; K D P

p>2
Xp:

Then X D G � K. If G D f0g, then the assertion of the theorem follows from
Theorem 17.1. Assume thatG ¤ f0g. By Theorem 1.7.1, Y Š H�L, whereH D G�,
L D K�. To avoid introducing new notation we will suppose that Y D H � L. Denote
by y D .h; l/, h 2 H , l 2 L, elements of the group Y . Since the subgroups H
and L are characteristic, any automorphism 
 2 Aut.Y / can be written in the form

.h; l/ D .
h; 
l/, .h; l/ 2 Y .

Put " D Qı, ˛ D I C ", ˇ D I � ", f .y/ D O�1.y/, g.y/ D O�2.y/ and rewrite
equation 16.1 (i) in the form:

f .hC h0; l C l 0/g.hC "h0; l C "l 0/
D f .h � h0; l � l 0/g.h � "h0; l � "l 0/; .h; l/; .h0; l 0/ 2 Y .

(17.19)

Substituting h D h0 D 0 into (17.19) we get

f .0; l C l 0/g.0; l C "l 0/ D f .0; l � l 0/g.0; l � "l 0/; l; l 0 2 L: (17.20)

Since the group K contains no elements of order 2, by Corollary 17.2 any solution of
equation (17.20) has the form

f .0; l/ D .k1; l/ ymF .l/; g.0; l/ D .k2; l/ ymF .l/; l 2 L; (17.21)

where F is a subgroup of the group K, and kj 2 K. Put E D A.L;F /. Substituting
(17.21) into (17.20) we get 2.k1 C ık2/ 2 F . In view of K.2/ D f0g we have
k1 C ık2 2 F . Set k D k1 C ık2. It is clear that representation (17.21) does not
change if we substitute k0

1 D k1 � k for k1 in (17.21). But then k0
1 C ık2 D 0. It is

easy to see that in this case the characteristic functions .�k0
1; l/ and .�k2; l/ satisfy

equation (17.20). Consider the distributions �0
1 D �1 	 E�k0

1
and �0

2 D �2 	 E�k2
.

Set f 0.y/ D O�0
1.y/, g

0.y/ D O�0
2.y/. We conclude from 2.7 (c) that the characteristic

functions f 0.y/ and g0.y/ also satisfy equation (17.19).
Put B D L=E. We have Y=E Š H � B . By Theorem 1.9.2, F � Š B and hence

.G � F /� Š Y=E. Taking into account 2.14 (i) and 2.7 (c), it follows from (17.21)
that

f 0.0; h/ D g0.0; h/ D
(
1 if l 2 E;
0 if l … E: (17.22)

By Proposition 2.13, (17.22) implies that the characteristic functions f 0.y/ and g0.y/
are E-invariant. Obviously, K is a characteristic subgroup. Consider independent
random variables �1 and �2 with values in the groupK and distributionsmF 	Ek1

and
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mF 	 Ek2
. By Lemma 16.1 we deduce from (17.20) that the conditional distribution

of the linear form L2 D �1 C ı�2 given L1 D �1 C �2 is symmetric. Note that
f2 2 Aut.K/ and apply Corollary 17.2 to the group K. We get ".E/ D E. Hence we
can pass from equation (17.19) for the functions f 0.y/ and g0.y/ on the group Y to the
induced equation on the factor group Y=E putting Qf .Œy�/ D f 0.y/, Qg.Œy�/ D g0.y/,
O"Œy� D Œ"y�. It follows from ".E/ D E that O" 2 Aut.Y=E/. It means that we pass
from consideration of the random variables with values in the group X D G � K to
random variables taking values in the subgroupG �F . Obviously, the solutions of the
induced equation satisfy the condition

fb 2 B W Qf .0; b/ D 1g D fb 2 B W Qg.0; b/ D 1g D f0g:
Thus we have

Qf .0; b/ D Qg.0; b/ D
(
1 if b D 0;

0 if b ¤ 0:
(17.23)

Consider equation (17.19) for the characteristic functions Qf .s; b/ and Qg.s; b/ on the
factor group Y=E Š H � B . We get

Qf .hCh0; bCb0/ Qg.hC O"h0; bC O"b0/ D Qf .h�h0; b�b0/ Qg.h� O"h0; b� O"b0/; (17.24)

.h; b/; .h0; b0/ 2 H � B . Note that in view of ".E/ D E we have ˛.E/ � E. Since
˛ 2 Aut.Y / and E is a finite group, we have ˛.E/ D E, whence Ǫ 2 Aut.Y=E/.
Take u 2 H; v 2 B and substitute h D Ǫ�1u, h0 D � Ǫ �1u, b D Ǫ �1v, b0 D � Ǫ �1v

into (17.24). We obtain

Qg.�u; �v/ D Qf .2 Ǫ�1u; 2 Ǫ �1v/ Qg.u; v/; (17.25)

where � D Ǒ Ǫ�1. Assume that there exists an element .h0; b0/ 2 H � B , b0 ¤ 0

such that Qg.h0; b0/ ¤ 0. Then by Corollary 17.3, j Qg.�h0; �b0/j D j Qg.h0; b0/j ¤ 0,
and (17.25) yields that

j Qf .2 Ǫ�1h0; 2 Ǫ�1b0/j D 1: (17.26)

It follows from Proposition 2.13 that the subset ofY where the module of a characteristic
function is equal to 1 is a subgroup. Taking this into account, (17.26) implies that for
any natural k the equality j Qf .2k Ǫ�1h0; 2

k Ǫ�1b0/j D 1 is fulfilled. Since G is a 2-
primary group,H is also a 2-primary group. Note that if h0 is an element of order 2m,
then 2m Ǫ�1h0 D 0. Hence

j Qf .0; 2m Ǫ�1b0/j D 1:

On the other hand, since the group B contains no elements of order 2 and Ǫ �1 2
Aut.H � B/, we have 2m˛�1b0 ¤ 0, contrary to (17.23). Thus we have proved that
Qg.h; b/ D 0, if b ¤ 0. Hence the characteristic function Qg.h; b/ is represented in the
form

Qg.h; b/ D
(
g0.h/ if b D 0;

0 if b ¤ 0;
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where g0.h/ D Qg.h; 0/. We get Qg.h; b/ D g0.h/ ymF .b/, .h; b/ 2 H � B . The
function g0.h/ is the characteristic function of a distribution �2 such that �.�2/ � G.
We conclude from 2.7 (b) and 2.7 (c) that �0

2 D �2 	 mF . This implies that �2 D
�2 	 �2 	Ek2

. For the distribution �1 we argue similarly.

Corollary 17.9. LetX be a finite group. RepresentX in the formX D X2 �K, where
K D Pp>2Xp ,Xp is the p-component ofX . Let ı be an automorphism of the groupX
such that I ˙ ı 2 Aut.X/. Let �1 and �2 be independent random variables with values
in X and distributions �1 and �2. If the conditional distribution of the linear form
L2 D �1 C ı�2 given L1 D �1 C �2 is symmetric, then �j D �j 	mF 	 Exj

, where
�.�j / � X2, F is a subgroup of K, xj 2 K, j D 1; 2. Moreover, the characteristic
functions of the distributions �0

j D �j 	E�xj
also satisfy equation (16.24).

17.10. Let X be a finite 2-primary group, i.e., X D X2 in decomposition 17.7 (i).
Let ı be an automorphism ofX such that I ˙ ı 2 Aut.X/. Put " D Qı. We will discuss
the following problem. What are possible distributions �1 and �2 of independent
random variables �1 and �2 taking values in the groupX assuming that the conditional
distribution of the linear form L2 D �1 C ı�2 given L1 D �1 C �2 is symmetric?
Taking into account Lemma 16.1 we can reformulate this problem as follows: what are
distributions�j such that their characteristic functions O�j .y/ satisfy equation (16.24)?

The corresponding idempotent distributions �j such that �1 D �2 D mK were
described in Proposition 17.6. Moreover, as has been noted in Remark 16.3, if �j

are arbitrary distributions such that �.�j / � X.2/, then �j are also solutions of the
problem. Under the assumption thatX2 ¤ X.2/ we mention one more class of distribu-
tions�j such that the characteristic functions O�j .y/ satisfy equation (16.24). They are
distributions �j which are invariant with respect to the subgroup X .2/. Let us verify
this. In view of Theorem 1.9.5 it is easily seen that the characteristic functions O�j .y/

of such distributions are of the form:

O�1.y/ D
(
f0.y/ if y 2 Y.2/;

0 if y 62 Y.2/;
O�2.y/ D

(
g0.y/ if y 2 Y.2/;

0 if y 62 Y.2/;

where f0.y/ and g0.y/ are arbitrary characteristic functions on the subgroup Y.2/. It
is easy to make sure that the characteristic functions O�j .y/ satisfy equation (16.24).
Indeed, let u; v 2 Y.2/. Then uC v D u � v, uC "v D u � "v. Hence O�1.uC v/ D
O�1.u � v/, O�2.u C "v/ D O�2.u � "v/, and equation (16.24) is satisfied. Let either
u 2 Y.2/, v 62 Y.2/ or u 62 Y.2/, v 2 Y.2/. Then u˙v 62 Y.2/, hence O�1.u˙v/ D 0, and
both sides of equation (16.24) are equal to zero. If u; v 62 Y.2/, then the left-hand side
of equation (16.24) is equal to zero, because in the opposite case we have uCv 2 Y.2/,
uC "v 2 Y.2/. This implies that .I � "/v 2 Y.2/, and hence v 2 Y.2/, contrary to the
assumption. Arguing as above we verify that the right-hand side of equation (16.24)
is also equal to zero for u; v 62 Y.2/. Thus the characteristic functions O�j .y/ satisfy
equation (16.24).

Thus if X2 ¤ X.2/, then there exist three different classes of distributions �j such
that the characteristic functions O�j .y/ satisfy equation (16.24):
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(I) idempotent distributions;
(II) distributions supported in X.2/;
(III) distributions invariant under shifts by elements of X .2/.
Obviously, if the characteristic functions of distributions �1 and �2 satisfy equa-

tion (16.24), and the same is true for distributions �1 and �2, then in view of 2.7 (c)
the distributions �1 D �1 	 �1 and �2 D �2 	 �2 also have this property. It turns out
that if X2 ¤ X.2/, then there exist distributions �1, �2 on X such that they do not
belong to the classes (I)–(III) and they are not convolutions of distributions of these
classes, whereas their characteristic functions satisfy equation (16.24). This situation
is opposite to the case when X2 D f0g, because if X2 D f0g only the characteristic
functions of idempotent distributions satisfy equation (16.24) (see Theorem 17.1). We
need the following

Lemma 17.11. For each of the groups X D .Z.4//2 and X D .Z.4//3 there exist an
automorphism ı 2 Aut.X/ such that I ˙ ı 2 Aut.X/ and independent random vari-
ables �1 and �2 with values inX and distributions �1 and �2 such that the conditional
distribution of the linear formL2 D �1 C ı�2 givenL1 D �1 C �2 is symmetric and �j

can not be represented as convolutions of distributions of the classes (I)–(III) defined
in 17.10.

Proof. Let X D .Z.4//2. Then Y Š .Z.4//2. Denote by x D .m; n/ elements of the
group X and by y D .k; l/ elements of the group Y , where m; n; k; l 2 Z.4/. Let an
automorphism ı 2 Aut.X/ be of the form ı.m; n/ D .m C n;m/. Put " D Qı. Then
".k; l/ D .kC l; k/. It is obvious that I ˙ ı 2 Aut.X/. Let �1 and �2 be independent
random variables with values in X and distributions

�1 D amK1
C .1 � a/mF ; �2 D amK2

C .1 � a/mF ;

where K1 D f.0; 0/; .0; 2/g, K2 D f.0; 0/; .2; 2/g, F D fX.2/; .1; 0/ C X.2/g, and
0 < a < 1. It is easy to compute that

A.Y;K1/ D fY.2/; .1; 0/C Y.2/g;
A.Y;K2/ D fY.2/; .1; 1/C Y.2/g;
A.Y; F / D f.0; 0/; .0; 2/g;

and hence the characteristic functions f .y/ D O�1.y/, g.y/ D O�2.y/ are of the form

f .y/ D

�
1 if y 2 f.0; 0/; .0; 2/g;
a if y 2 f.2; 0/; .2; 2/; .1; 0/C Y.2/g;
0 if y 2 f.1; 1/C Y.2/; .0; 1/C Y.2/g;

g.y/ D

�
1 if y 2 f.0; 0/; .0; 2/g;
a if y 2 f.2; 0/; .2; 2/; .1; 1/C Y.2/g;
0 if y 2 f.1; 0/C Y.2/; .0; 1/C Y.2/g:
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We will verify that the characteristic functionsf .y/ andg.y/ satisfy equation (17.1).
Obviously, for arbitrary u; v 2 Y we have either u˙ v 2 Y.2/ or u˙ v 62 Y.2/. There-
fore, the following cases are possible:

1. u ˙ v; u ˙ "v 2 Y.2/. It follows from this that .I � "/v 2 Y.2/, and hence
u; v 2 Y.2/. Then uC v D u � v, uC "v D u � "v, and equation (17.1) holds.

2. u ˙ v 2 Y.2/, u ˙ "v 62 Y.2/. Since u ˙ v 2 Y.2/, the following cases are
possible:

A. u; v 2 .1; 0/C Y.2/. Then "v 2 .1; 1/C Y.2/ and g.u˙ "v/ D 0. Hence both
sides of equation (17.1) are equal to zero.

B. u; v 2 .1; 1/C Y.2/. Then "v 2 .0; 1/C Y.2/ and g.u˙ "v/ D 0. Hence both
sides of equation (17.1) are equal to zero.

C.u; v 2 .0; 1/CY.2/. Then "v 2 .1; 0/CY.2/ andg.uC"v/ D g.u�"v/ D a ¤ 0.
Hence the left-hand side of equation (17.1) is not equal to the right-hand side if either
u C v 2 f.0; 0/; .0; 2/g and u � v 2 f.2; 0/; .2; 2/g or u � v 2 f.0; 0/; .0; 2/g and
u C v 2 f.2; 0/; .2; 2/g. In each of these cases we have 2u 2 f.2; 0/; .2; 2/g, and
hence u 2 f.1; 0/C Y.2/; .1; 1/C Y.2/g, contrary to the assumption. Thus both sides
of equation (17.1) are equal.

3. u ˙ v 62 Y.2/, u ˙ "v 2 Y.2/. Since u ˙ "v 2 Y.2/, the following cases are
possible:

A. u 2 .1; 0/C Y.2/, v 2 .0; 1/C Y.2/. Then f .u˙ v/ D 0. Hence both sides of
equation (17.1) are equal to zero.

B. u 2 .1; 1/C Y.2/, v 2 .1; 0/C Y.2/. Then f .u˙ v/ D 0. Hence both sides of
equation (17.1) are equal to zero.

C. u 2 .0; 1/ C Y.2/, v 2 .1; 1/ C Y.2/. Then f .u C v/ D f .u � v/ D a ¤ 0.
Hence the left-hand side of equation (17.1) is not equal to the right-hand side if either
uC "v 2 f.0; 0/; .0; 2/g and u � "v 2 f.2; 0/; .2; 2/g or u � "v 2 f.0; 0/; .0; 2/g and
u C "v 2 f.2; 0/; .2; 2/g. In each of these cases we have 2u 2 f.2; 0/; .2; 2/g, and
hence u 2 f.1; 0/C Y.2/; .1; 1/C Y.2/g, contrary to the assumption. Thus both sides
of equation (17.1) are equal.

4. u˙v 62 Y.2/, u˙ "v 62 Y.2/. Since uCv D u�vC2v, the elements uCv and
u�v belong simultaneously either to the coset .1; 0/CY.2/ or to the coset .0; 1/CY.2/

or to the coset .1; 1/CY.2/. Hence f .uCv/ D f .u�v/ and g.uC "v/ D g.u� "v/.
Then equation (17.1) is satisfied.

We are left to verify that the functions f .y/ and g.y/ can not be represented as
a product of the characteristic functions of distributions of the classes (I)–(III) de-
fined in 17.10. We will prove this for the function f .y/. Assume that f .y/ D
f1.y/f2.y/f3.y/, where fj .y/ is the characteristic function of the corresponding
distribution. There is no factor f3.y/ in this product, because there exist elements
y 62 Y.2/ such that f .y/ ¤ 0. Thus f .y/ D f1.y/f2.y/. Suppose that both factors
are present in this decomposition. If y 2 Y .2/, then f2.y/ D 1. But the module of
f1.y/ equals either 0 or 1. Hence for every y 2 Y .2/ the module of f .y/ equals either
0 or 1. But this is false. Hence either f .y/ D f1.y/ or f .y/ D f2.y/. It is easy to
see that neither case is possible. The arguments for the function g.y/ are similar. In
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view of Lemma 16.1 we have proved the lemma for the group X D .Z.4//2.
Let X D .Z.4//3. Denote by .m; n; p/,m; n; p 2 Z.4/, elements of the group X .

Let an automorphism ı 2 Aut.X/ be of the form ı.m; n; p/ D .mCnCp;mCn;m/.
Obviously, I ˙ ı 2 Aut.X/. Let �1 and �2 be independent random variables with
values in X and the distributions

�1 D amK1
C .1 � a/mF ; �2 D amK2

C .1 � a/mF ;

where K1 D f.0; 0; 0/; .0; 2; 2/g, K2 D f.0; 0; 0/; .2; 0; 0/g, F D fY.2/; .0; 0; 1/ C
Y.2/g, and 0 < a < 1. Further arguments follow the scheme of the proof of the lemma
for the group X D .Z.4//2 but require consideration of a greater number of cases and
we omit them.

Theorem 17.12. Let X be a finite 2-prime group such that:

(i) X ¤ X.2/;
(ii) the decomposition of the group X into a direct product of cyclic subgroups

contains each cyclic factor with multiplicity not less than 2.

Then there exist an automorphism Nı 2 Aut.X/ such that I ˙ Nı 2 Aut.X/ and indepen-
dent random variables �1 and �2 with values in X and distributions �1 and �2 such
that the conditional distribution of the linear form L2 D �1 C Nı�2 given L1 D �1 C �2

is symmetric, whereas no �j is represented as a convolution of distributions of the
classes (I)–(III) defined in 17.10.

Proof. Since X ¤ X.2/ and condition (ii) is satisfied, the group X can be represented
in the form X D G � K, where G Š .Z.2l//r , l � 2, and either r D 2 or r D 3.
Moreover, the subgroup K also satisfies condition (ii). Assume for definiteness that
r D 2. Denote by .m; n/,m; n 2 Z.2l/, elements ofG. Let ı 2 Aut.G/ be of the form
ı.m; n/ D .mC n;m/. Then I ˙ ı 2 Aut.G/. Let F be a subgroup of G such that
F Š .Z.4//2. Obviously, the restriction of ı to F is an automorphism of F . As has
been proved in Lemma 17.11 for a given ı 2 Aut.X/ there exist independent random
variables �1 and �2 with values in the subgroup F and distributions �1 and �2 such
that the conditional distribution of the linear form L2 D �1 C ı�2 given L1 D �1 C �2

is symmetric, whereas no �j is represented as a convolution of distributions of the
classes (I)–(III) defined in 17.10.

Extend the automorphism ı to an automorphism Nı 2 Aut.X/ such that I ˙ Nı 2
Aut.X/. This can be done because the subgroup K also satisfies condition (ii). We
can suppose that the random variables �1 and �2 take values in X . Obviously, the
conditional distribution of the linear form L2 D �1 C Nı�2 given L1 D �1 C �2 is
symmetric whereas no�j is represented as a convolution of distributions of the classes
(I)–(III) defined in 17.10.

In the case whenG Š .Z.2l//3 we consider ı 2 Aut.G/ of the form ı.m; n; p/ D
.mC nC p;mC n;m/, m; n; p 2 Z.2l/ and argue similarly.

LetX D R�N , whereN is a finite group. Let j̨ ; ǰ be topological automorphisms
of X such that ˇ1˛

�1
1 ˙ ˇ2˛

�1
2 2 Aut.X/. We will discuss the following problem.
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What are possible distributions�j of independent random variables �j taking values in
the groupX assuming that the conditional distribution of the linear formL2 D �1 Cı�2

given L1 D �1 C �2 is symmetric? To solve this problem we need the following

Lemma 17.13. LetX D R �G, whereG is a finite 2-primary group. Let �1 and �2 be
independent randomvariableswith values inX anddistributions�1 and�2. Let j̨ , ǰ ,
j D 1; 2, be topological automorphisms of the group X such that ˇ1˛

�1
1 ˙ ˇ2˛

�1
2 2

Aut.X/. If the conditional distribution of the linear form L2 D �1 C ı�2 given
L1 D �1 C �2 is symmetric, then �j D �j 	 �j , where �j 2 �.R/, �.�j / � G,
j D 1; 2.

Proof. We have Y Š R � H , where H D G�. To avoid introducing new notation
we will suppose that Y D R � H . Denote by y D .s; h/, s 2 R, h 2 H , elements
of the group Y . Since cY D R and bY D H , the subgroups R and H of Y are
characteristic. Therefore any automorphism ˛ 2 Aut.Y / can be written in the form
˛.s; h/ D .˛s; ˛h/, .s; h/ 2 Y . Arguing as in the proof of Theorem 17.1 we reduce
the proof of the lemma to the case when L1 D �1 C �2 and L2 D �1 C ı�2, where
ı; I ˙ ı 2 Aut.X/. Set f .y/ D O�1.y/, g.y/ D O�2.y/, " D Qı. By Lemma 17.1
it follows from the symmetry of the conditional distribution of L2 D �1 C ı�2 given
L1 D �1 C �2 that the characteristic functions f .y/ and g.y/ satisfy equation (17.1)
which takes the form

f .s C s0; hC h0/g.s C "s0; hC "h0/
D f .s � s0; h � h0/g.s � "s0; h � "h0/; .s; h/; .s0; h0/ 2 Y .

(17.27)

Setting h D h0 D 0 into (17.27), we get the equation

f .s C s0; 0/g.s C "s0; 0/ D f .s � s0; 0/g.s � "s0; 0/; s; s0 2 R:

By the Heyde theorem we conclude from this that

f .s; 0/ D expf��1s
2 C i t1sg; g.s; 0/ D expf��2s

2 C i t2sg; s 2 R; (17.28)

where �j � 0, tj 2 R, j D 1; 2.
We will prove by induction on k, where 2k is the order of an element h, that

f .s; h/ D F1.s/F2.h/; g.s; h/ D G1.s/G2.h/; (17.29)

where Fj .0/ D Gj .0/ D 1, j D 1; 2.
Substituting s D �"s0, h0 D h into (17.27), we get the equation

f .ˇs0; 2h/g.0; ˛h/ D f .�˛s0; 0/g.�2"s0; ˇh/; .s; h/; .s0; h0/ 2 Y; (17.30)

where ˛ D I C "; ˇ D I � ". Let k D 1, i.e., 2h D 0. Then equation (17.30) takes
the form

f .ˇs0; 0/g.0; ˛h/ D f .�˛s0; 0/g.�2"s0; ˇh/; .s; h/; .s0; h0/ 2 Y: (17.31)
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We deduce from (17.28) that f .�˛s0; 0/ ¤ 0. Since �2" 2 Aut.R/ and ˇ 2 Aut.H/,
(17.31) yields the required representation for the function g.s; h/.

Substituting s0 D �s, h D "h0 into (17.27), we obtain the equation

f .0; ˛h/g.ˇs; 2"h0/ D f .2s;�ˇh0/g.˛s; 0/; .s; h/; .s0; h0/ 2 Y: (17.32)

If k D 1, i.e., when 2h0 D 0, the required representation for the function f .s; h/
follows from (17.32). Thus for k D 1, (17.29) is proved.

Assume that (17.29) holds if h has order 2k . Let h have order 2kC1. Then 2h
has order 2k , and we have f .ˇs0; 2h/ D F1.ˇs

0/F2.2h/ by induction hypothesis. The
required representation for the functiong.s; h/ follows from (17.30). Arguing similarly
we obtain the required representation for the function f .s; h/ from (17.32).

We conclude from (17.29) that

f .s; h/ D f .s; 0/f .0; h/; g.s; h/ D g.s; 0/g.0; h/: (17.33)

Note that f .0; h/ and g.0; h/ are the characteristic functions of some distributions �1

and �2 such that �.�j / 2 G, j D 1; 2. Taking into account 2.7 (b) and 2.7 (c), the
statement of the lemma follows from (17.28) and (17.33).

Theorem 17.14. LetX D R �N , whereN is a finite group. Denote byN2 the 2-com-
ponent of N . Let �1 and �2 be independent random variables with values in X and
distributions �1 and �2. Let j̨ , ǰ , j D 1; 2, be topological automorphisms of the
group X such that ˇ1˛

�1
1 ˙ ˇ2˛

�1
2 2 Aut.X/. If the conditional distribution of the

linear form L2 D �1 C ı�2 given L1 D �1 C �2 is symmetric, then �j D �j 	 �j 	 
j ,
where �j 2 �.R/, �.�j / � N2, 
j 2 I.X/, j D 1; 2.

Proof. Decompose the group N into a direct product of its p-components:

N D P
p2P

Np:

Put
G D N2; K D P

p>2
Np:

Then X D R � G � K, and Y Š R � H � L, where H D G�, L D K�. To
avoid introducing new notation we will assume that Y D R � H � L. Denote by
y D .s; h; l/; s 2 R, h 2 H , l 2 L, elements of the group Y . Since R, H , and L
are characteristic subgroups of the group Y , any automorphism ˛ 2 Aut.Y / can be
written in the form ˛.s; h; l/ D .˛s; ˛h; ˛l/, .s; h; l/ 2 Y . Arguing as in the proof of
Theorem 17.1 we reduce the proof of the theorem to the case when L1 D �1 C �2 and
L2 D �1 C ı�2, where ı; I ˙ ı 2 Aut.X/. Set f .y/ D O�1.y/, g.y/ D O�2.y/, " D Qı.
By Lemma 17.1 if the conditional distribution of L2 D �1 C ı�2 given L1 D �1 C �2

is symmetric, then the characteristic functions f .y/ and g.y/ satisfy equation (17.1)
which takes the form

f .s C s0; hC h0; l C l 0/g.s C "s0; hC "h0; l C "l 0/
D f .s � s0; h � h0; l � l 0/g.s � "s0; h � "h0; l � "l 0/; .s; h; l/; .s0; h0; l 0/ 2 Y .

(17.34)
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Substituting s D s0 D 0 into (17.34), we get

f .0; hC h0; l C l 0/g.0; hC "h0; l C "l 0/ D f .0; h � h0; l � l 0/g.0; h � "h0; l � "l 0/:
By Corollary 17.9 we can assume from the beginning that the following representations
are valid:

f .0; h; l/ D
(
f0.h/ if l D 0;

0 if l ¤ 0;
g.0; h; l/ D

(
g0.h/ if l D 0;

0 if l ¤ 0;
(17.35)

wheref0.h/ andg0.h/ are some characteristic functions on the groupH . Put˛ D IC",
ˇ D I � ". Substituting s0 D s, h0 D �h, l 0 D �l into (17.34), we get

f .2s; 0; 0/g.˛s; ˇh; ˇl/ D f .0; 2h; 2l/g.ˇs; ˛h; ˛l/; .s; h; l/ 2 Y:
We conclude from (17.35) that f .0; 2h; 2l/ D 0 for l ¤ 0. Hence

f .2s; 0; 0/g.˛s; ˇh; ˇl/ D 0; l ¤ 0: (17.36)

Since by the Heyde theorem representation (17.28) holds true for the functionf .s; 0; 0/,
we have f .2s; 0; 0/ ¤ 0. Hence (17.36) implies that

g.˛s; ˇh; ˇl/ D 0; l ¤ 0: (17.37)

Taking into account that ˛; ˇ 2 Aut.Y /, it follows from (17.37) that

g.s; h; l/ D 0; l ¤ 0: (17.38)

Arguing similarly, we get
f .s; h; l/ D 0; l ¤ 0: (17.39)

Put l D l 0 D 0 in (17.34). Then by Lemma 17.13 we have the representations

f .s; h; 0/ D expf��1s
2Ci t1sgF.h/; g.s; h; 0/ D expf��2s

2Ci t2sgG.h/; (17.40)

where �j � 0, tj 2 R, j D 1; 2.
We deduce from (17.38)–(17.40) that

f .s; h; l/ D
(

expf��1s
2 C i t1sgF.h/ if l D 0;

0 if l ¤ 0;
(17.41)

g.s; h; l/ D
(

expf��2s
2 C i t2sgG.h/ if l D 0;

0 if ¤ 0:
(17.42)

It is easily seen that the assertion of the theorem follows from 2.7 (b), 2.7 (c), (17.41),
and (17.42).

Now we will discuss the case of an arbitrary number n of independent random
variables taking values in a finite group X . We need two lemmas.
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Lemma 17.15. Let X be a finite 5-primary group satisfying the following condition:

(i) The decomposition of the group X into a direct product of its cyclic subgroups
contains at least one cyclic factor with multiplicity 1.

Then there are no automorphisms ˛; ˇ 2 Aut.X/ such that

(ii) I ˙ ˛; I ˙ ˇ; ˛ ˙ ˇ 2 Aut.X/.

Proof. By Theorem 1.19.4 we have

X Š P
j
.Z.5kj //nj ; kj < kj C1:

The numbers kj and nj are uniquely determined by the groupX . To avoid introducing
new notation we will suppose that

X D P
j
.Z.5kj //nj ; kj < kj C1:

By the condition of the lemma, nj0
D 1 for some j0. Put G1 D X .5

kj0
�1

/ \ X.5/,

G2 D X .5
kj0 / \ X.5/. Then as is easily seen G D G1=G2 Š Z.5/. Since X .5l /

andX.5/ are characteristic subgroups, the subgroupsG1 andG2 are also characteristic.
Therefore any automorphism ı 2 Aut.X/ induces an automorphism Oı on the factor
group G. Note that each automorphism Oı 2 Aut.G/ has the form Oıg D kg; g 2 G,
where k D 1; 2; 3; 4. It is clear that there are no automorphisms b̨; Ǒ 2 Aut.G/
satisfying condition (ii). Hence there are no automorphisms ˛; ˇ 2 Aut.X/ satisfying
condition (ii).

Lemma 17.16. For each of the groups X D .Z.pr//2, X D .Z.pr//3, where p D 3,
p D 5, X D Z.pr/, where p is a prime number, p � 7, r 2 N, there exist automor-
phisms ˛; ˇ 2 Aut.X/ satisfying condition 17.15 .ii/ and independent identically dis-
tributed random variables �j , j D 1; 2; 3, with values inX and distribution � … I.X/
such that the conditional distribution of the linear form L2 D �1 C ˛�2 C ˇ�3 given
L1 D �1 C �2 C �3 is symmetric.

Proof. Note that Y Š X . Let X D .Z.pr//2, where either p D 3 or p D 5.
Denote by .k; l/, k; l 2 Z.pr/, elements of the groups X and Y . Let automorphisms
˛; ˇ 2 Aut.X/ be of the form

˛.k; l/ D .k C 2l; 2k C 2l/; ˇ.k; l/ D .2k C 2l; 2k C l/; k; l 2 Z.pr/:

Obviously, condition 17.15 (ii) is satisfied. Note that

Q̨ .k; l/ D .kC2l; 2kC2l/; Q̌.k; l/ D .2kC2l; 2kC l/; k; l 2 Z.pr/: (17.43)

Put Qy D .1; 0/ 2 Y . Let � be the distribution on the groupX such as in Lemma 13.20.
Then the characteristic function f .y/ D O�.y/ is defined by (13.30). It is obvious that
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� … I.X/. Let �j , j D 1; 2; 3, be independent identically distributed random variables
with values in X and distribution �.

By Lemma 16.1 the conditional distribution of L2 D �1 C ˛�2 C ˇ�3 given L1 D
�1 C �2 C �3 is symmetric if and only if the characteristic functions of the random
variables �j satisfy equation 16.1 (i) which takes the form

f .uCv/f .uC Q̨v/f .uC Q̌v/ D f .u�v/f .u� Q̨v/f .u� Q̌v/; u; v 2 Y: (17.44)

Obviously, equation (17.44) holds if v D 0. Let u D .k; l/; v D .k0; l 0/ ¤ 0. We will
verify that the left-hand side of equation (17.44) is equal to zero. Indeed, in view of
(17.43) in the opposite case we have8̂<̂

:
l C l 0 D 0 .mod pr/;

l C 2k0 C 2l 0 D 0 .mod pr/;

l C 2k0 C l 0 D 0 .mod pr/:

This implies that k0 D l 0 D 0, i.e., v D 0 contrary to the assumption. Arguing
as above we obtain that the right-hand side of equation (17.44) is also equal to zero
when v ¤ 0. Thus the function f .y/ satisfies equation (17.44). Hence for the groups
X D .Z.pr//2, where either p D 3 or p D 5, the lemma is proved. For the rest of the
groups we only indicate automorphisms ˛; ˇ 2 Aut.X/ and a distribution� 2 M1.X/.

Let X D .Z.pr//3, where either p D 3 or p D 5. Denote by .k; l; m/, k; l;m 2
Z.pr/ elements of the groups X and Y . Put

˛.k; l;m/ D .k C l Cm; k C l; k/; ˇ.k; l;m/ D .2k C l Cm; k C 2l; k Cm/:

Set Qy D .1; 0; 0/ 2 Y and denote by � the distribution on the group X such as in
Lemma 13.20.

Let X D Z.pr/, where p is a prime number, p � 7. Put

˛x D 2x; ˇx D 4x; x 2 X:
Denote by Qy an element of order pr in Y and by � the distribution on the group X
such as in Lemma 13.20.

Theorem 17.17. Let X be a finite group. Represent X as a direct product of its p-
components: X D Pp2P Xp . Assume that X satisfies condition 17.7 (iii). Then the
following statements hold:

(I) Let a group X satisfy the conditions:

(i) X contains no elements of order 2;

(ii) the decomposition of the group X5 into a direct product of its cyclic sub-
groups contains at least one cyclic factor with multiplicity 1.

Let j̨ , ǰ , j D 1; 2; : : : ; n, n � 2, be automorphisms of the group X such that
ˇi˛

�1
i ˙ ǰ˛

�1
j 2 Aut.X/ for all i ¤ j . Let �j be independent random variables
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taking values in X and having distributions �j . If the conditional distribution
of the linear form L2 D ˇ1�1 C � � � C ˇn�n given L1 D ˛1�1 C � � � C ˛n�n is
symmetric, then all �j 2 I.X/.

(II) If X.2/ ¤ f0g, then there exist an automorphism ı 2 Aut.X/ such that I ˙ ı 2
Aut.X/ and independent random variables �1 and �2 with values in X and
distributions �1; �2 … I.X/ such that the conditional distribution of the linear
form L2 D �1 C ı�2 given L1 D �1 C �2 is symmetric. If X.2/ D f0g and
condition (ii) is not fulfilled, then there exist automorphisms ˛; ˇ 2 Aut.X/
satisfying condition 17.15 .ii/ and independent random variables �j , j D 1; 2; 3,
taking values inX and having distributions�j … I.X/ such that the conditional
distribution of the linear form L2 D �1 C ˛�2 C ˇ�3 given L1 D �1 C �2 C �3

is symmetric.

Proof. (I). By Lemma 17.15 we conclude from condition (ii) that n D 2. Since
condition (i) is satisfied, the assertion of the theorem follows from Theorem 17.1.

(II). LetX.2/ ¤ f0g. RepresentX in the formX D X2 �K, whereK D Pp>2Xp .
Since the group X satisfies condition 17.7 (iii), by Proposition 17.7 there exists an
automorphism ı 2 Aut.X/ such that I ˙ ı 2 Aut.X/. Consider arbitrary independent
random variables �1 and �2 with values in X.2/ and distributions �1; �2 … I.X.2//.
Taking into account Remark 16.3, we see that the conditional distribution of the linear
form L2 D �1 C ı�2 given L1 D �1 C �2 is symmetric.

LetX.2/ D f0g and condition (ii) be not satisfied. Since the groupX satisfies condi-
tion 17.7 (iii), obviously, the groupX is decomposed in a direct product of groups each
of which is isomorphic to one of the groups mentioned in Lemma 17.16. LetG be one
of these factors. By Lemma 17.16 there exist automorphisms ˛G ; ˇG 2 Aut.G/ satis-
fying condition 17.15 (ii) and independent identically distributed random variables �j ,
j D 1; 2; 3, with values inG � X and distribution � … I.G/ such that the conditional
distribution of the linear form L2 D �1 C ˛G�2 C ˇG�3 given L1 D �1 C �2 C �3 is
symmetric.

Extend the automorphisms ˛G and ˇG to automorphisms ˛ and ˇ of the group
X in such a way that condition 17.15 (ii) is satisfied for the extended automorphisms.
This can be done by Lemma 17.16. We may assume that the random variables �j
take values in the group X . Obviously, the conditional distribution of the linear form
L2 D �1 C ˛�2 C ˇ�3 given L1 D �1 C �2 C �3 is symmetric.

Remark 17.18. Let X be a finite group satisfying condition 17.7 (iii) and such that
X.2/ ¤ f0g. If X satisfies condition 17.17 (ii), then by Lemma 17.15, n D 2, and
it follows from Theorem 17.8 that �j D �j 	 
j , where �.�j / � X2, 
j 2 I.X/,
j D 1; 2.

If the condition 17.17 (ii) for the group X is not satisfied, then there exist au-
tomorphisms ˛; ˇ 2 Aut.X/ satisfying condition 17.15 (ii) and independent random
variables �j , j D 1; 2; 3, with values inX and distributions�j such that the conditional
distribution of the linear form L2 D �1 C ˛�2 C ˇ�3 given L1 D �1 C �2 C �3 is
symmetric, whereas no�j is represented in the form�j D �j 	
j , where �.�j / � X2,
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j 2 I.X/. Indeed, represent X in the form X D G � K, where G is isomorphic to
one of the group mentioned in Lemma 17.16, and the group K also satisfies condi-
tion 17.7 (iii) and does not satisfy condition 17.17 (ii). Denote byK2 the 2-component
of the groupK. Then we argue as in the proof of Theorem 17.17. The only difference
is in the construction of automorphisms ˛; ˇ 2 Aut.K2/ satisfying condition 17.15 (ii).

Since the groupX satisfies condition 17.7 (iii), the subgroupK2 is a direct product
of subgroups isomorphic to the groups either of the form .Z.2r//2 or .Z.2r//3. For a
subgroup isomorphic to .Z.2r//2 put ˛.k; l/ D .l; kC l/, ˇ.k; l/ D .kC l; k/, k; l 2
Z.2r/, and for a subgroup isomorphic to .Z.2r//3 put˛.k; l;m/ D .kClCm; kCl; k/,
ˇ.k; l;m/ D .l C m; k; k C m/, k; l;m 2 Z.2r/. It is easily seen that ˛ and ˇ are
automorphisms and condition 17.15 (ii) is satisfied.

Now we will study the case whenX is a discrete group. First we prove a statement
which can be regarded as a group analogue of the Heyde theorem for discrete torsion-
free groups.

Theorem 17.19. Let X be a discrete torsion-free group. Assume that automorphisms
j̨ , ǰ , j D 1; 2; : : : ; n, n � 2, of X satisfy the condition ˇi˛

�1
i ˙ ǰ˛

�1
j 2 Aut.X/

for all i ¤ j . Let �j be independent random variables with values in X and distribu-
tions �j . If the conditional distribution of the linear form L2 D ˇ1�1 C � � � C ˇn�n

given L1 D ˛1�1 C � � � C ˛n�n is symmetric, then all �j are degenerate distributions.

Proof. Reasoning as in the proof of Theorem 16.2, we reduce the proof of the theorem
to the case whenL1 D �1 C� � �C �n andL2 D ı1�1 C� � �C ın�n, where ıj 2 Aut.X/.
The conditionˇi˛

�1
i ˙ ǰ˛

�1
j 2 Aut.X/ for all i ¤ j is transformed into the condition

ıi ˙ ıj 2 Aut.X/ for all i ¤ j . By Lemma 16.1 the symmetry of the conditional
distribution of L2 D ı1�1 C � � � C ın�n given L1 D �1 C � � � C �n implies that the
characteristic functions O�j .y/ satisfy equation 16.1 (i) which takes the form (16.2).
Put �j D �j 	 N�j . It follows from 2.7 (c) and 2.7 (d) that O�j .y/ D j O�j .y/j2 � 0,
y 2 Y . Obviously, the characteristic functions O�j .y/ also satisfy equation (16.2).

Let U be a neighbourhood of zero of the group Y such that all characteristic
functions �j .y/ > 0 for y 2 U . Set 'j .y/ D � ln O�j .y/, y 2 U . We restrict ourselves
to the case when n D 2. The case of arbitrary n � 2 is considered similarly. Let V be
a symmetric neighbourhood of zero of the group Y such that for any automorphisms
�j 2 fI; Qı1; Qı2g the inclusion

8X
j D1

�j .V / � U

holds. We conclude from (16.2) that the functions 'j .y/ satisfy the equation

'1.uC Qı1v/C '2.uC Qı2v/� '1.u� Qı1v/� '2.u� Qı2v/ D 0; u; v 2 V: (17.45)

We use the finite difference method to solve equation (17.45). Let k1 be an arbitrary
element ofV . Put h1 D Qı2k1. Hence h1� Qı2k1 D 0. SubstituteuCh1 foru and vCk1
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for v in equation (17.45). Subtracting equation (17.45) from the resulting equation, we
obtain

�l11
'1.uC Qı1v/C�l12

'2.uC Qı2v/ ��l13
'1.u � Qı1v/ D 0; u; v 2 V; (17.46)

where l11 D . Qı2 C Qı1/k1, l12 D 2 Qı2k1, l13 D . Qı2 � Qı1/k1. Let k2 be an arbitrary
element ofV . Put h2 D Qı1k2. Hence h2� Qı1k2 D 0. SubstituteuCh2 foru and vCk2

for v in equation (17.46). Subtracting equation (17.46) from the resulting equation, we
get

�l21
�l11

'1.uC Qı1v/C�l22
�l12

'2.uC Qı2v/ D 0; u; v 2 V; (17.47)

where l21 D 2 Qı1k2, l22 D . Qı1 C Qı2/k2. Let k3 be an arbitrary element of V . Put
h3 D �Qı2k3. Hence h3 C Qı2k3 D 0. Substitute u C h3 for u and v C k3 for v in
equation (17.47). Subtracting equation (17.47) from the resulting equation, we obtain

�l31
�l21

�l11
'1.uC Qı1v/ D 0; u; v 2 V; (17.48)

where l31 D . Qı1 � Qı2/k3. Putting v D 0 in (17.48), we find

�l31
�l21

�l11
'1.u/ D 0; u 2 V: (17.49)

SinceX is a torsion-free group, by Theorems 1.6.1 and 1.6.2; Y is a compact connected
group. Then by Theorem 1.9.6, Y .2/ D Y . Hence the homomorphism f2 W Y 7! Y is
open ([59], (5.9)). We deduce from 1.13 (c) and from the condition of the theorem that
Qı1 ˙ Qı2 2 Aut.Y /. Taking into account (17.49) and the representations for l11, l21,
l31, we conclude that there exists a neighbourhood of zeroW of the group Y such that

�3
h'1.y/ D 0; h; y 2 W: (17.50)

Since Y is a compact group, by Theorem 1.12.2 for any neighbourhood of zero W
there exists a compact subgroup H of Y such that H � W and the factor group
Y=H Š T m �F , wherem � 0 and F is a finite group. Since Y is a connected group,
F D f0g, i.e., Y=H Š T m. Let p1 W Y 7! Y=H be the natural homomorphism, and
p2 W Y=H 7! T m be the above mentioned isomorphism. Consider the homomorphism
p W Y 7! T m defined by p D p2 B p1. Since p is an open homomorphism, p.W / is
a neighbourhood of zero in T m. Denote by t D .t1; : : : ; tm/, where �� � tj < � ,
elements of the group T m. The operation in T m is coordinate-wise addition modulo
2� . Consider the restriction of equation (17.50) to the subgroup H . The function
'1.y/ is a continuous polynomial on the group H . Since H is a compact group, by
Proposition 5.7, '1.y/ D const for y 2 H . Hence '1.y/ D 0, y 2 H , and therefore
O�1.y/ D 1, y 2 H . By Proposition 2.13 it follows from this that O�1.y C h/ D O�1.y/,
y 2 Y , h 2 H . Thus the function O�1.y/ induces a positive definite function f1.t/ on
the group T m by the formula f1.t/ D O�1.y/, t D py. In view of T m Š .Zm/� by
the Bochner theorem there exists a distribution �1 2 M1.Zk/ such that O�1.t/ D f1.t/,
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t 2 T m. Moreover, in the neighbourhood of zero p.W / of the group T k we have the
representation

f1.t/ D e� Q'1.t/; t 2 p.W /; (17.51)

where Q'1.t/ D '1.y/, t D py. It follows from (17.50) that Q'1.t/ is an ordinary
polynomial of m variables t1; : : : ; tm. Since Zm � Rm, we can consider �1 as a
distribution on Rm supported in Zm, i.e., assume that the function f1.t/ is defined on
Rm and f1.t/ is a 2�-periodic function in each variable. It follows from (17.51) that
we can apply Theorem 2.19, assuming that F.t/ D f1.t/ and ˆ.t/ D e� Q'1.t/. By
Theorem 2.19 the left-hand side of (17.51) is an entire function, and representation
(17.51) is valid for any t 2 Rm. Since Q'1.t/ is a continuous polynomial and Q'1.t/ is a
2�-periodic function in each variable, we obtain that Q'1.t/ D const, t 2 Rm. Hence
Q'1.t/ D 0, t 2 Rm. This implies that f1.t/ D 1, t 2 Rm, and therefore O�1.y/ D 1,
y 2 Y . Thus �1 D E0. Hence�1 is a degenerate distribution. Using similar reasoning
we show that �2 is also a degenerate distribution.

In the case of an arbitrary n we follow the scheme of the proof of the theorem for
n D 2.

Corollary 17.20. Let Y be a compact connected group and Q̨j , Q̌
j , j D 1; 2; : : : ; n,

n � 2, be topological automorphisms of Y such that Q̌
i Q̨�1

i ˙ Q̌
j Q̨ �1

j 2 Aut.Y / for
all i ¤ j . Let O�j .y/ be characteristic functions on the group Y satisfying equa-
tion 16.1 .i/. Then O�j .y/ are of the form

O�j .y/ D .xj ; y/; xj 2 X; j D 1; 2; : : : ; n:

Remark 17.21. Arguing as in the proof of Theorem 17.19 it is not difficult to prove that
the following statement holds: LetX D Rm, wherem > 1. Let j̨ , ǰ , j D 1; 2; : : : ; n,
n � 2, be topological automorphisms ofX such that ˇi˛

�1
i ˙ ǰ˛

�1
j 2 Aut.X/ for all

i ¤ j . Let �j be independent random variables with values in X and distributions �j .
Assume that the conditional distribution of the linear form L2 D ˇ1�1 C � � � C ˇn�n

given L1 D ˛1�1 C � � � C ˛n�n is symmetric. Then all �j are Gaussian distributions.
We may consider this assertion as an analogue of the Heyde theorem for the group
X D Rm. Taking into account this statement we can prove Lemma 17.13 for the
group X D Rm � G, where m > 1 and G is a finite 2-primary group. Applying
this generalization of Lemma 17.13 we can prove Theorem 17.14 for the group X D
Rm �N , where m > 1 and N is a finite group.

Proposition17.22. LetX D Rm�G, wherem � 0and thegroupG contains a compact
open subgroup. Let j̨ , ǰ , j D 1; 2; : : : ; n, n � 2, be topological automorphisms of
X such that ˇi˛

�1
i ˙ ǰ˛

�1
j 2 Aut.X/ for all i ¤ j . Let �j be independent random

variables with values in the groupX and distributions�j . Assume that the conditional
distribution of the linear formL2 D ˇ1�1 C � � � Cˇn�n givenL1 D ˛1�1 C � � � C˛n�n

is symmetric. Then the random variables �j can be replaced by their shifts � 0
j in such a

way that all distributions�0
j are supported in Rm �bG , and the conditional distribution

of the linear formL0
2 D ˇ1�

0
1 C� � �Cˇn�

0
n givenL0

1 D ˛1�
0
1 C� � �C˛n�

0
n is symmetric.
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Proof. Let cY be the connected component of zero of the group Y . By Theorem 1.11.2,
cY D M �L, where M Š Rm and L is a compact connected group. By Lemma 16.1
the symmetry of the conditional distribution of the linear formL2 givenL1 is equivalent
to the fact that the characteristic functions O�j .y/ satisfy equation 16.1 (i). Obviously,L
is a characteristic subgroup of the group Y . Therefore we can consider the restriction
of equation 16.1 (i) to the subgroup L. Applying Corollary 17.20 to L and using
Theorem 1.9.2, we have the representation

O�j .y/ D .xj ; y/; y 2 L; j D 1; 2; : : : ; n: (17.52)

Substituting (17.52) into 16.1 (i), we conclude that

2

nX
j D1

ǰxj 2 A.X;L/: (17.53)

Note that A.X;L/ D Rm � bG . By Theorem 1.9.6 we have L.2/ D L. It follows
from (17.46) and Proposition 7.4 that x0 D Pn

j D1 ǰxj 2 Rm � bG . Obviously, the
subgroup Rm � bG is characteristic. Put x0

1 D x1 � ˇ�1
1 x0, x0

j D xj , j D 2; : : : ; n.
Let �0

j be a distribution on the group X with the characteristic function O�0
j .y/ D

.�x0
j ; y/ O�j .y/; j D 1; 2; : : : ; n. Since ˇ�1

1 x0 2 Rm � bG D A.X;L/, we have

O�j .y/ D .x0
j ; y/; y 2 L; j D 1; 2; : : : ; n:

Moreover,
Pn

j D1 ǰx
0
j D 0. This implies that the characteristic functions fj .y/ D

.�x0
j ; y/ satisfy equation 16.1 (i). Hence the characteristic functions O�0

j .y/ also satisfy
equation 16.1 (i). Let � 0

j be independent random variables with values in the group X
and distributions �0

j . By Lemma 16.1 the conditional distribution of the linear form
L0

2 D ˇ1�
0
1 C � � � C ˇn�

0
n given L0

1 D ˛1�
0
1 C � � � C ˛n�

0
n is symmetric. Since

O�0
j .y/ D 1; y 2 L; j D 1; 2; : : : ; n;

we have by Proposition 2.13, �.�0
j / � A.X;L/ D Rm � bG .

Remark 17.23. Let X D Rm �G where m � 0 and the group G contains a compact
open subgroup. Since Rm � bG is a characteristic subgroup, Proposition 17.22 im-
plies the following statement: Let �j , j D 1; 2; : : : ; n, n � 2, be independent random
variables with values in X and distributions �j . Let j̨ , ǰ be topological automor-
phisms of the group X such that ˇi˛

�1
i ˙ ǰ˛

�1
j 2 Aut.X/ for all i ¤ j . Assume

that the conditional distribution of the linear form L2 D ˇ1�1 C � � � C ˇn�n given
L1 D ˛1�1 C � � � C ˛n�n is symmetric. Then in studying the possible distributions �j

we can assume without loss of generality thatG D bG , i.e., the groupG itself consists
of compact elements.

Lemma 17.24. Let X be a discrete torsion group containing no elements of order 2.
Let j̨ , ǰ , j D 1; 2; : : : ; n, n � 2, be topological automorphisms of X such that



17 Random variables with values in finite and discrete Abelian groups 219

ˇi˛
�1
i ˙ ǰ˛

�1
j 2 Aut.X/ for all i ¤ j . Let �j be independent random variables

with values in the group X and distributions �j such that all characteristic functions
O�j .y/ � 0. If the conditional distribution of the linear form L2 D ˇ1�1 C � � � C ˇn�n

givenL1 D ˛1�1C� � �C˛n�n is symmetric, then all characteristic functions O�j .y/ 
 1

on an open subgroup B � Y .

Proof. SinceX is a discrete torsion group, by Theorems 1.6.1 and 1.6.4, Y is compact

and totally disconnected. The compactness of the group Y implies that Y .2/ D Y .2/.

Since X.2/ D f0g, by Theorem 1.9.2, Y .2/ D Y . It follows from this that Y .2/ D Y ,
and hence the homomorphism f2 W Y 7! Y is open ([59], (5.9)). We restrict ourselves
to the case n D 2. Arguing as in the proof of Theorem 17.19 we come to equation
(17.50) for the function '1.y/ D � ln O�1.y/ in a neighbourhood W of zero of the
group Y . By Theorem 1.12.1, W contains a compact open subgroup B1. Since B1 is
open, it is closed, and hence B1 is compact. Therefore, by Proposition 5.7 we have
'1.y/ D 0 for y 2 B1. This implies that O�1.y/ D 1 for y 2 B1. Arguing similarly
for the distribution �2 we find a subgroup B2 such that O�2.y/ D 1 for y 2 B2. Put
B D B1 \ B2.

Lemma 17.25. Let �1 and �2 be independent random variables with values in a group
X and distributions�1 D mK1

and�2 D mK2
, whereK1 andK2 are finite subgroups

of X . Let f2; ı; I ˙ ı 2 Aut.X/. If the conditional distribution of the linear form
L2 D �1 C ı�2 givenL1 D �1 C �2 is symmetric, thenK1 D K2 D K and ı.K/ D K.

Proof. Setf .y/ D ymK1
.y/,g.y/ D ymK2

.y/, " D Qı,˛ D IC",ˇ D I�", � D ˇ˛�1.
Then� D Q� , where� D .ICı/�1.I�ı/. By Lemma 16.1 it follows from the symmetry
of the conditional distribution of L2 given L1 that the characteristic functions f .y/
and g.y/ satisfy equation 16.1 (i) which takes the form (17.1). Equation (17.1) yields
(17.2). Put Hj D A.Y;Kj /, j D 1; 2. We conclude from (17.2) that if �y 2 H2, then
y 2 H2. By Lemma 13.10 this implies that �.K2/ � K2. Since K2 is a finite group,
we have

�.K2/ D K2: (17.54)

Note that I C � D f2.I C ı/�1, I � � D f2ı.I C ı/�1. Since f2 2 Aut.X/, we
have I ˙ � 2 Aut.X/ and ı D .I � �/.I C �/�1. We deduce from (17.54) that
ı.K2/ D K2, and by Lemma 13.11, ".H2/ D H2. Consider the restriction of equation
(17.1) to the subgroup H2. We get

f .uC v/ D f .u � v/; u; v 2 H2:

Hence
f .2y/ D 1; y 2 H2: (17.55)

Since f2 2 Aut.X/ and K2 is a finite group, we have .K2/
.2/ D K2, and hence by

Lemma 13.11, .H2/
.2/ D H2. Now (17.55) implies that f .y/ D 1 for y 2 H2.

Therefore, H2 � H1. Arguing as above we get from (17.1) that ".H1/ D H1 and

g.2"y/ D 1; y 2 H1;
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holds. This implies that H1 � H2. Thus H1 D H2 D H , and hence K1 D K2 D K.
Since ".H/ D H , by Lemma 13.11, ı.K/ D K.

Theorem 17.26. Let X be a discrete group containing no elements of order 2. Let �1

and �2 be independent random variables with values inX and distributions�1 and�2.
Let j̨ , ǰ , j D 1; 2, be automorphisms of the group X such that ˇ1˛

�1
1 ˙ ˇ2˛

�1
2 2

Aut.X/. If the conditional distribution of the linear form L2 D ˇ1�1 C ˇ2�2 given
L1 D ˛1�1 C ˛2�2 is symmetric, then �1; �2 2 I.X/.
Proof. Arguing as in the proof of Theorem 17.1, we reduce the proof of the theorem
to the case when L1 D �1 C �2; L2 D �1 C ı�2, where ı; I ˙ ı 2 Aut.X/. Set
" D Qı. By Lemma 16.1 the symmetry of the conditional distribution of the linear form
L2 given L1 implies that the characteristic functions O�j .y/ satisfy equation 16.1 (i).
Put f .y/ D O�1.y/; g.y/ D O�2.y/ and rewrite equation 16.1 (i) using this notation.
We get equation (17.1). Put �j D �j 	 N�j . We conclude from 2.7 (c) and 2.7 (d)
that O�j .y/ D j O�j .y/j2 � 0, y 2 Y . Obviously, the characteristic functions O�j .y/
also satisfy equation (17.1). If we prove that �j 2 I.X/, then by 2.7 (b) and 2.7 (e)
�j 2 I.X/. Thus we will solve equation (17.1) assuming that f .y/ � 0, g.y/ � 0,
f .�y/ D f .y/, g.�y/ D g.y/. We will prove that in this case f .y/ D g.y/ D
ymK.y/, whereK is a subgroup of X . The statement of the theorem follows from this.

Taking into account Remark 17.21, we can assume from the beginning that X is a
torsion group. Put Ef D fy 2 Y W f .y/ D 1g, Eg D fy 2 Y W g.y/ D 1g. Then
by Proposition 2.13, �.�1/ � A.X;Ef / D F , �.�2/ � A.X;Eg/ D G. It follows
from Lemma 17.24 that there exists an open subgroup B such that B � Ef \Eg . Set
S D A.X;B/. Then F and G are subgroups of S . Since the subgroup L is open, by
Theorem 1.9.4, S is a compact group. Taking into account that the groupX is discrete,
we deduce that S is a finite group. Hence F and G are also finite groups.

Note now that for all natural n the characteristic functions f n.y/ and gn.y/ also
satisfy equation (17.1), i.e.,

f n.uC v/gn.uC �v/ D f n.u � v/gn.u � �v/; u; v 2 Y: (17.56)

Obviously, there exist the limits

Nf .y/ D lim
n!1f n.y/ D

(
1 if y 2 Ef ;

0 if y 62 Ef ;
Ng.y/ D lim

n!1gn.y/ D
(
1 if y 2 Eg ;

0 if y 62 Eg :

Note that by Theorem 1.9.1, Ef D A.Y; F /, Eg D A.Y;G/. Then it follows from
2.14 (i) that

ymF .y/ D
(
1 if y 2 Ef ;

0 if y 62 Ef ;
ymG.y/ D

(
1 if y 2 Eg ;

0 if y 62 Eg :

Hence
ymF .y/ D Nf .y/; ymG.y/ D Ng.y/:
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Let �1 and �2 be independent random variables with values in the group X and dis-
tributions �1 D mF and �2 D mG . We conclude from (17.56) that the characteristic
functions Nf .y/ and Ng.y/ also satisfy equation (17.1). By Lemma 16.1 this implies that
the conditional distribution of the linear forms L2 D �1 C ı�2 given L1 D �1 C �2 is
symmetric. All conditions of Lemma 17.25 are satisfied. By Lemma 17.25, F D G

and ı.G/ D G.
Let us return to the original random variables �1 and �2 and to the linear forms

L1 D �1 C �2 and L2 D �1 C ı�2. Since �.�j / � G, the random variables �j take
values in the finite group G. Since ı.G/ D G, the conditions of Corollary 17.2 are
fulfilled. By Corollary 17.2, �j D mK 	Exj

, where K is a subgroup of the group G,
and xj 2 X , j D 1; 2.

Remark 17.27. Theorem 17.26 and Remark 17.21 imply the following assertion. Let
X D Rm�N , wherem � 0 andN is a discrete group containing no elements of order 2.
Let �1 and �2 be independent random variables with values in X and distributions �1

and �2. Let j̨ , ǰ , j D 1; 2, be topological automorphisms of the group X such
that ˇ1˛

�1
1 ˙ ˇ2˛

�1
2 2 Aut.X/. If the conditional distribution of the linear form

L2 D ˇ1�1 C ˇ2�2 given L1 D ˛1�1 C ˛2�2 is symmetric, then �j D �j 	 �j , where
�j 2 �.Rm/, �j 2 I.X/, j D 1; 2.





Appendix
The Kac–Bernstein and Skitovich–Darmois
functional equations on locally compact Abelian
groups

Let X be a second countable locally compact Abelian group, Y be its character group.
Consider equation 10.1 (i) (the Skitovich–Darmois functional equation). We conclude
from Theorem 10.3 and Remark 10.4 that the following statements are equivalent:

(i) for any topological automorphisms Q̨j , Q̌
j of the group Y all solutions of the

Skitovich–Darmois functional equation in the class of non-vanishing continuous
normalized positive definite functions are characteristic functions of Gaussian
distributions;

(ii) the groupX contains no subgroup topologically isomorphic to the circle group T .

In this appendix we give a complete description of groups Y which possess the
property: for n D 2 all solutions of the Skitovich–Darmois functional equation in
the class of non-vanishing continuous normalized Hermitian functions are functions
of the Gaussian type. Then we solve an analogous problem in the class of measurable
functions (with respect to the Haar measure) and consider some similar problems.

A.1 Definitions and notation. We will assume that X is a second countable locally
compact Abelian group. Denote by Y its character group. An automorphism ˛ 2
Aut.X/ is called regular if the equation ˛x D x, x 2 X , has a unique solution x D 0.
A group X is called regularly complete (see [68]) if all its topological automorphisms
except the identity automorphism are regular. Denote by bX the Bohr compactification
of a groupX . For a given group Y denote by Yd this group with the discrete topology.
We observe that .bX/� Š Yd ([59], (26.12)). If x1; : : : ; xk 2 X , then denote by
hx1; : : : ; xki the subgroup of the group X generated by elements xj , i.e., the set of
elements of the form x D l1x1 C � � � C lkxk , where lj 2 Z. A function f .y/ on the
group Y is called Hermitian if

f .�y/ D f .y/; y 2 Y:
We conclude from the Bochner theorem and 2.7 (d) that each positive definite function
is Hermitian.

First we will discuss the following problem: When are all non-vanishing continuous
normalized Hermitian solutions of the Kac–Bernstein functional equation functions of
the Gaussian type?
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Proposition A.2. The following statements are equivalent:

(a) all non-vanishing continuous normalized Hermitian functions fj .y/ on Y satis-
fying the equation

.i/ f1.uC v/f2.u � v/ D f1.u/f1.v/f2.u/f2.�v/; u; v 2 Y;
are represented in the form

.ii/ fj .y/ D .xj ; y/ expf'.y/g; y 2 Y;
where xj 2 X and '.y/ is a continuous real-valued function satisfying equa-
tion 2.14 (ii);

(b) X contains no elements of order 2.

Proof. (a) H) (b). Assume that a group X contains an element of order 2. Take
x0 2 X.2/, x0 ¤ 0. Then G D hx0i Š Z.2/. Set H D A.Y;G/. Since G � X.2/, we
conclude from Theorems 1.9.1 and 1.9.5 that H � Y .2/. Let a 2 R, a 6D 0, a 6D ˙1.
Consider on the group Y the functions

f1.y/ D
(
1 if y 2 H;
a if y 62 H; f2.y/ D

(
1 if y 2 H;
1=a if y 62 H:

Since the subgroup H is the annihilator of a compact subgroup, it follows from The-
orem 1.9.4 that the subgroup H is open in Y . Hence fj .y/ are continuous functions.
It is obvious that the functions fj .y/ do not vanish, and they are normalized and Her-
mitian. We will verify that the functions fj .y/ satisfy equation (i). It is clear that
the right-hand side of equation (i) is equal to 1 for all u; v 2 Y . Assume that there
exist elements u; v 2 Y such that the left-hand side of equation (i) is not equal to 1.
Then either u C v 2 H , u � v 62 H or u C v 62 H , u � v 2 H . In both cases we
have 2u 62 H contrary to the inclusion H � Y .2/. Thus the functions fj .y/ satisfy
equation (i). Obviously, they can not be represented in the form (ii).

(b) H) (a). Assume that X.2/ D f0g. Then by Theorem 1.9.5,

Y D Y .2/: (A.1)

By Remark 7.15 we have on the subgroup Y .2/ the representation

fj .y/ D .xj ; y/ expf'.y/g; y 2 Y .2/; (A.2)

where xj 2 X and the function '.y/ is continuous and satisfies equation 2.14 (ii). The
desired representation follows from (A.1) and (A.2).

A.3. Suppose that in equation A.2 (i), f1.y/ D f2.y/ D f .y/, i.e., the function f .y/
satisfies the equation

f .uC v/f .u � v/ D f 2.u/f .v/f .�v/; u; v 2 Y: (A.3)
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We will solve now the following problem: For which groups Y are all non-vanishing
continuous normalized Hermitian solutions of equation (A.3) of the form

f .y/ D .x; y/ expf'.y/g; (A.4)

where x 2 X , and '.y/ is a continuous real-valued function satisfying equation
2.14 (ii)? It turns out that the corresponding class of groups is wider than the class
of groups described in Proposition A.2.

Proposition A.4. The following statements are equivalent:

(a) every non-vanishing continuous normalized Hermitian function f .y/ on Y sat-
isfying equation (A.3) is represented in the form (A.4);

(b) X contains at the most one element of order 2.

Proof. (a) H) (b). Assume that a group X contains more than one element of order 2.
Take x1; x2 2 X.2/, xj ¤ 0, x1 ¤ x2, and consider the subgroup G D hx1; x2i,
generated by elements x1 and x2. Then G Š .Z.2//2. Set H D A.Y;G/. Since
G � X.2/, Theorems 1.9.1 and 1.9.5 imply H � Y .2/. Consider on the group Y the
function

f .y/ D
(
1 if y 2 H;
�1 if y 62 H:

Since the subgroupH is the annihilator of a compact subgroup, Theorem 1.9.2 implies
that the subgroup H is open in Y . Hence f .y/ is a continuous function. It is obvious
that the function f .y/ does not vanish, and it is normalized and Hermitian. Arguing as
in the proof of PropositionA.2, we verify that the functionf .y/ satisfies equation (A.3).
By Theorem 1.9.4, G� Š Y=H . Hence Y=H Š .Z.2//2. It follows from this that the
function f .y/ is not a character of the group Y and therefore it can not be represented
in the form (A.4).

(b) H) (a). Assume that either X.2/ D f0g or X.2/ Š Z.2/. Set '.y/ D ln jf .y/j.
Since f .y/ is a Hermitian function, the equality jf .�y/j D jf .y/j holds. Taking this
into account we conclude from equation (A.3) that '.y/ is a continuous real-valued
function satisfying equation 2.14 (ii).

Put l.y/ D f .y/=jf .y/j. It is obvious that l.y/ is a continuous function satisfying
equation 9.5 (ii). Moreover the conditions: l.�y/ D l.y/, jl.y/j D 1, for all y 2 Y ,
l.0/ D 1 are satisfied. Therefore Corollary 9.13 yields that l.y/ is a character of the
group Y . By the Pontryagin duality theorem the function l.y/ can be represented in
the form l.y/ D .x; y/, where x 2 X . Thus the function f .y/ is represented in the
form (A.4).

We will discuss now the problem: When are non-vanishing measurable normalized
Hermitian solutions of the Kac–Bernstein functional equation functions of the Gaussian
type? We need the following well-known statements.

Lemma A.5. Let '.y/ be a measurable function on a group Y satisfying equa-
tion 2.14 (ii). Then '.y/ is continuous.
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Proof. Obviously, any function '.y/ satisfying equation 2.14 (ii) is an algebraic poly-
nomial on Y . Since '.y/ is a measurable function and any measurable algebraic poly-
nomial on a locally compact Abelian group is continuous (see e.g. [99], Theorem 3.11),
the function '.y/ is continuous.

LemmaA.6 ([59], (22.19)). Let l.y/ be a measurable function on a group Y satisfying
the equation

.i/ l.uC v/ D l.u/l.v/; u; v 2 Y:
Then l.y/ is continuous.

Proposition A.7. The following statements are equivalent:

(a) all non-vanishing measurable normalized Hermitian functions fj .y/ on Y sat-
isfying equation A.2 (i) are represented in the form A.2 (ii);

(b) bX contains no elements of order 2.

Proof. (a) H) (b). Since .bX/� Š Yd , it follows from Theorem 1.9.5 that the condition
.bX/.2/ D f0g is equivalent to the condition Y D Y .2/. Hence if .bX/.2/ ¤ f0g, then
Y ¤ Y .2/. Let a 2 R, a ¤ 0, a ¤ ˙1. Consider on the group Y the functions

f1.y/ D
(
1 if y 2 Y .2/;

a if y 62 Y .2/;
f2.y/ D

(
1 if y 2 Y .2/;

1=a if y 62 Y .2/:

Since the group Y is second countable, the subgroup Y .2/ is measurable. It is obvi-
ous that the functions fj .y/ do not vanish, and they are measurable normalized and
Hermitian. Arguing as in the proof of Proposition A.2, we verify that the functions
fj .y/ satisfy equation A.2 (i). Obviously, the functions fj .y/ can not be represented
in the form A.2 (ii). Note that the subgroup Y .2/ does not need to be open. Hence the
functions fj .y/ may be discontinuous.

(b) H) (a). Assume that .bX/.2/ D f0g. As has been noted above, it follows from
this that Y D Y .2/. By Remark 7.15 on the subgroup Y .2/ we have the representation

fj .y/ D lj .y/ expf'.y/g; y 2 Y .2/; (A.5)

where each of the functions lj .y/ satisfies equation A.6 (i) on the subgroup Y .2/.
Hence the representation (A.5) holds on Y . Since '.y/ D ln jfj .y/j, j D 1; 2, the
function '.y/ is measurable. Hence by Lemma A.5 the function '.y/ is continuous.
By Lemma A.6 the function lj .y/ is also continuous, i.e., lj .y/ is a character of the
group Y . Applying the Pontryagin duality theorem we obtain that the function lj .y/
can be represented in the form lj .y/ D .xj ; y/, where xj 2 X , j D 1; 2.

Proposition A.8. The following statements are equivalent:

(a) every non-vanishing measurable normalized Hermitian function f .y/ on Y sat-
isfying equation (A.3) is represented in the form (A.4);

(b) bX contains at most one element of order 2.
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Proof. (a) H) (b). Assume that the subgroup .bX/.2/ contains more than one ele-
ment of order 2. Since .bX/� Š Yd , it follows from Theorems 1.9.2 and 1.9.5 that
..bX/.2//

� Š Yd=.Yd /
.2/. Hence the decomposition of Y with respect to the subgroup

Y .2/ contains at least four cosets. Consider on the group Y the function

f .y/ D
(
1 if y 2 Y .2/;

�1 if y 62 Y .2/:

Since the group Y is second countable, the subgroup Y .2/ is measurable. It is
obvious that the function f .y/ does not vanish, and it is measurable normalized and
Hermitian. Arguing as in the proof of Proposition A.2, we verify that the function f .y/
satisfies equation (A.3). Since the decomposition of the group Y with respect to the
subgroup Y .2/ contains at least four cosets, it is easily seen that the function f .y/ does
not satisfy equation A.6 (i) and, hence it can not be represented in the form (A.4).

(b) H) (a). Assume that either .bX/.2/ D f0g or .bX/.2/ Š Z.2/. The representa-
tion jf .y/j D expf'.y/g, where the function '.y/ satisfies equation 2.14 (ii), follows
from the fact that the function f .y/ is Hermitian and satisfies equation (A.3). Since
the function '.y/ is measurable, we conclude from Lemma A.5 that the function '.y/
is continuous.

Put l.y/ D f .y/=jf .y/j. Let us now make use of Remark 7.15 for f1.y/ D
f2.y/ D f .y/. By Remark 7.15 we have the representation (A.5).

Assume first that .bX/.2/ D f0g. Since .bX/� Š Yd , we deduce from Theo-
rem 1.9.5 that the condition .bX/.2/ D f0g is equivalent to the condition Y D Y .2/.
Hence the function l.y/ satisfies equation A.6 (i) on the group Y . By Lemma A.6 the
function l.y/ is continuous. By the Pontryagin duality theorem the function l.y/ can
be represented in the form l.y/ D .x; y/, where x 2 X . Thus the function f .y/ can
be represented in the form (A.4). In this case (b) H) (a) is proved.

Assume now that .bX/.2/ Š Z.2/. Since .bX/� Š Yd , it follows from Theo-
rems 1.9.2 and 1.9.5 that the condition .bX/.2/ Š Z.2/ is equivalent to the fact that the
decomposition of the group Y with respect to the subgroup Y .2/ contains two cosets,
i.e., Y D Y .2/ [ .y0 C Y .2//. Since Y is second countable, the subgroup Y .2/ is
measurable. The Haar measure of the subgroup Y .2/ can not be equal to zero because
in this case the Haar measure of the group Y is also equal to zero. On the other hand, if
the Haar measure of the subgroup Y .2/ is positive, then Y .2/ contains a neighborhood
of zero of the group Y ([59], (20.17)). Thus the subgroup Y .2/ is open. Hence Y .2/ is
closed and therefore it is locally compact. The function l.y/ is measurable and satisfies
equation A.6 (i) on a locally compact Abelian group. By Lemma A.6 the function l.y/
is continuous on the subgroup Y .2/. Hence it is a character of the subgroup Y .2/. By
Theorem 1.9.2 there exists an element x0 2 X such that l.y/ D .x0; y/; y 2 Y .2/.
Set m.y/ D l.y/=.x0; y/. In order to prove that m.y/ is a character of the group Y
and hence l.y/ is a character of the group Y , we argue in the same way as in the proof
of the corresponding statement of Proposition 9.11.
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Remark A.9. As has been shown in Lemmas 7.8 and 7.9, the following classes of
groups Y coincide:

(a) the class of groups Y on which all non-vanishing continuous normalized positive
definite functions fj .y/ satisfying equation A.2 (i) are of the form A.2 (ii);

(b) the class of groups Y such that the group X contains no subgroup topologically
isomorphic to the circle group T .

Comparing this statement with Propositions A.2 and A.7 we see that when we
strengthen the restrictions for the non-vanishing solutions on equation A.2 (i) (measur-
able, continuous, continuous positive definite) the corresponding class of groups on
which these solutions are of the form A.2 (ii) is enlarged (bX contains no elements
of order 2, X contains no elements of order 2, X contains no subgroup topologically
isomorphic to T ). The same is also true for equation (A.3) (see Propositions A.3 and
A.8), because as has been proved in Lemmas 9.7 and 9.9 the following classes of groups
Y coincide:

(a0) the class of groupsY on which any non-vanishing continuous normalized positive
definite function f .y/ satisfying equation (A.3) is of the form (A.4);

(b0) the class of groups Y such that the group X contains no subgroup topologically
isomorphic to the group T 2.

A.10. Consider equation 10.1 (i) (the Skitovich–Darmois functional equation) in the
case n D 2. We will study now when all non-vanishing continuous normalized Hermi-
tian solutions of this equation are functions of the Gaussian type. It is easily seen that
for n D 2 the study of solutions of equation 10.1 (i) is reduced to the study of solutions
of equation (10.23), i.e.,

f1.uC v/f2.uC "v/ D f1.u/f1.v/f2.u/f2."v/; u; v 2 Y: (A.6)

Theorem A.11. Assume that Y is not topologically isomorphic to the group Z.2/. Let
" be an arbitrary topological automorphism of Y , " 6D I . The following statements
are equivalent:

(a) all non-vanishing continuous normalized Hermitian functions fj .y/ on Y satis-
fying equation (A.6) are represented in the form

.i/ fj .y/ D .xj ; y/ expf'j .y/g; y 2 Y;
wherexj 2 X and'j .y/are continuous real-valued functions satisfying equation
2.14 (ii);

(b) X is regularly complete.

Proof. (a) H) (b). Assume that X is not regularly complete. We will verify that there
exist an automorphism " 2 Aut.Y /, " 6D I , and non-vanishing continuous normalized
Hermitian functions fj .y/ on the group Y satisfying equation (A.6) and such that they
can not be represented in the form (i). By the condition there exists a non-regular
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automorphism ı 2 Aut.X/, ı 6D I . Set G D Ker.ı � I /; H D A.Y;G/ and " D Qı.
Since G 6D f0g, it follows from 1.13 (b) that

H D ." � I /Y 6D Y: (A.7)

Consider the factor group Y=H . We conclude from (A.7) that Y=H ¤ f0g. The
inclusion ".H/ � H implies that " induces a homomorphism O" on the factor group
Y=H . Since "y � y 2 H for any y 2 Y , we have O"Œy� D Œy� for any Œy� 2 Y=H ,
i.e., O" D I . Let h.Œy�/ be an arbitrary non-vanishing continuous normalized Hermitian
function on the factor group Y=H . Set

f1.y/ D h.Œy�/; f2.y/ D 1=h.Œy�/:

It is obvious that fj .y/ are non-vanishing continuous normalized Hermitian functions
on the group Y . Since O" D I , the functions fj .y/ satisfy equation (A.6). It is clear
that the function h.Œy�/ can be chosen in such a way that the functions fj .y/ are not
represented in the form (i).

(b) H) (a). Assume that X is regularly complete. Take an arbitrary automorphism
" 2 Aut.Y /, " 6D I . Since ı D Q" is a regular automorphism, we haveG D Ker.ı�I / D
f0g and hence by 1.13 (b),

A.Y;G/ D ." � I /Y D Y: (A.8)

By Lemma 12.3 each function fj .y/ satisfies equation 12.3 (ii) for u 2 ." � I /Y ,
v 2 Y . Taking into account that the function fj .y/ is continuous, it follows from
(A.8) that fj .y/ satisfies equation 12.3 (ii) for all u; v 2 Y . Note now that X ¤ X.2/

because ifX D X.2/, then by Theorem 1.11.5 the groupX is topologically isomorphic
to the group

Z.2/n � Z.2/m�; (A.9)

where n and m are cardinal numbers, the group Z.p/n is considered in the product
topology and the group Z.p/m� is considered in the discrete topology. SinceX 6Š Z.2/
and X is a group of the form (A.9), X is not regularly complete. We deduce from
X ¤ X.2/ that �I 6D I . Since the group X is regularly complete, �I is a regular
automorphism of the group X . Hence X.2/ D f0g. Applying Proposition A.4, we
obtain the desired representation for the function fj .y/.

Let " 2 Aut.Y /, ı D Q". Assume that X is not regularly complete. The proof of
(a) H) (b) in TheoremA.11 shows that the condition of regularity of ı is necessary in or-
der that all non-vanishing continuous normalized Hermitian solutions of equation (A.6)
can be represented in the form A.11 (i). Let ı 2 Aut.X/ be a regular automorphism.
The following natural question arises: For which groups Y does the regularity of ı im-
ply that all non-vanishing continuous normalized Hermitian solutions of equation (A.6)
can be represented in the form A.11 (i)? Obviously, to solve this problem we should
restrict ourselves to such groups Y for which there exist regular automorphisms of the
group X . In particular for such groups the condition X.2/ 6Š Z.2/ holds. We need
some lemmas.
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Lemma A.12. Assume that " 2 Aut.Y/, and ı D Q" is a regular automorphism.
Then all non-vanishing continuous normalized Hermitian functions fj .y/ satisfying
equation (A.6) can be represented in the form

.i/ fj .y/ D mj .y/.xj ; y/ expf'j .y/g;

wheremj .y/ are Y .2/-invariant continuous normalized Hermitian functions satisfying
equation (A.6) and taking values ˙1, xj 2 X , and 'j .y/ are continuous real-valued
functions satisfying equation 2.16 (ii).

Proof. Set 'j .y/ D ln jfj .y/j. Taking into account that ı is a regular automorphism
and arguing as in the proof of (b) H) (a) in Theorem A.11, we obtain that each function
fj .y/ satisfies equation 12.3 (ii) for all u; v 2 Y . Taking into account that the functions
fj .y/ are Hermitian, it follows from equation 12.3 (ii) that the function 'j .y/ satisfies
equation 2.16 (ii). It is obvious that the function 'j .y/ is continuous.

Put lj .y/ D fj .y/=jfj .y/j. It is obvious that the function lj .y/ satisfies the condi-
tions of Corollary 9.12. Applying Corollary 9.12 we obtain the required assertion.

Let Y D .Z.2//n and " 2 Aut.Y /. We introduce the following notation. For a
given y 2 Y denote by jyj the natural k such that the elements y; "y; : : : ; "k�1y are
independent, and "ky 2 hy; "y; : : : ; "k�1yi.
Lemma A.13. Let Y D .Z.2//n, where n D 2; 3; 5. Let " be a regular automorphism
of the group Y . Then there exists an element � 2 Y such that j�j D n.

Proof. Note first that there is no subgroup A of Y such that A Š .Z.2//n�1, and A
is invariant with respect to ". To prove this, assume that such a subgroup A exists.
Take y0 62 A. Then "y0 D y0 C a, where a 2 A and a ¤ 0. Since " is a regular
automorphism and Y is a finite group, we have " � I 2 Aut.Y /. On the other hand,
."� I /y0 D a 2 A, but this is impossible because the restriction of the automorphism
" � I to the subgroup A is an automorphism of the subgroup A. This remark implies
the existence of the desired element � 2 Y in the cases when Y D .Z.2//2 and
Y D .Z.2//3.

Let Y D .Z.2//5 and suppose that jyj < 5 for any y 2 Y . First assume that there
exists an element y0 2 Y such that jy0j D 4. Consider the subgroup A D hy0, "y0,
"2y0, "3y0i. ThenA Š .Z.2//4, andA is invariant with respect to ". As has been noted
above, this is impossible. Hence jyj � 3 for all y 2 Y . Assume now that jy1j D 3 for
some y1 2 Y . In this case the elements y1, y2 D "y1, and y3 D "2y1 are independent
and "y3 2 hy1; y2; y3i D Y1. Take an element y4 62 Y1 and put y5 D "y4. It is obvious
that y5 62 Y1. Assume first that "y5 62 hy4; y5i. Then jy4j D 3. Set Y2 D hy4; y5; "y5i.
The subgroup Y2 by construction is invariant with respect to ". Hence the subgroup
Y3 D Y1 \Y2 is also invariant with respect to ". Since Y3 Š Z.2/, the invariance of Y3

with respect to " contradicts the regularity of ". Hence "y5 2 hy4; y5i, and this implies
that "y5 D y4 C y5, because if "y5 D y4, then ".y4 C y5/ D y4 C y5, contrary to the
regularity of ". Note now that if "y3 D y1 C y2 C y3, then ".y1 C y3/ D y1 C y3,
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contrary to the regularity of ". This means that either "y3 D y1 Cy2 or "y3 D y1 Cy3.
Putting Qy D y1 C y4, it is easily seen that in both cases j Qyj D 5, contrary to the
assumption. Therefore jyj � 2 for all y 2 Y . So, there exist elements zj 2 Y ,
j D 1; 2; 3; 4, such that "z1 D z2, "z2 D z1 C z2, "z3 D z4, "z4 D z3 C z4. Hence
the subgroup A D hz1; z2; z3; z4i Š .Z.2//4 and A is invariant with respect to ", but
as has been noted above, this is impossible.

Lemma A.14. Let Y D .Z.2//n, where n � 2, and let e1; : : : ; en be generators of the
group Y . Let " be an automorphism of Y such that "ei D eiC1, i D 1; 2; : : : ; n� 1. If
functions fj .y/ are normalized, satisfy equation (A.6), and take values ˙1, then fj .y/

are characters of the group Y .

Proof. It is obvious that there exist elements x1; x2 2 X such that .x1; ei / D f1.ei /,
.x2; ei / D f2.ei /, i D 1; 2; : : : ; n. Since the characters .x1; y/, .x2; y/ satisfy
equation (A.6), we can consider the new functions Qf1.y/ D f1.y/.x1; y/, Qf2.y/ D
f2.y/.x2; y/ which also satisfy equation (A.6). These functions satisfy the conditions
Qf1.ei / D Qf2.ei / D 1, i D 1; 2; : : : ; n. We will verify that Qf1.y/ D Qf2.y/ D 1 for all
y 2 Y . Thus the lemma will be proved.

Set Ak D he1; : : : ; eki. We will prove the desired statement by induction on k.
For y 2 A1 the statement is true. Assume that the statement is true for y 2 Ak .
Take an arbitrary element y 2 AkC1 n Ak . Then y D z C ekC1 for some z 2 Ak .
Substitute u D z, v D ek in (A.6). Then the right-hand side of (A.6) is equal to 1, and
Qf1.u C v/ D 1 because u C v 2 Ak . Hence Qf2.u C "v/ D Qf2.y/ D 1. Substitute
u D ekC1, v D z in (A.6). It follows from "v 2 AkC1 that Qf2."v/ D Qf2.uC "v/ D 1.
Since the right-hand side of (A.6) is equal to 1, we have Qf1.uCv/ D Qf1.y/ D 1. Thus
Qf1.y/ D Qf2.y/ D 1 for y 2 AkC1.

Theorem A.15. Let a group X satisfy the following condition: (i) either X.2/ D f0g
or X.2/ Š .Z.2//n, where n D 2; 3; 5. Assume that " 2 Aut.Y / and ı D Q" is a
regular automorphism. If non-vanishing continuous normalized Hermitian functions
fj .y/ satisfy equation (A.6), then they can be represented in the form A.11 (i).

Proof. Taking into account Lemma A.12, it suffices to show that the functions mj .y/

in representation A.12 (i) are characters of the group Y . If X.2/ D f0g, then by

Theorem 1.9.5, Y .2/ D Y . As has been proved in Lemma A.12, mj .y/ D 1 for

y 2 Y .2/. Therefore in this case the theorem is proved.
Let X.2/ Š .Z.2//n, where n D 2; 3; 5. As has been proved in Lemma A.12,

the functions mj .y/ are Y .2/-invariant. Hence the functions mj .y/ induce some nor-

malized functions 
mj .y/ on the factor group Y=Y .2/ which satisfy equation (A.6) and

take the values ˙1. Note that by Theorems 1.9.2 and 1.9.5, .Y=Y .2//� Š X.2/. It

follows from (i) that Y=Y .2/ Š .Z.2//n, where n D 2; 3; 5. Since " 2 Aut.Y .2//,

the automorphism " induces an automorphism O" on the factor group Y=Y .2/. The
automorphism O" is the automorphism adjoint to the restriction of the regular automor-
phism ı to the subgroup X.2/. Since X.2/ is a finite subgroup, O" is also a regular
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automorphism. By Lemma A.13 there exists an element � 2 Y=Y .2/ such that j�j D n.

Put ei D O"i�1�, i D 1; 2; : : : ; n. Then ei are generators of the group Y=Y .2/ and

O"ei D eiC1, i D 1; 2; : : : ; n � 1. Applying Lemma A.14 to the group Y=Y .2/, we

obtain that the functions 
mj .y/ are characters of the factor group Y=Y .2/. Hence the
functions mj .y/ are also characters of the group Y .

Remark A.16. Condition A.15 (i) is critical for the correctness of Theorem A.15. Let
Y D .Z.2//n, where either n D 4 or n � 6. ThenX D X.2/ Š .Z.2//n and condition
A.15 (i) is not fulfilled. Assume first that n D 4. Denote by y D .a1; a2; a3; a4/,
where ai 2 Z.2/, elements of Y . Consider " 2 Aut.Y / of the form

".a1; a2; a3; a4/ D .a2; a1 C a2; a4; a3 C a4/: (A.10)

Put ı D Q". Obviously, " is a regular automorphism. Since Y is a finite group, ı D Q" is
also a regular automorphism. Consider on the group Y the functions of the form

f1.a1; a2; a3; a4/ D expf�i.a1a3 C a1a4 C a2a3g;
f2.a1; a2; a3; a4/ D expf�i.a1a4 C a2a3 C a2a4g:

It is obvious that the functions fj .y/ do not vanish, and they are normalized and
Hermitian. It is easily seen that fj .y/ satisfy equation (A.6). Since the functions
fj .y/ are not characters of the group Y , they can not be represented in the form
A.11 (i). Thus for the group Y D .Z.2//4 there exists the automorphism " 2 Aut.Y /
such that:

(a) ı D Q" is a regular automorphism;
(b) there exist non-vanishing normalized Hermitian solutions of equation (A.6) such

that they can not be represented in the form A.11 (i).

Let n � 6. Represent the group Y in the form Y D Y1 � Y2, where Y1 D .Z.2//4,
Y2 D .Z.2//k , k � 2. PutXj D Y �

j , j D 1; 2. Note that there exists an automorphism
˛ 2 Aut.Y2/ such that Q̨ is a regular automorphism of X2. The standard reasoning
shows that the existence of " 2 Aut.Y / such that statements (a) and (b) hold follows
from the existence of such " in the case of n D 4.

Note that if Y D .Z.2//n, n � 2, and we suppose that "en D e1 C en in
Lemma A.14, then " is a regular automorphism. Hence ı D Q" is also a regular au-
tomorphism. We conclude now from Lemmas A.12 and A.14 that there exists an
automorphism " 2 Aut..Z.2//n/ such that all non-vanishing normalized Hermitian
functions fj .y/ satisfying equation (A.6) are of the form A.11 (i).

In connection with Remark A.16 we will prove the following statement.

Proposition A.17. There exists a group Y which has the properties:

(a) there exists an automorphism " 2 Aut.Y / such that ı D Q" is a regular automor-
phism of the group X ;
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(b) for any " 2 Aut.Y / there exist non-vanishing continuous normalized Hermitian
solutions of equation (A.6) such that they can not be represented in the form
A.11 (i).

Proof. Following [51], § 116, Example 4), take two disjoint sets of prime numbers
fpig and fqig such that pi 
 1 .mod 4/ and qi 
 1 .mod 6/. Take integers ki and li
which satisfy the conditions k2

i 
 1 .mod pi / and l2i C li 
 �1 .mod qi /. Put

Y D ha; b; c; d; p�1
i .aCkib/; p

�1
i .cCkid/; q

�1
i .aC lic/; q

�1
i .d C lib/ for all ii:

The group Y is countable. Consider Y with the discrete topology. As has been shown
in [51], § 116, the group Aut.Y / consists of the following automorphisms:

"1 D I I
"2 D �I I
"3 W a 7! b; b 7! �a; c 7! b � d; d 7! c � aI
"4 D �"3I
"5 W a 7! c; b 7! d; c 7! c � a; d 7! d � bI
"6 D �"5I
"7 W a 7! d; b 7! �c; c 7! b; d 7! �aI
"8 D �"7I
"9 W a 7! a � c; b 7! b � d; c 7! a; d 7! bI
"10 D �"9I
"11 W a 7! b � d; b 7! c � a; c 7! �d; d 7! cI
"12 D �"11:

Since Y is a torsion-free group of finite rank, it follows from 1.13 (b) that for any
" 2 Aut.Y / the adjoint automorphism ı D Q" is regular if and only if ."�I / 2 Aut.Y /.
This implies that there exist only two regular topological automorphisms of the group
X , namely ı5 D Q"5 and ı9 D Q"9. Thus statement (a) is proved. Let us prove (b). We
conclude from the proof of .a/ ) .b/ in Theorem A.11 that if " 2 Aut.Y / and ı D Q"
is not a regular automorphism, then there exist non-vanishing continuous normalized
Hermitian solutions of equation (A.6) such that they can not be represented in the form
A.11 (i). It still remains to prove that the automorphisms "5 and "9 for which ı5 and
ı9 are regular have the same property. Denote by O"5, O"9 the automorphisms on the
factor group Y=Y .2/ induced by "5, "9. It is obvious that Y=Y .2/ Š .Z.2//4. It is
easily verified that the automorphisms O"5, O"9 operate on the factor group Y=Y .2/ under
appropriate choice of generators in Y=Y .2/ by formula (A.10). Hence as has been
noted in Remark A.16, for O"5 and O"9 there exist non-vanishing normalized Hermitian
solutions of equation (A.6) which take values ˙1 such that they can not be represented
in the form A.11 (i). These solutions one can consider as functions on Y which have
the same properties with respect to the automorphisms "5 and "9.
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A.18. We will study now non-vanishing measurable normalized Hermitian solutions
of equation (A.6). Obviously, any automorphism " 2 Aut.Y / can be regarded as an
automorphism of the group Yd . Let ı 2 Aut.X/. Consider the adjoint automorphism
Qı 2 Aut.Y / as an automorphism of the group Yd . Since bX Š .Yd /

�, denote by Nı
the topological automorphism of the group bX adjoint to Qı 2 Aut.Yd /. The group X
is a dense subgroup of the group bX , and it is easily seen that the restriction of the
automorphism Nı to the subgroup X coincides with ı.

An automorphism ı 2 Aut.X/ is called strongly regular, if the automorphism
Nı 2 Aut.bX/ is regular.

Example A.19. We give an example of a group X and a regular automorphism
ı 2 Aut.X/ which is not strongly regular. For this purpose we slightly modify the
construction from [59], (24.44). Denote by Y a set of sequences .ak/, where ak is a
2pth root of unity for some natural p, and ak D ˙1 for all but a finite set of indices.
Obviously, Y is an Abelian group with respect to multiplication. For a finite set ƒ
of indices k let Uƒ be the set of all .ak/ such that ak D 1 for k 2 ƒ and ak D ˙1
for k 62 ƒ. Let all Uƒ be taken as an open basis at the identity .1k/. With respect
to the introduced topology, Y is a second countable locally compact Abelian group.

Note that Y .2/ 6D Y and Y .2/ D Y . Put X D Y �, and let ı 2 Aut.X/ be of the form
ıx D 3x, x 2 X . Set " D Qı. Then "y D 3y, y 2 Y and Nıx D 3x, x 2 bX . Since
the image ."� I /Y D Y .2/ is dense in Y , we conclude from 1.13 (b) that X.2/ D f0g,
and hence ı is a regular automorphism. Since .bX/� Š Yd , it follows from Theo-
rems 1.9.2 and 1.9.5 that ..bX/.2//

� Š Yd=.Yd /
.2/. Therefore Nı 2 Aut.bX/ is not a

regular automorphism. Hence ı is not strongly regular.

A groupX is called strongly regularly complete if all its topological automorphisms
except the identity automorphism are strongly regular.

Theorem A.20. Assume that a group Y is not topologically isomorphic to the group
Z.2/. Let " be an arbitrary topological automorphism of Y , " 6D I . The following
statements are equivalent:

(a) all non-vanishing measurable normalized Hermitian functions fj .y/ on Y sat-
isfying equation (A.6) are represented in the form A.11 (i);

(b) X is strongly regularly complete.

Proof. (a) H) (b). Assume that X is not strongly regularly complete. We will prove
that there exists an automorphism " 2 Aut.Y /, " 6D I , and non-vanishing measurable
normalized Hermitian functions fj .y/ on the group Y satisfying equation (A.6) and
such that they can not be represented in the form A.11 (i). By the condition there exists
a not strongly regular automorphism ı 2 Aut.X/. Put " D Qı, H D ."� I /Y . Since ı
is not strongly regular, we have H ¤ Y . Let a 2 R, a ¤ 0, a ¤ ˙1. Consider on the
group Y the functions

f1.y/ D
(
1 if y 2 H;
a if y 62 H; f2.y/ D

(
1 if y 2 H;
1=a if y 62 H:
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Obviously, fj .y/ are non-vanishing measurable normalized Hermitian functions. We
will verify that the functions fj .y/ satisfy equation (A.6). Since "H D H , the right-
hand side of equation (A.6) is equal to 1 for all u; v 2 Y . Suppose that there exist
u; v 2 Y such that the left-hand side of equation (A.6) is not equal to 1. This implies
that either u C v 2 H , u C "v 62 H or u C v 62 H , u C "v 2 H . In both cases we
have ." � I /v 62 H contrary to the definition of H . Thus the functions fj .y/ satisfy
equation (A.6) and obviously, they can not be represented in the form A.11 (i).

(b) H) (a). Reasoning as in the proof of (b) H) (a) in Theorem A.11 we obtain that
the strongly regularity of the group X implies that ."� I /Y D Y for any " 2 Aut.Y /,
" 6D I . Moreover .bX/.2/ D f0g. The statement of the theorem follows now from
Lemma 12.3 and Proposition A.8.

Let " 2 Aut.Y / and ı D Q". Assume thatX is not strongly regularly complete. The
proof of .a/ ) .b/ in Theorem A.19 shows that the condition of strong regularity of ı
is necessary in order that all non-vanishing measurable normalized Hermitian solutions
of equation (A.6) can be represented in the form A.11 (i). Let ı 2 Aut.X/ be a strongly
regular automorphism. The following natural question arises: For which groups Y
can the strong regularity of ı imply that all non-vanishing measurable normalized
Hermitian solutions of equation (A.6) be represented in the form A.11 (i)? Obviously,
to solve this problem we should restrict ourselves to such groups Y for which there
exist strongly regular automorphisms of the groupX . In particular for such groups the
condition .bX/.2/ 6Š Z.2/ holds.

Theorem A.21. Let a group X satisfy the condition: (i) either .bX/.2/ D f0g or
.bX/.2/ Š .Z.2//n, where n D 2; 3; 5. Assume that " 2 Aut.Y / and ı D Q" is a
strongly regular automorphism. If non-vanishing measurable normalized Hermitian
functions fj .y/ satisfy equation (A.6), then they can be represented in the formA.11 (i).

Proof. Put 'j .y/ D ln jfj .y/j. Arguing as in the proof of (b) H) (a) in Theorem A.11
we obtain that if ı is a strongly regular automorphism, then Y D ." � I /Y . Applying
Lemma 12.3 we get that the functions fj .y/ satisfy equation 12.3 (ii) for all u; v 2 Y .
Inasmuch as fj .y/ are normalized Hermitian functions, each of the functions 'j .y/

satisfies equation 2.14 (ii). Since the functions 'j .y/ are measurable, by Lemma A.5
the functions 'j .y/ are continuous.

Arguing as in the proof of (b) H) (a) in Proposition A.8 we make sure that condition
(i) implies that the subgroup Y .2/ is closed. In the final part of the proof we reason as
in the proof of Theorem A.15.
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Chapter II

The standard definition of a Gaussian distribution on a locally compact Abelian group
was first introduced by Parthasarathy, Ranga Rao, and Varadhan in [90]. They define a
Gaussian distribution � as a distribution satisfying the conditions of Proposition 3.16
and prove that � is Gaussian if and only if its characteristic function can be represented
in the form 3.1 (i). In [90] the main properties of the Gaussian distributions were also
studied. We note that in [90] along with other results the representation of the char-
acteristic function of an infinitely divisible distribution on a locally compact Abelian
group (the Lévy–Khinchin formula) was obtained. The results of the article [90] were
included in the monographs [63] and [89].

Propositions 3.6, 3.16, 3.17, and Remarks 3.3, 3.4, 3.12 belong to Parthasarathy,
Ranga Rao, and Varadhan ([90]). We follow [63] in the proof of Lemma 3.18 and in
the presentation of items 3.15 and 3.19 (b). We follow the review [95] by Sazonov and
Tutubalin in the proof of Proposition 3.6. We also note that in [63] a part of the results
of the article [90] was generalized on locally compact Abelian groups which need not
be second countable.

The Gaussian distributions on the finite-dimensional torus T n were studied by
Siebert in [97] (see also [63], § 5.5). The Gaussian distributions on the infinite-
dimensional torus T @0 which correspond to diagonal matrices in Proposition 3.11
were studied by Bendikov in [3], [4], Siebert in [97], and Berg in [11] (see also [5], [7],
[12]). Propositions 3.8, 3.11, and 3.14 were proved by Feldman in [27]. In connection
with Propositions 3.11 and 3.14 see also the article [8] by Bendikov and Saloff-Coste.
We note that Siebert in [97] proved that if on a connected locally compact Abelian
groupX an absolutely continuous Gaussian distribution exists, thenX must be locally
connected and second countable. The existence of absolutely continuous Gaussian
distributions on such groups was proved independently by Bendikov ([3]), Siebert
([97]), and Berg ([11]). Statement 3.19 (c) belongs to Feldman. Gaussian semigroups
on infinite-dimensional locally compact groups, not necessarily Abelian, were stud-
ied recently by Bendikov and by Bendikov and Saloff-Coste in connection with the
theory of potential on these groups constructed by them (see e.g. the monograph [6]
by Bendikov, and see also the articles [9] and [10] where one can find further refer-
ences).

The classical Cramér theorem on decomposition of the Gaussian distribution on
the real line was proved in [21]. It was the first result in arithmetic of probability
distributions. It is interesting to remark that all known proofs of the Cramér theorem
are based on the application of complex analysis. The monographs [22], [73], [74] and
reviews [75], [88] are devoted to arithmetic of probability distributions on the real line
and in the space Rm. The main part of the monographs [76] and [92] is devoted to the
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same subject. The basic results on arithmetic of probability distributions on locally
compact Abelian groups are contained in [33].

Marcinkiewicz noted in [77] that any Gaussian distribution on the circle group T has
non-Gaussian factors. This result was re-proved by Martin-Löf (in [57], Remark 4.5.1)
and by Carnal ([18]). Decomposition 4.1 (i) was mentioned by Heyer in [62]. Feldman
in [26] proved that if X is a compact Abelian group such that X 6Š Z.2/ and a
distribution � 2 M1.X/ satisfies condition 4.1 (i), then � has an indecomposable
factor. Lemmas 4.2 and 4.3 were proved by Feldman in [25] and [27]. Lemma 4.4
and Proposition 4.5 were proved by Feldman and Fryntov in [45]. Theorem 4.6 and
Proposition 4.9 were proved by Feldman in [25]. In the proof of Theorem 4.6 we follow
[27].

There are several different and nonequivalent definitions of polynomials on Abelian
groups (see e.g. [71], where these definitions are compared and some algebraic con-
ditions on a group are determined when these definitions are equivalent). Results
of 5.1–5.5 belong to Djoković ([24]). Lemma 5.10 was proved by Feldman in [25].
Statements 5.11–5.14 belong to Feldman ([30]).

Urbanik in [100] defines a Gaussian distribution on a locally compactAbelian group
as a distribution � which can be included into a continuous one-parameter subgroup
.�t /t�0, �0 D E0, �1 D � , and satisfying condition 3.17 (ii). An example of a non-
Gaussian distribution on the two-dimensional torus T 2 satisfying condition 3.17 (ii)
was constructed in [100]. Lemmas 6.3, 6.4, and Theorem 6.6 belong to Feldman ([28]).

Problems. II.1. In view of Proposition 3.14, Gaussian distributions on connected
and not locally connected locally compact Abelian groups are singular. If X is a
connected and locally connected locally compact Abelian group of finite dimension,
i.e.,X Š Rm�T n, wherem � 0, n � 0, then the structure of a Gaussian distribution on
X is well known. It is either absolutely continuous or singular (see 3.15). The structure
of a Gaussian distribution on connected and locally connected locally compact Abelian
groups X of infinite dimension is unknown, i.e., when X Š Rm � T @0 , m � 0.

II.2. It is well known that two Gaussian distributions in the space R@0 are either
mutually absolutely continuous or mutually singular ([58]). Sazonov and Tutubalin
in [95] formulated the problem: to prove or disprove the analogous statement for
Gaussian distributions on locally compact Abelian groups. In [27] Feldman solved
this problem for connected locally compact Abelian groups of finite dimension, and
for connected locally compact Abelian groups of infinite dimension containing no
subgroup topologically isomorphic to the circle group T . The Sazonov–Tutubalin
problem for connected locally compactAbelian groups of infinite dimension containing
a subgroup topologically isomorphic to the circle group T is still unsolved. We note
that the positive solution of this problem implies the solution of Problem II.1.



Comments and unsolved problems 239

Chapter III

The statement known as the Kac–Bernstein theorem (the independence of the sum and
the difference of two independent random variables implies that the random variables
are Gaussian) was discovered independently by Kac in [65] and by Bernstein in [13].
This result is one of the most celebrated characterization theorems. A large number
of publications are devoted to characterization problems of mathematical statistics. In
particular we mention the fundamental monograph [66] by Kagan, Linnik, and Rao.

In the case when random variables take values in a locally compactAbelian groupX ,
some analogues of the Kac–Bernstein theorem were considered by Rukhin in [93], [94]
and by Heyer and Rall in [64]. Rukhin proved in [93] the following statement: Let
X and Y be Corwin groups, �1 and �2 be independent random variables with values
in X and distributions �1 and �2. If �1 C �2 and �1 � �2 are independent, then
�j 2 �.X/	 I.X/ (compare with Theorem 7.10). We note that the Rukhin paper [93]
was the first article where a classical characterization theorem was studied on arbitrary
locally compact Abelian groups. Proposition 7.4 was proved by Rukhin ([93]) and
by Heyer and Rall ([64]). Lemmas 7.5, 7.8, 7.9, and Theorem 7.10 were proved by
Feldman in [29]. Lemma 7.6 was proved by Feldman in [32]. Lemma 7.7 was proved
by Feldman in [33], Proposition 9.20. Results of 7.13–7.16 belong to Myronyuk ([78]).

Let �1 and �2 be independent random variables with values in a locally compact
Abelian groupX and distributions�1 and�2 such that their sum and the difference are
independent. If the connected component of zero of the groupX contains no elements
of order 2, then by Theorem 7.10 the distributions�j are convolutions of Gaussian and
idempotent distributions. The article [2] by Baryshnikov, Eisenberg, and Stadje was the
first research in which distributions �j were described in the case when the connected
component of zero of a group X contains elements of order 2. They described the
distributions �j in the case whenX D T . Lemma 8.2 was proved in [2]. The proof of
Lemma 8.2 given here belongs to Myronyuk ([80]). Theorems 8.5 and 8.8 were proved
by Myronyuk in [80].

Lemmas 9.4, 9.6, and 9.7 were proved by Feldman in [29]. Lemma 9.5 was proved
by Feldman in [39]. The main result of Section 9, i.e., the complete description of
groupsX for which equality (9.2) holds (Theorem 9.9) was proved by Feldman in [29]
and [39]. It should be noted that Rukhin in [93] proved equality (9.2) assuming that Y
is a Corwin group. Heyer and Rall in [64] proved equality (9.2) for groupsX satisfying
the following conditions:

(i) X is a Corwin group;

(ii) either Y D Y .2/ or Y=Y .2/ Š Z.2/.

Proposition 9.8 and Lemma 9.10 belong to Feldman. Taking into account Lemmas 7.5
and 9.10 it is easy to see that the above mentioned results of Rukhin and Heyer–Rall
follow from Theorem 9.9. Results 9.11–9.14 belong to Myronyuk ([78]).

We note that Gaussian distributions in the sense of Bernstein on arbitrary topological
separable metric Abelian groups were studied by Byczkowski in [16], [17] and by
Byczkowska and Byczkowski in [15]. In particular, for a wide class of such groupsX ,
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in [16], [17] it was proved that if � is a Gaussian distributions in the sense of Bernstein
onX without idempotent factors andB is a Borel subgroup ofX , then either�.G/ D 0

or �.G/ D 1 (the zero-one low).
We make some remarks on non-Abelian groups. LetX be a second countable non-

Abelian topological group, not necessarily locally compact. The operation in X we
write as multiplication. Let �1 and �2 be independent identically distributed random
variables with values in X and distribution �. In the article [85] Neuenschwander
suggested in the non-Abelian case, instead of the condition

(i) �1�2 and �1�
�1
2 are independent,

considering the condition

(ii) .�1�2; �2�1/ and .�1�
�1
2 ; ��1

2 �1/ are independent.

We note that if X is an Abelian group, then conditions (i) and (ii) are equivalent. In
the case when X is the Heisenberg group X D H , Neuenschwander proved that it
follows from condition (ii) that� is a Gaussian distribution concentrated on an Abelian
subgroup of H ([85]). Then Neuenschwander, Roynette, and Schott generalized this
result to simply connected nilpotent Lie groups ([86]). Graczyk and Loeb proved
in [56] that if X is an arbitrary nilpotent group, then condition (ii) implies that the
distribution � is concentrated on an Abelian subgroup of X . In contrast to [86] the
proof by Graczyk–Loeb uses neither the fact that X is a Lie group nor the Campbell–
Hausdorff formula. In [56] they also proved that if X is either a discrete group or a
compact group, or X is in a class of solvable groups (e.g. the “ax C b” group), then
condition (ii) implies that the distribution � is concentrated on an Abelian subgroup
of X . As a corollary they show that the Gaussian measures on Riemannian symmetric
spaces do not satisfy the property (ii).

Problems. III.1. Let �1 and �2 be independent random variables with values in a
connected locally compact Abelian group X of dimension l and distributions �1 and
�2. Assume that �1 C �2 and �1 � �2 are independent. Describe possible distributions
�j . We note that if l D 1, then eitherX D R orX D T orX D †a, and the description
of possible distributions �j follows from the Kac–Bernstein theorem, Corollary 8.6,
and Theorem 8.8 respectively.

III.2. Problem III.1 under assumption thatX is a connected locally compactAbelian
group of infinite dimension.

III.3. Problem III.1 for an arbitrary locally compact Abelian group X . Taking into
account Lemma 7.5, this problem is reduced to the case when X D Rm � K, m � 0

and K is a compact Corwin group.
III.4. To describe supports of Gaussian distributions in the sense of Bernstein.

Taking into account Lemma 7.5 one can assume that supports are cosets of subgroups
G of the form G Š Rm �K, where m � 0, and K is a Corwin group.
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Chapter IV

Let �j , j D 1; 2; : : : ; n, n � 2, be independent random variables and j̨ , ǰ be
nonzero real numbers. The theorem stating that the independence of the linear forms
L1 D ˛1�1C� � �C˛n�n andL2 D ˇ1�1C� � �Cˇn�n implies that all �j are Gaussian was
proved independently by Skitovich in [98] and by Darmois in [23]. This result summed
up a series of researches generalizing the Kac–Bernstein theorem. The Skitovich–
Darmois theorem was extended by Ghurye and Olkin in [54] for the case when instead of
random variables, random vectors �j in the space Rm are considered, and coefficients of
the linear formsL1 andL2 are nonsingular matrices. Also, in this case the independence
of the linear forms implies that all random vectors �j are Gaussian.

A group analogue of the Skitovich–Darmois theorem was studied first by Feldman
in [31]. It was assumed in [31] that the independent random variables take values
in a locally compact Abelian group, coefficients of the linear forms are integers, and
the characteristic functions of independent random variables do not vanish. A group
analogue of the Skitovich–Darmois theorem in the case when coefficients of the linear
forms are topological automorphisms of the group was considered first by Feldman
in [34].

Theorem 10.3 was proved by Feldman in [40]. We note that Theorem 10.3 for an
arbitrary a-adic solenoid †a was proved in [34]. Remark 10.5 was also established in
[40]. Proposition 10.7 was proved by Feldman in [31]. The proof of Proposition 10.7
given here belongs to Myronyuk. Theorem 10.11 belongs to Schmidt ([96]). The
Schmidt proof is based on the Lévy–Khinchin formula 2.16 (i). The proof given here
belongs to Feldman. It differs from the Schmidt proof and does not use the Lévy–
Khinchin formula. Theorem 10.15, Propositions 10.16 and 10.17 belong to Feldman
([40]). Formulated in Remark 10.18, the equivalence of statement .˛/ in Remark 10.18
and the Cramér theorem on decomposition of the Gaussian distribution belongs to
Linnik ([72]), who proved it for the real line. The Linnik proof can be extended
without changes to locally compact Abelian groups. Results of Section 11 belong to
Myronyuk and Feldman ([82], [84]). Results of Section 12 also belong to Myronyuk
and Feldman. We note that Lemma 12.3 essentially belongs to Lajko ([70]), who
proved it for the case Y D R. The proof of Lemma 12.3 for locally compact Abelian
groups follows the proof of the lemma for the real line.

Problems. IV.1. Describe possible distributions �j in Theorem 11.5 in case (IIb)
(compare with Theorems 12.4 and 12.9).

IV.2. Let X be a connected locally compact Abelian group of finite dimension l .
Let ı 2 Aut.X/ and �1 and �2 be independent random variables with values in X and
distributions �1 and �2 with non-vanishing characteristic functions. Assume that the
linear forms L1 D �1 C �2 and L2 D �1 C ı�2 are independent. Describe possible
distributions �j .

The complete solution of this problem for the case when l D 1 follows from the
Skitovich–Darmois theorem, Corollary 8.6, and Theorem 10.3. A partial solution of
this problem for the case when l D 2 follows from Theorems 10.3, 11.5, and 12.4 (the
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case of the two-dimensional torus X D T 2 is not fully investigated). The case when
l � 3 and a group X contains a subgroup topologically isomorphic to the circle group
T has not been investigated at all.

Chapter V

A group analogue of the Skitovich–Darmois theorem, in the case when independent
random variables �j , j D 1; 2; : : : ; n, n � 2, with distributions �j take values in a
finite Abelian group X and coefficients of the linear forms are automorphisms of X ,
was considered by Feldman in [34]. Lemmas 14.1 and 14.3 were proved in [34]. From
Lemmas 14.1 and 14.3 follows a description of the class of finite Abelian groups for
which, for any n � 2, independence of the linear forms L1 D ˛1�1 C � � � C ˛n�n and
L2 D ˇ1�1 C � � � C ˇn�n implies that either all �j are degenerate distributions or at
least two distributions �j1

and �j2
are idempotent. It was also proved in [34] that the

obtained description of the class of finiteAbelian groups is sharp in the following sense:
if a finite Abelian group X does not belong to the class mentioned above, then either
for n D 4 or for n D 6 there exist automorphisms j̨ ; ǰ ofX and independent random
variables �j with values in X and distributions �j … I.X/ such that the linear forms
L1 D ˛1�1C� � �C˛n�n andL2 D ˇ1�1C� � �Cˇn�n are independent. Analogous results
were obtained by Feldman for compact Abelian groups ([36]) and for discrete torsion
Abelian groups ([37]). Lemma 14.9 was proved in [36]. Theorem 13.5 and Lemmas
13.9, 14.14, 14.15, and 14.17 where proved in [37]. Lemma 14.20 belongs to Myronyuk
([79]); it is a modification of Proposition 1 proved in [34]. Propositions 14.21 and 14.22
also belong to Myronyuk ([79]). They generalize results obtained earlier by Feldman
(see [36, Theorem 2] and [37, Theorem 2]). Theorem 14.23 belongs to Myronyuk
([79]).

In the article [38] Feldman showed for finite Abelian groups that the classes of
groups for which the Skitovich–Darmois theorem holds for n D 2 independent ran-
dom variables and for n > 2 independent random variables are essentially different.
Theorems 13.1 and 13.3 were proved by Feldman in [38]. Then Feldman and Graczyk
studied the Skitovich–Darmois theorem for two independent random variables on com-
pact totally disconnectedAbelian groups and compact connectedAbelian groups ([46]).
The results of 13.21–13.27 belong to them. The Skitovich–Darmois theorem for two
independent random variables on discrete Abelian groups was studied by Feldman and
Graczyk in [47]. The results of 13.13–13.18 belong to them. It is interesting to remark
that the proof of the Skitovich–Darmois theorem for discrete Abelian groups in the
case when n D 2 (Theorem 13.17) in contrast to the proof of the Skitovich–Darmois
theorem for discrete Abelian groups in the case when n > 2 (Theorem 14.19 and
Proposition 14.22) does not use the Ulm theory.

The cases when the number of independent random variables n D 3 and n � 4

differ from each other. The Skitovich–Darmois theorem for three independent random
variables on finite Abelian groups was studied by Graczyk and Feldman in [55]. The
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results of 14.4–14.7 belong to them ([55]). Following the scheme of the proof of The-
orem 14.7, Myronyuk studied the Skitovich–Darmois theorem for three independent
random variables for compact totally disconnected Abelian groups and for discrete
torsion Abelian groups ([79]). Lemmas 14.12 and 14.18 belong to her ([79]).

The results of Section 15 belong to Feldman ([44]).

Problems. V.1. Find out if there is a compact Abelian group X such that X is neither
connected nor totally disconnected andX has the property: if �1 and �2 are independent
random variables with values in X and distributions �j and j̨ ; ǰ 2 Aut.X/, then
independence of the linear forms L1 D ˛1�1 C ˛2�2 and L2 D ˇ1�1 C ˇ2�2 implies
that �1; �2 2 �.X/ 	 I.X/?

V.2. Problem V.1 under the additional assumption that cX Š †a, where a D
.2; 3; 4; : : : /.

V.3. Let X D T 2. Is there is an automorphism ı 2 Aut.X/ with the following
property: if �1 and �2 are independent random variables with values inX and distribu-
tions �j , then the independence of the linear forms L1 D �1 C �2 and L2 D �1 C ı�2

implies that �1; �2 2 �.X/ 	 I.X/? We note that the reasoning of item 1 in the proof
of Theorem 11.5 implies that if ı D �

a b
c d

�
, where ad � bc D 1, aC d D 2, then �1,

�2 are degenerate distributions.
V.4. On which compact connected Abelian groups X does there exist an automor-

phism ı 2 Aut.X/ such that, if �1 and �2 are independent random variables with values
in X and distributions �j , then independence of the linear forms L1 D �1 C �2 and
L2 D �1 C ı�2 implies that �1; �2 2 �.X/ 	 I.X/?

If f2 2 Aut.X/, then by Theorem 7.10 the independence of the linear forms
L1 D �1 C �2 and L2 D �1 � �2 implies that �1; �2 2 �.X/ 	 I.X/. It follows
from Theorem 15.7 that for a-adic solenoids†a the condition f2 2 Aut.X/ is not only
sufficient but necessary for the existence of an automorphism ı 2 Aut.X/ with the
property mentioned above. As follows from the example constructed in Remark 15.9
the condition f2 2 Aut.X/ is not necessary for arbitrary compact connected Abelian
groups.

V.5. Find out if there is a locally compact Abelian group X such that X is not
topologically isomorphic to a group of the form 14.23 (i), and X has the property: for
any independent random variables �j , j D 1; 2; : : : ; n, n � 2, with values in X and
distributions �j and for any automorphisms j̨ ; ǰ 2 Aut.X/ the independence of the
linear forms L1 D ˛1�1 C � � � C ˛n�n and L2 D ˇ1�1 C � � � C ˇn�n implies that all
�j 2 �.X/.

Chapter VI

The theorem on characterization of a Gaussian distribution on the real line by the
symmetry of the conditional distribution of one linear form given another was proved
by Heyde in [61].
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A group analogue of the Heyde theorem in the case when independent random
variables take values in a locally compact Abelian group and coefficients of the linear
forms are topological automorphisms of the group was considered first by Feldman in
[41] for finite Abelian groups. The results of Section 16 belong to Feldman ([42]). The
results of 17.1–17.5 were proved by Feldman in [41]. Proposition 17.7, Lemmas 17.15,
17.16, and Theorem 17.17 belong to Feldman ([41]). The results of 17.8–17.14 belong
to Myronyuk and Feldman ([81]). Theorem 17.14 for finite Abelian groups without
elements of order 2 was proved in [41]. Proposition 17.6 and statements 17.19–17.27
belong to Feldman ([43]).

Problems. Theorems 16.2 and 16.8 allow us to assume that the following statement
holds:

Hypothesis. Let j̨ , ǰ be topological automorphisms of a locally compact Abelian
group X such that ˇ1˛

�1
1 ˙ ˇ2˛

�1
2 2 Aut.X/. Let �1 and �2 be independent random

variables with values in X and distributions �1 and �2 with non-vanishing charac-
teristic functions. Let G be the subgroup of the group X generated by all elements of
order 2. Assume that the conditional distribution of the linear formL2 D ˛2�1 Cˇ2�2

given L1 D ˛1�1 C ˇ1�2 is symmetric. Then �j D �j 	 �j , where �j 2 �.X/,
�.�j / � G, j D 1; 2.

VI.1. Prove the hypothesis for the following groups: X D T 3; X D T n, n � 4;
X D T @0 ; X is an arbitrary connected group; X is an arbitrary group.

VI.2. Prove an analogue of the Heyde theorem for compact totally disconnected
Abelian groups (compare with Theorem 13.25).

VI.3. Prove an analogue of the Heyde theorem for a-adic solenoids (compare with
Theorem 15.7).

Appendix

The results of the appendix belong to Feldman and Myronyuk ([83]).
Let X be a locally compact Abelian group with unique division by 2, i.e., f2 2

Aut.X/. Let 
 W X2 7! X2 be the mapping defined by 
.t; s/ D .t C s; t � s/.
Corwin studied complex-valued measures �j and �j on X satisfying the condition
.�1 ˝ �2/.
.E// D .�1 ˝ �2/.E/ for any Borel set E � X2 ([19], [20]). Under the
assumption that the measures �j and �j are absolutely continuous with respect to a
Haar measure mX , the derivatives fj .t/ and gj .t/ of the measures �j and �j satisfy
the equation

f1.t C s/f2.t � s/ D g1.t/g2.s/

for almost all .t; s/ 2 X2. Obviously, the Kac–Bernstein functional equation is a
particular case of this equation.
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Problems. A.1. Let Y be a locally compact Abelian group which is not second
countable. Let " 2 Aut.Y /. Is the subgroup .I � "/Y measurable? In particular, is the
subgroup Y .2/ measurable?

A.2. IfX is a regularly complete second countable locally compact Abelian group,
must X be strongly regularly complete?

A.3. Is condition A.15 (i) necessary in order that non-vanishing normalized contin-
uous Hermite functions fj .y/ satisfying equation (A.6) be of the form A.11 (i)?

We make the following remark. Assume that Y is a countable discrete Abelian
group with the properties:

(a) Y=Y .2/ Š .Z.2//n, where either n D 4 or n � 6;
(b) any automorphism " 2 Aut.Y / such that I � " 2 Aut.Y / satisfies the con-

dition: under suitable choice of generators ei in the factor group Y=Y .2/ the
automorphism O" 2 Aut.Y=Y .2// induced by the automorphism " is of the form
O"ei D eiC1, i D 1; 2; : : : ; n � 1.

It follows from Lemmas A.12 and A.14 that if there exists a group Y with properties
(a) and (b), then condition A.15 (i) is not necessary.
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Symbol index

xA closure of a set A, 2
jAj number of elements of a finite set A, 2
A� � th Ulm factor of a group A, 10
Aut.X/ group of topological automorphisms of a group X , 7
A.Y;B/ annihilator of a set B , 5
Q̨ adjoint homomorphism, 7
@0 the least infinite cardinal number, 2
bX Bohr compactification of a group X , 223
bX set of all compact elements of a group X , 1
C set of complex numbers, 2
cX connected component of zero of a group X , 1
�.X/ set of Gaussian distributions on a group X , 19
�s.X/ set of symmetric Gaussian distributions on a group X , 19
�B.X/ set of Gaussian distributions in the sense of Bernstein on a group X , 81
�U .X/ set of Gaussian distributions in the sense of Urbanik on a group X , 49
�a additive group of a-adic integers, 3
�h finite difference operator, 2
�p additive group of p-adic integers, 3
B.X/ � -algebra of Borel sets on a group X , 11
D.X/ set of all degenerate distributions on a group X , 12
dimX dimension of a connected group X , 1
e.F / generalized Poisson distribution associated with a finite measure F , 16
Ex degenerate distribution concentrated at a point x, 12
Eh shift operator, 40
fn 1
Ha subgroup of Q, 6
hp.a/ p-height of an element a, 3
I.X/ set of idempotent distributions on a group X , 16
IB.X/ 57
IC .X/ 31
	.a/ characteristic of an element a, 3
N� 11
��n 11
� 	 � convolution of distributions, 11
�n ) � 13
O�.y/ characteristic function of a distribution �, 13
mX Haar measure on a group X , 16
M1.X/ semigroup of all probability distributions on a group X , 11
N set of natural numbers, 2
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P set of prime numbers, 2
P �2I K� direct product of groups, 1
P *

�2I D� weak direct product of groups, 1
Q additive group of rational numbers, 3
R additive group of real numbers, 2
R@0 space of all sequences of real numbers, 24
R@0� space of all finitary sequences of real numbers, 25
r.X/ rank of a group X , 1
�.�/ support of a distribution �, 11
†a a-adic solenoid, 3
†p p-adic solenoid, 3
T circle group (one-dimensional torus), 2
t.A/ type of a homogeneous group, 3
Yd group Y with the discrete topology, 223
X.n/ D fx 2 X W nx D 0g, 1
X .n/ D fnx W x 2 Xg, 1
Xn 1
Xn� 1
X� character group of a group X , 4
.x; y/ value of a character y 2 Y on an element x 2 X , 4
Œx� element of the factor group X=G, 2
x CG element of the factor group X=G, 2
! the least infinite ordinal number, 2
Z additive group of integers, 2
Z.m/ group of residue modulo m, 2
Z.p1/ 2
AC B D fx 2 X W x D aC b; a 2 A; b 2 Bg, 2
Š topological isomorphism of groups, 1
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